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Abstract

Developing new techniques to control and manipulate the interaction between light
and matter has been a central theme in science and engineering for many decades.
These tdols find '\x:’ide-r;nix,ging applications in fields as diverse as spectros:cc‘):py‘,_ laser
phiysics, and ultrafast science. Recently, there has been st;mngfinterest in -cxtxf:nding
this control down to the level of the constituent particles of ligifiﬁ’,:»&ngi' matter, single
atoms and single photons.

In this thesis, we explore several ways in which concepts from quantum opties and
c:ondeﬁsec‘l matter pliysics can be combined with novel photonic systems to raaliza
new tools for manipulating light-matter interactions. Firé.t,, we t,heoréticaﬂy and
experimentally demonstrate that single quantum emitters can be strongly coupled to
single surface plasmons (%.e., single photons) tightly guided on conducting nanowires.
The strong coupling occurs due to the sub-diffraction-limit mode confinement, and
can be used s a resource to efficiently collect emission or generate ~si:r-1.g‘1.e:photons.
We also show theoretically that such a systern can give rise to strong single-photon
“nondinearities.  As an application, we propose a scheme to realize a si.nglevp}mt.oh

transistor, where the presence or absence of a single photon in a “gate” field regulates
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the propagation of a stream of “signal” photons.

We then describe how one-dimensional optical waveguides with tight field confine-
ment can be used to create many-body photon gases with strong quantum mechanical
correlations. In particular, we discuss a technique to dynamically create a “crystal”
of photons starting from a nou-interacting optical pulse. This “self-organization”
process is mediated by effectively repulsive nonlinearities in the system.

F i.naﬂly,, we devei,op techniques to :treat many-body, dipole-dipole interactions be-
tween atoms in an optical lattice. Using this formalism, we show that an vo,ptical band
gap can form in a near-resonant lattice, which can be used to suppress the sponta-
neous emission of a single defect atom in the lattice, or couple a pair of distant defects
through modified dipolar interactions. This formalism is also applied to c:aléu‘lbate the

frequency shifts in a lattice-based atomic clock due to dipolar interactions.
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Chapter 1
Introduction

1.1 Motivation: controlling interactions between
single atoms and single photcris

Developing new techniques to control and manipulate the interaction between light
and matter has been a central theme in science and engineering for many decades.
These tools find .wide—-rzmging applications in fields as diverse as spectroscopy and
imaging, cﬁ)mmmtxi(:atiorls, metrology, and ultrafast science. Recently, much effort
has heen devoted to pushing these ideas down to the level of the constituent particles
of light and ‘matter - single atoms and single photons. This interest stems »‘bfrqmlt;he
wide belief that quantum mechanical phenomena will play an irlcreasirxgly'important
role in emerging fields and applications, such as guantum computing and -queintum
information science. Over the past decade, there has been tremendous progress in

manipulating single-atom, single-photon interactions using cavity quantum electro-
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dynamics (QED) {1, 2, 3, 4], in which single atoms are coupled to a ﬁhotbuic mode
of a high-finesse optical microcavity. In the “strong coupling” regime of cavity QED ‘
when the coupling strength between atom and cavity mode far exceeds dissipation
into the environment, such a system comprises an elegant platform for observing fun-
damental processes such as reversible transter of excitation between asingle atom and
cavity mode (Rabi oscillations) [5]. When combined with quantum optical techniques
for coherent manipulation. strong coupling also forms the basis for applications such
as efficient single-photon generation 6, 7, 8] and realization of single-photon nonlin-
earities {e.g., single-photon blockade [9]). In addition, strongly coupled atom-cavity
systems constitute the building blocks for important theoretical proposals including
qunnnuu state transfer and entanglement distribution [10], controlled phase gates be—
tween photon:; [11], and the realization of many-body interacting chmltoruans nqmg
photons {12, 13, 14, 15, 16]. However, despite the spe@acular t;}xeo.szetipal.,agﬂd-—expgm
imental progress in cavity QED, it remains technically challenging and difficult to
scale.

1t is thus tempting to ask whether there exist alternative physical systems where
individual atoms and photons can be strongly and coherently coupled antunai,ch

N

rapid advances in photonics over the past decade have spawned numerous {;&ndi{i&tgg}

@

{

Plasmonic systems [17, 18], photonic crystals [10], tapered optical nanofibers [20],
and metamaterials [21] are mnbng those that are being actively f;'tfudiéd for _t’h_e_ikz; v
potential to manipulate light-matter interactions. These new systems have led to.
fascinating ideas such as band gaps for light [22, 23], extraordinary transmission Qf

.—

light through tiny holes [24, 25!, super-lenses [26], and “invisibility” cloaks to make
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~t

objects cotnpletely transparent | 7], While such ideas are important in their own right,

the vast majority of them can be described by classical optics and electromagnetic
theory, and the possibility of exploiting these systems at the quantum mechanical
level remains relatively unexplored. Generally, this thesis explores how ideas and
techniques from quantum optics and condensed matter can be applied to some of the
aforementioned systems to gain new levels of control over the interactions between

individual atoms and light quanta.

1.2 Ndvel photonic systems

1.2.1 Plasmonics

Metals that corntain nearl.y free electrons have long been kﬁév&ﬁf;-té pcr%ea» uii.i(ﬁl&
electromagnetic properties as {‘:01‘1};)&1’@1 to their normal, p(}sitiveidielectric counter-
parts. The frequency dependence of the -el-ec:t.ric permittivity of these metals is often
well-approximated by a Drude-like model,

2
@y

e=1- (1.1)

w2+ if.uﬂ,:p"
Here w, is the plasma frequency of the conductor, and v, is & parameter that char-
acterizes material losses. Temporarily ignoring the losses, it can be seer tha,t;at
frequencies below the plasma [requency, w < wp, the permittivity of these m'etélsljis’ '
negative. The negative value of ¢ leads to a number of i:mport&nitz' conbequencezfor
example, perhaps the most basic is that electromagnetic energy cannot pro;ﬁagat;e

within the bulk of such materials.
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Although the propagation of electromagnetic energy within the bulk is prohib-
ited, the broken translational invariance of a metal surface does allow for the guided
propagation of energy [17]. The resulting collective excitations of the electrémagne.tic
field and charge density waves are known as surface plasmon polaritons, or more sim-
ply, surface plasmons (SPs). The simplest example is that of a Hat, infinite interface
that separates bulk regions of positive permittivity €, and negative permittivity eg.
as shown in Fig. 1.1a. Guessing plane wave solutions on each side of the interface
and enforcing appropriate boundary conditibns for the fields; it is straightforward to

show that the system supports guided modes of the form

. 'kg ) cp o, ok oy . ) e
E'i»NEO (Z 41 i 7 ezl»ua—ﬁnu_imil_»n‘vi’ (1‘2)
Here i = 1,2 denotes the regions of different permittivity. The wavevector ky along

the direction of propagation satisfies

(2) 2= BGE

o/ e +ey
while the perpendicular components of the wavevector k. = is;, are imaginary and
satisfy

9

2 2 _ . (*)'
Koo = Ky — €1 — .
T H t
i c

The imaginary perpendicular wavevectors indicate that the field decays exponentially

19

away from the interface. If £2 (u)) has the Drude-model frequency. -aiegjerlﬁierlgﬁé of
Eq. (1.1), the dispersion relation ky(w) for the SPs takes the form shown in Fig, 1 ;1?‘).
It should be noted that the dispersion curve lies to the right of the ]ight, line, k = w}f e,
which indicates that these modes are guided. Also, ‘a-.x,t. frequencies near the p’lasmon

resonance w = wy/ V2, the wavevector ky becomes very large, indicating that the SP

i
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wavelength Ap) = 27/ky can become much smaller than the vacuum wavelength at
the same frequency, By use of Eq. (1.4) it also follows that at these freqﬁmcies, the
$Ps can be transversely confined near the interface to distances much smaller than
the vacuum wavelength. Here, the presence of free charge plays a crucial role in the
ability of SPs to circumivent the diffraction limit.

While we héve considered a flat metal-dielectric interface in the above example,
it turns out that the geometry of the interface can play a very important role in
determining the localization of the SPs and the positions Qf plasmon resonances. The

role of structure shape in determining the propagation. channelling, and focusing of

electromagnetic energy has led to a number of dramatic observations involving SPs

ranging from detection of single m.olec,vulé fuorescence {28,2@{ to extmordmaxy hgh‘c
transmission through sub-wavelength apertures {24, 25]. The jpotw’t'iaiappi’i'c:a?tioﬁs
of SPs to fields such as biosensing [30], subwavelength imaging [31, 32} andv%phofcéni‘c ~
nanc-circuitry [33, 34] are bf:iﬁg actively investigated.

1.2.2 Photonic crystals

Plotonic crystals [19] are structures that consist of periodic arrays of diffractive
scatterers of light. While the interaction of light with a single sczaétﬁmr may be de-
seribed simply in terms of $c::1;ttxerir‘1g cross sections or reflection and transmission
coeficients, the collective interference effects of light interacting iW'IEvh a periodic sys-
termn can give rise to much richer phenomena. In analogy. with electronic 'behéf\{i‘&r\
in semiconductor crystals, the eigenmodes of the electromagnetic field in a photonic

crystal can be described in terms of band structures, whose properties such as dis-
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i3]
a) b k=
. ¢ ) 0.8 Bl 2 [£a]
X \ R At w=—
ﬁ ﬁ 0.8 1: v
‘ N o ;,

1 2
k i§f((‘s:f»‘()}

Figure 1.1: a) Schematic of guided surface plasmon mode propagating on a flat metal-
dielectric interface. The red curves indicate electric field lines for these modes. b)
Surface plasmon dispersion relation for a flat interface. taking €; = 1 and & =
1—(wp/w)?. The dispersion curve lies to the right of the light line k = w/¢, indicating
that these modes are guided. The upper frequency cutoff for these modes is given by

Iy
W= wp/\/ 2.

persion can differ greatly from those in free space. When the interference between

a “photonic band gap” (PBG) can appear. Here, a complete absence of photéhic
‘modes emerges over some frequency range and eleétrdmaé;netic energy i1s -pro‘};ibﬂéd
from propagating through the medium [22, 23]. e

The physical processes leading to the emergence of band structures and handgapza
can be most easily understood i & one-dimensional, periodically layered aieiéthi‘ic

medium, as shown in Fig. 1.2a. Here, the photonic crystal is composed of alternating

slabs of electric permittivity €; and e, and the system is periodic on a length scale a,
ez +a) = €(2). (1.5)

We consider wave solutions of the electric field that are polarized perpendicuiar to 2,
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the direction of propagation. The corresponding wave equation is given by

Z PE  O°E
e(z) 0z OF

=0 (1.6)

Suppoese that we would like to find the eigenmodes and eigenvalues of the system.
According to Bloch's theorem [35], any eigenmode (indexed by k) can be written in

the form

Vo
=
-

Eilz.t) = 3 Egel@i,
G
where G = 27m/a for all integer m constitute the set of reci procal lattice vectors for

the system, and Eg thus far are unknown (:oefﬁc’iérxts. Similarly, the periodic function
1 /c() can also be expanded in a Fourier series,

“ “ - S
In practice, one can substitute Egs. (1.7) and (1.8) into Eq. {1.6) and 'xii;fx'n'xeriqé;ll},f
solve Y‘)y truncating the Bloch expansions over a finite number of recipmcaiglaﬁtice
points G (in 1-D, the system is exactly solvable using transfer matrices [36] but "t;’he ,
sechnique illustrated here is more easily generalized to higher dimeps-icms) Truncating

Eq. (1.6) at three points Gz19 = =27/a,0, for example, yields the set of equations

i.ul‘l ” . 27 . 2 T Eb Lo ‘~
0 =~ <~—,—Jf — O('(;l&“) EO Rl & (1\ - —) E1 - (¥ (}C — l) E_h {19)
[ [¢8 (#3
wg ’:’7? 2 ) : A P
0 =~ —"i' — {¥g <}(‘j~_:——> Eﬁl - Cli:ﬁ:}_ijE(), (110)
L kes . - :

or in abbreviated matrix form, MEe = 0. A non-trivial solution requires that the
determinant of M be zero, det M = 0. While the specific nature of the dispersion
relation w(k) depends on the exact form of e(z). a couple of general features can be

derived, First, for low frequencies and small variations in the permittivity |£i1] <Ko,
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the dispersion relation behaves linearly as w(k)~/olkl. In other words, for wave-
lengths much longer than the periodicity of the material, the variation in material
index has little effect on propagation. In addition, for wavevectors k~w/a near the

edge of the Brillouin zone, the dispersion relation behaves as 119]

wlk) o« PP ' P 2 4 ™?
— a2 —/ agElog = — (% - ](xlr/z) (lc - —_) . (1.11)
¢ i mlog| @

In particular, a band gap or absence of modes appears in the frequency range
= e — ol < 2 < w/ag Hoa] )
Physically, the periodic f})ﬁir’l’l’li@’l\?‘it}' creates a Bragg grating of Wavevéc;tdr 2 /a that
mixes tgge,ther the optical modes with wavevectors k = £7/a »é?x,nd pi'éffents theu"
pmp&g&ﬁoﬁ. |
While most basic aspects of photonié crystals easily emerge fram cénsideﬁriﬁg one-
dimensional systems, the ability to tailor the propagation of light, and in turn its
iz'i,i';sax.-él;ctién with matter, finds the most a,,pplicaf;ions n two- or "t.hrese-d'i1'nensior.m]
structures. Such structures can be used, e.g., to realize low-threshold lasing 137),
superprisms [38], optical filters [39], and optical switches [40]. “'I‘l';,r'ee—di:xnmsi@nai
PBG ns.at.»er'iédS in particular are pred.icﬁ;ed to d.rmnétioally modify the inferactions
between atoms and photons. For example, the spontaneous emission of an atom
juside a photonic crystal whose resonance frequency‘_liés within a ‘thrée;d’imeﬁéioﬁai
PRG should be completely prohibited [22]. Physically, this inhibition is due to the
complete absence of resonant modes x%*ith which ‘the atom can interact. Thus far,
however, photonic crystals in the optical range have zenerally been made using various

micro-fabrication techniques that remain difficult to apply towards three-dimensional
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x
3
a=vik]
s K us
a a

Figure 1.2: a) A one-dimensional photonic crystal formed by a periodic array of slabs
of varying permittivities €; and €. The period of the structure is determined by the
length o. Here, the horizontal arrow denotes the direction of field propagation; while
the vertical area denotes the electric field polarization. b) Typical band structure
w(k) for a 1-D photonic crystal. Near the edge of the first Brillouin zone, k~t7/a,
the dispersion relation splits and a band gap of forbidden energies is produced. The
dashed red line w = v|k| indicates the linear dispersion relation of low-frequency
waves in the system. E

structures, and consequently the suppression of spontaneous emission has only been

partially observed [41].

1.2.3 Nanofibers and ’hollow-'core photonic band gap fibers

Optical fibers and dielectric waveguides are Wici@“iy used today in cbmmunica—
tions and optical sensing technologies. Typically these waveguides have diaméters
much larger than the optical wavelength, and their optical properties and fabric:atién
methods are well known. 111&'@(:63.5.3 vears, however, there has also been interest in
utilizing waveguides whose transverse sizes are comparable to or smaller than the

optical wavelength. Two particularly promising systems have emerged for this task:
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tapered optical nanofibers (20, 42) and hollow-core photonic crystal fibers [43).
Tapered nanofibers (see Fig. 1.3a) are typically formed by heating and pulling
thicker optical fibers or dielectric wires until their diameters reach tens or hundreds
of nanomesers [20], becoming single-mode in the process. When pmperh' pulled
* nanofi berS with atomic-level surface smoothness and hlﬂ"h uniformity <’<m b(, fabrl-
cated, which in turn vields low propagation losses and high '(:i'én:‘xszn’isxs‘ion Coe'fﬁcien.ts
through such devices [20, 44]. The guideﬂ modes of su.ch nanofibers can be frans-
versely confined near the diffr action limit, while ﬁlmult(meomlv a large percentage
of the total gmded energy sits outside of the fiber core in the evanescent tails | 142].
The tight mode confinement allows for relatively hig‘h ﬁdd mtensxtua at flox’yf»:i};ﬁ;owerg; ‘
which has been useu for example, to enh(mt‘e opm«::al nonhneamtm» Lha,t lead tO g@n--‘
ef&non of ‘»upPZ‘CC}HUMUUIH light [45], while the large evmewent tails have led to ‘che |
observation of strong self-coupling and interference fringerx in transmission ‘t;"h‘,_rvoug}.lv
colled nanofibers {46]. |
A standard optical fiber guides Iwht via total zntczuml reﬁec‘tmn in a hlg} er re-
Fractive index fiber core that is surrounded by a lower index daddinff. In contraﬁt;‘ ask
the mame suggests, in hollow-core PBG fibers (see F - ig. 1.3b) light is mnﬁned to an
empty hole that forms the core of the fiber. The cladding generally consists of some
dielectric material, such as silica. containing a periodic array of air holes 7‘th&t creates
a photonic band gap to prevent hght from ucapmff the core [43]. The cmeb can be
abricated to have diameters of several microns to yield small c,ﬁ”octne mode areas.
The possibility of coupling atoms to the guided modes of rnanﬁﬁb@rs; and PBG

fibers is being actively investigated [44, 47). A primary motivation for these endeavors
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a) b)

standard fiber

—r nanofiber
——

L__Y_.._/

tapered region

hollow core

photonic ckysta‘l cladding

Figure 1.3: a) Tllustration of a nanofiber, which is fabricated by pulling and tapering
a conventional optical fiber to a radius of tens or hundreds of nanometers. b) Hollow-
core photonic band gap fiber, consisting of a hollow core and a photonic -crystal
cladding. The presence of a band gap in the cladding prevents light in the core from
escaping out. S

stems from the observation that the tight field confinement allows one to reach large
optical depths with relatively few atoms [47, 48], and that the strength of atom-
mediated optical nonlinearities scales favorably with décreasing mode area [47, 48].

Such systems thus are promising candidates to realize few-photon nonlinearities.

1.3 Structure of thesis

This thesis explores several methods through which the unique properties of plas-
monic systems, photonic crystals, and nanofibers and PBG fibers can be combined
with atomic physics and quantum optics to realize new techiniques to control atom-

photon interactions and new strongly interacting phenomena involving photouns.
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Chapters 2, 3, and 4 describe techniques to realize quantum optics and single-
photon nonlinear optics using nano-scale SPs. In Chapter 2, we derive the mode
structure and properties of SPs propagating on conducting nanowires. For sub-
wavelength wires, we show that, in analogy Wiﬂ; optical fibers, the nanowires become
single-mode systems. Unlike their dielectric counterparts, however, the presence of
free charge gives rise to slow group velocities and sub-wavelength modal confinernent
over a large bandwidth, due purely to the geometrical effect of small wire size. This
in turn gives rise to strong coupling between individual atoms {or other quantum
emitters) proximal to the nanowire and single, quantized SPs (i.€., single photons).

he one-dimensional nanowire can thus be used to efficiently collect single emitted
photons or form a nearly-ideal system to realize quantum electrodynamics in one
dimension. When combined with quantum optiQ&I techniques; .,t'hés_é systems enable
applications such as efficient single-photon generation on demand or quaﬁti‘uﬁ ’Si&:"txe
transfer between distant qubits, We also theoretically show that the 1633}: %P modes
can be efficiently out-coupled to dielectric waveguides, which might facilitate the
construction of large-scale devices. Furthermore, we derive the dependence of SP
propagation losses on surface roughness of the nanowires and temperaxture—depénd@nt
electron-phonon scattering. The ability to decrease losses would improve thee,fﬁ- '
ciency and practicality of many applications involving plasmonics: In Cl‘t&p‘ﬁeﬁ%iﬁ we
briefty discuss an experiment in which efficient single-photon generation an(i:-(zdllec-
tion is demonstrated, using quantumn dot nanocrystals strongly coupied t0 ﬁi}tlerxxical:ly’
synthesized silver nanowires. Under certain conditions, spontaneous emmission into the

guided SPs is highly favored over emission into free space. The emission into SPs is
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observed in the far field once these excitations scatter off of the wire ends, causing
thern to light up. Measuremeuts of field correlations of the scattered light allow us to
deduce the coupling strength to the SPs. Chapter 4 describes how strong coupling in
these nanowires can give rise to strong single-photon nonlinearities mediated by single
quantum emitters. As an example, we show how a single two-level emitter naturally
acts as an optical switch that distinguishes between one and two photons. Further-
more, this nonlinearity can be coherently controlled using photon storage protocols -
and internal state manipulation of the emitter. As an example; we demonstrate how
these ideas can be used to realize a single-photon transistor; in ‘which *ﬁhe propagation
of a streamn of “signal” photons is conditioned upon the presence of a single “gate”
photon.

While schemes to generate large single-photon nonlinearities using strongly” cou-
pled systems have been heavily explored, relatively little attention has been devoted
o whether sud*x systems can be used to generate unusual interacting states involving
many photons. 1n Chapter & we propose & method to realize a strongly correlated
“crystal” of photons in one-dimensional systems such as ‘conducting nanowi.res,:ita—
pered nanofibers, and PBG fibers that are strongly -coupled to an ensemble of cold
atoms. Here, we show how techniques such as electromagnetically induced txans—
parency (EIT) and photon trapping can be used to genera‘te significantly large »é)}ﬁi—
cal nonlinearities that a colléctive many-body state of photons in the system acquires
properties that are fundamentally different from those of the underlying particles. |
Specifically, we demonstrate that an initial overlapping state of non-interacting pho-

tons can separate and “self-organize” into a crystal in this system.



Chapter I: Introduction 14

In Chapters 6 and 7 we consider the quantum electrodynarmics of photon-mediated
interactions between atoms in an optical lattice. Given the difficulty in creating three-
dimensional PBG structures through standard micro-fabrication methods, we con-
sider in Chapter 6 whether an ensemble of atoms regularly and periodically trapped
in an optical lattice can behave as a PBG material. In particular, we show that in the
absence of incoherent photon scattering, a cubic lattice of atoms supports a narrow
photonic band gap near the atomic resonance frequency. Motivated by this observa-
tion, we derive the spontaneous emission rafr;effor.. a "‘dcﬂfect” ‘at:omv within the lattice,
taking fully into account both coherent atom-atom interactions and incoherent pho-
ton scattering. We show t;ha,t‘ the band gap can in principle suppress spontaneous
ermission of the defect atom relative to free-space rates by over thirty fold. The sup-
pression of decay into free space s shown to facilitate eoherent interactions between
two defect atoms separated over szrge distances in the optical lattice. |

In Chapter 7, we apply our formalism to derive the magnitudes of fi"equency ’,Shif't;é;"
in an optical lattice-based atomic clock due to dipole-dipole :il’}i;ezractiom between
atoms. Optical lattices containing many atoms have been proposed as the “;U]tin&xﬁieé’%
frequency standard due to their fa,vorra.b’le signal-to-noise ratios [49], and thus min-
imization of this shift is crucial in developing }"xigh—m(vn_lracy‘clocks. We «htmthafc
there exist certain lattice configurations where l.firge frequency ;izhiftls occmductu
constructive interference between pairwise atomic intera :tionré? and tﬁ.&c ’rhﬁ,seshlﬁs

can also be minimized by properly engineering the lattice geometry.



Chapter 2

Quantum optics with surface

plasmons

2.1 Introduction

In this chapter we describe a niethcad that enables str.bng,‘ coherent c:&»il,p'iing .bé—
tween individual emitters and SPs tightly gui.'ded on 011&#dimeri$ional ﬁ011d11‘¢£if1:g:
nanostructures. These structures are able to guppar‘t SPs wi'tii ‘tifansversé effe(tlve
mode areas 1(,;5«,\0 that can be much smaller than the size of a dxﬁractmn hmxned
spot, which naturally results in a substantial increase in the emxttu’-ﬁeld couphnff
constant gocl/+/ "A. We show that undu realistic mndmons o} mcal elmssxon can
be almost entirely directed into these modes, in a manner similar to the Pur{‘eﬂ ef‘fect
in cavity QED [50]. We begin by considering the ca,so of Cou.p}ing to a cyiindricidl
nanowire, a simple geometry where the relevant physics can be understood analyti-

cally. Defining an effective Purcell factor P = T') /Tiher characterizing the ratio of

fd
on
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spontanecus enission into the SPs over emission iuto other channels, we find that
values exceeding P~10% are possible in these systems, Hmited only by metal losses
at optical frequencies. Relative to other demonstrated methods to enhance emission
via SPs [28, 29, 51, 52, 53], the technique described here is unique in two important
ways. First, the enhancement is broadband in that it relies on the geometrical effect
of ;%mall wire size rather than on resonances of the system. Thus, no special tuning
of the nanowire to the emitter rfrecme‘m«:‘:y is needed. Second, the enhanced emission is
efficiently collected into the *rice” guided SP modes of the one:-d”irxiénsi‘olmlr unanowire','
which subsequently can facilitate, e.¢., efficient ‘(mt—czoupling to other devices.
Because of 1(:)3%5, the SP modes themselves are not suitable as carriers of ‘h’if(",)P

mation over long distances., In fact, the mechanism that gives rise to the strong.

" propagation losses. To circumvent this limitation, we propose a wxnblndtxoxlofmo
strategies. The first is to use nanostructures with optimized geometries, such as the

HATOTP conﬁgjm'a.l';it‘:»h considered later, where strong coupling can be achieved with

reduced losses. Second, we show that the SP excitations in these nanostructures ‘»c:.ar;)

be efficiently converted into photons in a nearby, dielectric waveguide, as itlustrated

SC!‘J&.‘I’]‘.‘L‘(:'LQ.CZA;H}’ in Fig. 2.1. This can be used, e.¢., to create a single-photon source or
as part of an architecture to perform controlled interactions betweex‘i distant qubits.

The achievable coupling strength between the SP and dielectric waveguides can be
much larger than the SP dissipation rates, and we find that single-photon generation

éfﬁeimci.@s of ~85% are possible for thé simple geometries considered here.

Finally, we take into account the effects of device imperfections, in the form of
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a)

Figure 2.1: a) An emitter coupled to a nanowire is optically excited and decays with
high probability into the surface plasmon modes of- the manowire. A single photon
source s created by evanescently coupling the nanowire to a nearby dielectric waveg-
mde over a length L... The single photon source can potentially be uni-directional,

. by capping one end of the waveguide with a reflective surface. b) An internal-
level scheme that allows for shaping of the outgoing single ph@ton pulses. An emitter
that starts in state |s) is coupled to excited state |¢) via a time-dependent external
control field Q{t). We assume that rhe excited state |e) is coupled to state |g) via the
SP modes, causing [e} to decay into |g) with high probability, while simultaneously
generating a single photon in the SP modes The shape of the photon wa,vepddcet is
determined by Q(¢). ¢) A similar scheme for single photon generation using an emit-
ter coupled to a nanotip instead of a nanowire. Note that this scheme is naturally
uni-directional, as the generated SPs propagate in a single direction.

surface roughness of the nanowires, and the role of temperature-dependent metal

losses on our previously derived results.

2.2 Surface plasmon modes on a nanowire

2.2.1 General mode structure

The general method for caleulating the electromagnetic modes of a nanowire is

briefly outlined here, with details of the caleulation given in Appendix A.1. To be
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concrete, we consider a cylinder of radius R of dimensionless electric permittivity €,
which is centered along the z-axis and surrounded by a second dielectric medium €,
as shown in Fig. 2.2a. While we are particularly interested in the case of a conducting
nanowire surrounded by some lossless positive dielectric (Reey < 0,¢) > 0}, we nc;te
that at this point the discussion is quite general Like any other simple geometry
with a high degree of symmetry, one can use separation oi variables and find field
solutions E. H to Maxwell’s Equations in each dielectric region 154, 55)]. In-eylindrical
coordinates; the electric field is given by Ei(r) = EmBim ks ;f))ff""”*"f’ei"" 1% where 1=
1,2 denotes the regions outside and inside the cylinder, respectively. Here Ky is the
longitudinal c*omponm)t of t]m Wavev ocml which is related {he vacuum wzwewctox
ko = w/e, electric permittivity &, and tra,n sverse wwevec,mr AM by FJ»O = '1»,2 + k“

and m iz an integer cl'laxré.cterizmg fhe Winding of the mcde, The fu.notxons Ei,m
represent some normalized mode profiles. A similar expression holds for r;hé ma,rfneti.c
field H. Ym* future reference, we also define the vacuum w wdength Ag = 27 / ko‘ fmd

E ky as the wavevector in medium 7. The coefﬁcwnts Eim and ’HZ m mu]mplwng

the fields are not arbitrary but instead must satisfy a set of @Q\lﬂtl(ﬂlb that onf@rce:,
the necessary boundau conditions at the dielectric interface p = R fhe embtence’
of a non-trivial solution roqunes that the matrix c,urrmpondmcr m this Imem S}’Sf(:‘l.n:
have zero determinant (det M = 0), wh.iéh upon simplifyirig yields the mode eqtiéitiori

for a cylinder [p4, 55],

2k} ( 11 > B ( 1 JL(eeR) 1 Hm(klxR)> .
» Teas Jm(kaiB) ki Hul(kioR)
k2 (ko R) k2 H! (k. R)
(1;(,_ Tl ) ku HolkiiR ))

(21)
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a)

Figure 2.2: a) A dipole emitter positioned a distance d from the center of a nanowire.
For the calculations presented, the orientation of the dipole moment is assumed to
be along 5. b) A dipole emitter positioned near the end of a nanotip. In terms of

parabolic coordinates, the physical distance d between the end of the tip and the
emitter is given by d = (v — v3)/2, while the curvature parameter w = 2v}: For the
nanotip, only a dipole oriented pamllel to % couples to the: funddmemal SP mode.
The above equation, for example, determines the allowed values of &y as functions
of m, R, and ¢;. Here J,, and H,, are Bessel and Hankel functions of the first kind,
respectively.

We now focus on the case of a sub-wavelength, conducting metal wire surrounded
by a normal, positive dielectric. In Fig. 2.3 we plot the allowed wavevectors Ky, as
determined through Eq. (2.1), as a function of R for a few lowest-order modes in
m. Unless otherwise noted, all numerical results presented in this chapter are for
a silver nanowire (or later, nanotip) at room temperature, Ao = 1 pm, and with
a surrounding dielectric & = 2, although the physical processes described are not
specific to silver or to some narrow frequency range. The electric permittivity of the
silver nanowire at this frequency is assumed to correspond to its measured value-in
thin films, e;~ — 50 + (.67 [56]. In plotting Fig. 2.3 we have temporarily ignored the
dissipative imaginary part of es, although we will address its effect later. lIgnoring

Tm &, results in purely real values of &y, indicating that these modes propagate without
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Figure 2.3: Allowed surface plasmon mode@ ky as a function of R for a silver nanowire
embedded in a surrounding dielectric e; = 2, fuz frequency (;orrespondmv £0 & vacuum
wavelength A\p = 1 gm and room temperature. The fundamental {m = 0) mode, in
black, exhibits a kyoc1/R dependence, while all other modes are effectively cut off
as R—0. In order of increasing cutoff radius, the other modes displayed correspond
to lrn| = 1,2, and 3, respectively. Inset: the propagative losses for the fundaunentdl
mode, characterized by the ratio Re kj/Im ky, for the same parameters.

loss.

We first qualitatively discuss the important features of the SP modes illustrated in
Fig. 2.3, before deriving them more carefully. It is clear from the figure that the lon-
gitudinal component of the wavevector exceeds the wavevector in uniform dielectric,
ke > k ‘hich in tarn caus 1 srryendi PR ‘:IC : Az kz__;,.. ¢
¢y > ki, which in turn causes the perpenc icular component k; = ,\/ o — Ky = Ry to
be purely imaginary. These conditions are similar to those for SPs on a flat interface,
as derived in Sec. 1.2.1. Physically these relationships imply that the SP modes are
non-radiative and are confined near the metal/dielectric interface, with the length
scale of transverse confinement determined by ~1/#;.. Furthermore, these SP modes
cannot couple directly to radiative fields, which have wavevectors ky<k;. Of particular

interest is the behavior of the SP modes in the nanowire limit [K,I|H~<<1 In this limit,

all higher-order modes ( (|m|>1) exhibit a cutoff as R—0, as derived in Appendix A2,
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while the m = 0 fundamental SP mode exhibits a unique kyocl/R behavior. This

scaling indicates that the wavelength of these SPs can become strongly reduced rel-

ative to the free-space wavelength. Physically, in this limit, the m = 0 mode can

be interpreted approximately as a quasi-static configuration of field and associated

charge density wave on the wire. As such, A becomes the only relevant length scale,

as the length scales 1/1k;] associated with electrodynamic behaﬁor become unimpor-

tant. From the 1/R scaling of ky it also follows that sy oc1/R. This implies that the

field outside of the wire becomes tightly localized on a scale o/ around the metal

:'surf&::@, leading to a small effective transverse mode zu'e‘a« that scales like Aég&RQ, In

particular, it is possible for this mode to be confined well below the diffraction :'i'im.ivt(

This effect gives rise to a strong interaction s‘trengt'h‘ with -h&_arby ei"rii‘tftérs,‘asiwmbv
be discussed in following sections. We note that this behavior contrasts sharply with

that of. e.g., a sub-wavelength normal dielectric waveguide or optical ﬁbor Wh.igh

runs into a “confinement problem” where the evanescent tails‘outside the device be--
come exponentially large as R—0 [42]. This latter behavior stems from the fact that

electromagnetic radiation cannot be confined below the diffraction lin':xit_

The emergence of tight confinement of SPs due to the geometry of the wire ‘can
be further confirmed by comparing the SP dispersion relations of flat interfaces »:(.Seef-
Sec. 1.2.1) and wires. Assuming a Drude model for the metal (Eq. (1.1)) with no losses
and ¢ = 1 for the dielectric medium, the dispersion relations for the two geometries are
plotted iﬁ Fig. 2.4. Here we have numerically solved Eq. ( 2.1) for a Drude model and
for.m = 0 to obtain the fundamental 1:£1c>c1ess of the wire. It can be clearly seen that

the effect of small wire size is to pull the fundamental SP mode dispersion relation
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2 3
kﬂ/(mfc)

Figure 2.4: Comparison of surface plasmon dispersion relations on a flat metal-
dielectric interface and a metallic wire, assuming a Drude model optical response
for the metal. The blue curve represents the dispersion relation for the flat interface,
while the green and red curves represent the fundamental modes of wires with radii
kyR = 0.5 and koR.= 0.2, respectively. The dotted lines denote the light line ky = wfe
and upper frequency cutoff w = w,/ 2. The small wire size tends to pull the fanda-
mental mode dispersion relation further away from the light line as compared to the

o Aat interface.

further away from the light line, ky = «/c, as compared to the ‘dispersion c:m11~ve§f a
flat interface. \

In practice es is not purely real but has a small imaginary part Cm*respond’iﬁg
to losses in the metal (heating) at optical frequencies. Its effect is to add a small
imaginary component to ky corresponding to dissipation as the SP propagates along
the wire. In the inset of Fig. 2.3 we plot Re ky/Tm %y for the fundamental mode as
a function of R. This quantity is proportional to the d.ecéy length in units of the SP
- wavelength Api=2m/Re k. As R decreases, it can be seen that this ratio. deéfeases
monotonically but approaches a nonzero constant, as will be explicitly shown below.-

For silver at Ay = 1 pm and room temperature and €, = 2 this constant is approxi-
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mately 140. The fact that this ratio does not approéxch zero even as R—0 is immportant
for potential applications, as it implies that the SPs can still travel several times the
wavelength A for devices of any size. We also note that while all numbers a,n-d fig-
ures presented here are for room temnperature, operating at lower temperatures might
somewhat reduce the value qf Imey, due to decreased losses from phonon-assisted

absorption (see Sec. 2.6).

2.2.2 Analysis of fundamental mode properties

We now analyze the fundamental mode more carefully. For m = 0, one sees in
Eq. (2.1) that one of the two terms on the right%xénd side must‘ equal zero. It can be
shown that setting the first term to zero corresponds 'tdra TE:riiode W}”ﬁlé'fhzé Sther

‘case corresponds to a TM mode (see Appendix A.1). The TE mode equamon does
not h'we any solutions, and thus the fundamental mode is a T™ mode that satlsﬁes
r

the simplified equation [57, 58]

s St A =0. (22
k‘gJ_ Jo(ng_R) klu‘ .[{Q(kl_[_R) ( )

The fields themselves are given by {see Appendix A.1)

ikykiL ki, D
E, = bl( —p - Ho (k)5 —%—Ho(kup) ) e,

ikyk kot
E, = bg( il 22_LJ0 (]\2_1_ ),0+ % Jg (kg_l_p) Z) etk”z_,

K2 K2
H, = —,L*kublﬂé (k1.p) e™g,
w,{zg
Hy, = ——koibyJ} (kovp)e™®, (23

Wily
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while the boundary conditions between the two dielectrics require that

b ke Jy(kos )
by ey Hy (k1o RY

(2.4)
The 1/R dependence of ky, k. in the nanowire limit can be confirmed mathemati-
cally by considering the non-retarded limit, ¢ — oo In this case, ki = \/ k? — kg‘;zik;]
H ¥ !

and the mode equation (2.2} reduces to

£ Ki;‘»(k?IRﬂo@;g.H)

where :IJ«,,_,‘, K, are modified Bessel functions. The solution m‘ Eq (2.5) requires
kR = C to be constant and proves the aforementioned scaling law for ky. It is
also straightforward to see that when e» acquires a small ‘ima}giﬁvary component} the
constant C' becomes complex as well, and that Re ky/Im kj = Re C/Im (' takes on
some fixed, non-zero value. No closed-form solution exists for the equation above,
although when [kyR|<1 (corresponding to large |e2/e1]) the equation asymptotically

approaches
2

e (v~ log2+log CHE) 0

where 7220577 is Euler’s constant.

Finally, it should be noted that the components of E; in Eq. (2.3) are proportional

to 4 or kfm while H; is proportional to k. Thus, in the nanowire lmit when

T
Jeu, [ |1/ R, the magnetic fields are a factor of R smaller than the electric fields,
which is consistent with this mode being roughly a quasi-static configuration. More
formally, one can aitempt to solve for the modes via a perturbative expansion in

the svstem size (or alternatively, the wavevector k;). Performing this expansion, for
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example, on the free electrodynamic Green’s function for medium ¢ vields

- . v ez'ialtr-wr‘]«~-iwt. p N
Gillr —r w)~ Ir —r/| Nir — + Oki). <37)

To lowest order in k;, the electrodynamic Green’s function (aside from the harmonic
time dependence) is identical to the electrostatic Green’s function. Physically, this

- . “ ’ N - . 5} - . g o p— !
approximation implies that the system size 1s sufficiently small that the phases gikitr=r|

are negligible, and thus for small systems one can understand the relevant physics

just by solving electrostatic or quasi-static problems.

2.2.3 Interpretation of nanowire as a transmission line

The physical origin of the fu.x:ldm:uentél mod‘émeperties can be further undér—
stood by considering the nanowire as a transmission hne “While not sufﬁment for
quantitative predidions,: this simplified model nonetheless captures the 66.1i1‘»é(££$(:&1~
ing behavior of the system.

In & typical transmission line, signals propagate at a velocity that depends simply
on the inductance per unit length £ and capacitance per unjt length C, v = 'l,f"\/’;C—C.
For small wires, the magnetic inductance L., characterizing the energy stored.“m the
magnetic field becomes negligible. However, there is also a kinetic inductance that is
associated with the kinetic energy of massive, moving electrons. We can write down

the kinetic energy per unit length as

1 5 1 m ., 1 5 o
K o= ",—TI'L"I'L':’TR“”L’z = "":‘—."TI— = "';C«I-‘ 2.8)
2 2 ¢*nm R? ook (2:8)

where m, ¢, and v are the electron mass, charge, and velocity, respectively, n is the

density of electrons, and [ = gnmR%v is the current. The kinetic inductance is thus
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identified to be

¢nrR? Wik ‘

where w, 18 the plasma frequency of the metal. The total effective ind‘ucmnce is
simply the sum of the magnetic and kinetic inductances, £ = Ly + Ly. One sees
then that for small wire size, the kinetic inductance dominates the behavior of 't::he
gystem. Pl‘]ygically} this result reflects the fact that for small wires, there are very

few electrons available to carry a current. Assuming a typical magnetic inductance

Lm~1/¢*. the crossover point when the kinetic inductance starts to dominate is given

by Resc/w,. For small wires, 1t is then predicted that signals propagate at a velocity
‘(?Nl,/ AV f/kCNpr, (21@)

Here we have for simplicity ignored the logarithmic dcpendemce of C on wire size md

assumed that it is of or‘dex unity.. The w avevector for the swna,l is then given b*;

\ | R, .
ky = vjw~—%. ~o(2an)

This result closely agrees with the results from the asymptotically exact expression

given in Eq. (2.6). In particular, ignoring the logarithmic contribution in this equation
and assuming a Drude model for «;, one again finds that the SP wavevector should

scale like

C 1 |1 Ru o
ky =S~ T 212
R ~1,\;'/ lea]  w (: )

2.3 Spontaneous emission near a metal nanowire

The small mode volume associated with the fundamental SP mode of a nanowire

offers a possible mechanism to achieve strong coupling with nearby optical emitters.
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Tn this section we derive more rigorously the interaction between an emitter and an
infinite, cylindrical nanowire, and show that under certain circumstances the small
mode volume leads to strongly preferential spontaneous emission into the guided SP
modes via a mechanism equivalent to the Purcell effect in cavity QED 150

The spontaneons emission rate of a dipole emitter in general becomes altered from
its free-space value in the presence of some dielectric body. In our system of interest,
the dipole can possibly lose power radiatively to -pmpagat’ing photon modes, through
excitation of the guided SP modes, or through non-radiative loss (heating) in the wire.
The dipole in consideration can physically be formed by a single atom, a defect in-a
solid-state system, or any other system with a dipole-allowed transition. In Sec. 2.3.1
we calculate the raﬁia;t.ive and non-radiative rates using a quasi-static approach, wihﬂe
waiting until Sec. 2.3.2 to treat the SP decay rate more thoroughly. In Sec;,,if»l‘;S‘S,,
we show how the efficiency of emission into the SP modes can be o'ptimize(i‘ t(}\leid

Purcell factors in excess of ~10%, and discuss the physical origins of this limit: - o

2.3.1 Radiative and non-radiative decay rates

In this subsection we derive formulas for the decay rates of a dipole near a metal
nanowire into radiative and non-radiative chammnels. This calculation closely ‘follo'v‘\fs
the method of Ref. [59].

It is well-known that spontaneous emission rates can be obtained via "clfxséical
caleulations of the ﬁ&ids due to an oscillating dipole near the dielectric body 60] and
this method will be employed here. Specifically, we consider a (classical) oscillating

dipole poe™™* positioned a distance d from the center of the wire, and wish to calculate
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the total fields of the system (see Fig. 2.2a). Before proceeding further, we first note
that in general the solution will depend on the orientation of the dipole moment in
addition to its position. Again taking 2 to be along the axis of the wire, we note that
the fundamental SP mode will not é(}tlpl@ to a ciipole moment pg&(}’ oriented along
the azimuthal axis, due to the azimuthal symmetry of this mode: In the following
calenlations for the nanowire, for concreteness we will consider a dipole oriented along
the radial direction (ppoxp), while noting that the <:a,1c:Ltlaf(;iqxx--foz' zinoriezntation along
3 vields qualitatively similar results. As argued in Sec. 2.2, for nano-structures one
CATl 1‘.11ai:e a simplification by considering thé fields in the electrostatic or quasi-static

limit (H=0), which satisfy

VD = pext, ' 7 (213)
VxE = 0. ' {2.14)

Here pext(r) is the external charge density. In the system of interest the external
source is a dipole located at position r’ outside the wire {with radial coordinate

¢ = d), so that

) N oE 7 A
pext(x.1) = (po- V') 6 (r — ') (2.15)
For simplicity we omit the harmonic time dependence from our expressions for the
sowrce and all fields, Note that the &(r — ') term above corresponds to a {unitless)

point charge source, while the operator (pg - V') generally converts the point charge

solution to that of a dipole. It is therefore convenient to write E; in similar form,
Ei(r,r') ==V (po- V) & (r.1), o (216)

where ®,(r,1") are “pseudopotentials” that satisty V2P, = —6(r — r')/eper and
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T2@, = 0. Here the indices 1,2 again denote the regions outside and inside the cylin-

der, respectively. ® physically corresponds to the potential due to a point charge at

v’ while the dipole potential follows from gy = (po- V)9

To solve for the fields, it is convenient to further separate ®q into “free” and
“reflected” components ®y and P, respectively, where @, represents a source-free
contribution that ensures that boundary conditions are satisfied, and $¢ is the solution
for a point charge in a medium of uniforrﬁ electric permittivity €. We will Eaxp&nd't'}‘.xé
known s source term @y in a basis appropriate for the cylindrical geometry, and expand
the source- iz ee terms @, » in a similar basis that satisfies Laplace’s Equation (‘T b,y =
0}. The 111‘11{[10“"1'1 coefficients multiplying the basis functions of <I>,.3 will then k;e |
determined by enforcing the proper boundary conditions at the dielectric interface.
These expansious are given by

1 1
dmegey |r — 17

, X5 .
= 5o Z (2 — deno) yeos (m{g — @)

(Ij‘(}(ir., 1‘!’) =

&7 Jle

X / dhcos(h(z — =) Kon(he' Y Ln(ho) (o< 0, (2.17)
Jo

l o
o, (r1) = S j)_; (2~ G ) cos (m{d — ¢'))
/ dh m(h) cos (h{z — z7)) Kok Y K (hp), (2:18)
@2{11‘31’."‘) = 5 2¢ Z (’) - ()m U} CC)L; (H’Z @ """" @l})
LT
Fras!
X / dh B (h)cos (h(z — 2)) K,m(hp’)v]'m (hp), {2.19)
0

where ., (h), fm(h) thus far are unknown amplitude coefficients. We obtain a set

of two coupled. equations for e, (h), 3, (h) by requiring continuity of ® and D, at
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the boundary, p = R. Because of the translational syrametry of the system, these
equations are uncoupled in i and can easily be solved (this is in contrast to the case
where translational symmetry is broken due to surface ronghness, as discussed in

Sec. 2.6). The solutions are given by [59]

(e — 1) Il (hR) I, (hR)

om (B €1l (WA )f{;n(iz-f{.) — egkm(hﬁ) Il (hRY

R I (WRYK! (hR) —~ K (hR)I, (hR) 4

i’jm } L = , 2 ¥ o |
Bmilt) EJI.nI(hR)I{ {hR) — ef:f\m(hR) L (RR) (2.20)

where we have defined ¢ = e/ ‘e;. Note that Bq. (2.20) along with Eqgs. (2"17}-(2,'19)
sive the total electric field of the dipole and wire system. |
To calculate the radiative emission into free space, we consider the 'fa,r—ﬁéld prop-

erties of the system. Physically, the presence of the emitter induces some :glipole
moment §p in the nanowire, which results in a T,»ot.&l radiated ,pbiver ’propottioh&l to
the square of the total dipole moment of the system, Pmd T, rad & fpo + 5p[ . We

can determine 8p by finding the dipole-like c*ommbutzon to the” ieﬁecfed’ poLentlal
Bgipe = (po - V) Ou(r, ') far away from the source, whichbn pl'xysica,], gr'mmds st
behave like p~2 for large p. It is slldlg,htf@xw&ld to show fhm the m = 1 term in
Eq. (2.18) is responsible for this contribution, w ith all other m terms &wldmﬂ faster
decays in p. Because of the asymptotic behavior of /(@ )’v«/r/ 2ze™* when 2331,
for large p the integrand in {2.18) is significant only over a small re r;on h~ p _As
a result, we can safely replace Ki(h p) and oy (h) by their expansions azmmd h ~0.
After this simplification the integral can in fact be evaluated exactly and y:iel(ils

1 w1 o B2 0
£ cos{g — @'} — 5 {, e (2.21)
: T | & 3

(I)f}m:l ] P
«lregm €
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with a corresponding reflected potential

er=V(r.r) = (po- V)" (r.r)
Po € 1 . .t ]‘E"‘ 7] X
~= cos (¢ — @) =577 2.22
dreper €+ 1 ' TR (p? 4 22)R ( )
for the choice of parameters ¢/ = d, 2/ = 0, and pe = pgp. Comparing Eq. (2.22) to

Chper

the potential due to a dipole dp in uniform dielectric €1, Vop = =, We can readily

identify

. ¢ — 1 K2
oy , % 9 2
&p = pgy T il (2,_3)

as the induced dipole moment in the wire, from which it follows that the radiative

spontaneous emission rate is given by [59]

v

Diag _ €—1 _]—;ﬁi{z il : R e
£ = ll YoqE| o @R 220

Here Ty = /&L, is defined to be the spontaneous emission rate of the exniﬂt_@tﬂer_' iz;
uniform dielectric ey, and Iy, 1s 't;hé spontaneous eﬁﬁssio;ﬁ rate in V&cuuml He;;é'wé have.
ignored possible local-field corrections in defining the emission rate in a dielectric [61].
Away from the plasmon resonance {ex — 1), the radiative decay rate changes slightly
from 'y and reflects some moderate change in the radiative density of states in the
vicinity of the nanowire. .

To caleulate the other decay rates, one utilizes the fact that the total power loss of
an oscillating dipole is proportional to the electric field in guadrature at '{;hé dipole’s
location, specifically, IyproxIm (po - Ey(r',x)). Having divided up By into frfe‘és and
reflected components, the contribution to Ey from the free field simply is associated
with the decay rate in uniform dielectric €, and thus we concentrate on the contri-

'

bution from &, (r,r'). First we note that the coefficient ap(h) derived in Eq. (2.20)
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contains a pole at the point where the denominator vanishes. This pole corresponds
to an excitation of a natural mode (the fundamental SP mode) of the system, This
can immediately be seen by comparing the denominator of ay to Eq. (2.5), which gives |
the SP mode in the nanowire limit. The pole lies at h = C/R and agrees with the SP
wavevector derived in Sec. 2.2, as expected. Evaluating the contribution of this pole
to E,(r', 1) gives the decay rate into the fundamental SP mode, and is discussed more
carefully in the next subsection. At the same time, in the limit d— R one e:i:"pe:c‘ts
some type of divergence to occur in the non-radiative decay rate. llljhysi‘caﬂy,“aﬁ't::h'é
emﬁtev approaches the wire edge, the divergence results from th.éa large currents in
the wire generated bv the near-field of the dipole and their requltmg dxssm«umn ch
can find the leading-order term to this divergent decay rate by carefully evahmtmg
the leading-order divergence in the reflected field. R ¥
The mathcmahcal origin of the divergence as d— R is the :ﬂﬂmﬁcaut contmbuhon
to &, of an inﬁnim number of terms in m. Specifically, in this limit, for a dxpole

oriented along p,

- T 2 AN
Uponrad . Gmeg ITmp- E(r', 1)

Iy a }?3 Do
= ()HFO — L Imp-V{(p- V)0 (r,1)
»\/— remp!
i R— /* 5 )
& e dh B2 K" (hd)*Im apm(h
kg6 ; 0 : (hd) : ) |
= e dh falh.d, R). Cf2.25
W»&fé«vf?f;. 0  flhod, B) ' ( 2
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The asymptotic behavior of the functions f,, is given by

1T | 5 2m
f’m (‘h‘. d‘. JZ?) ~ “'(;I 61 ;E__Ihl ) .:( | ' (2’26)
——Im ) e~ hd—R) 00
2 U \eF T

From the above expressions, we see that fn, as a function of & has a characteristic
width of about [2(d - R)]™, yet at the same time the quantity m(R/ d)*™ reaches a
maximum around & 37?%373 as L’lf—iaa. This confirms the non-vanishing contribution
of an infinite 1‘1Lu‘r.x“1;>er of terms in m to the decay rate. The exact behavior of the
.fu.nc(;iomg frm is well-modelled by a Lorentzian approximation,

"&“‘Im ({_——_]_ ) ( R )2m

jm ,;, , d.R ’,‘\:}2@161 €1 d 4 ’ (2.97
f {6, ) 1+,;-,,9'(d,,_ }?)2 , SO ( )

which allows the integration and sum in Eq. (2.25) to. be performed exactly. The

resulting decay rate is given by

Pmmwadz 3 Tm (E _ 1) . - (2.28)
Lo 16ki(d— Ree> \e+1/’ o

Note that for Je}»1 and small Im €, Im ($7) =2Tm ¢/ (Re ¢)*, which makes it clear

that the non-radiative spontaneous emission rate is proportional to the dissipative

part of the electric permittivity,

2.3.2 Decay rate into surface plasmon modes

In this subsection we quantify the spontaneous emission rate I'yj of a dipole into
the surface plasmon modes on a nanowire, by evaluating the contribution of the pole
in ag(h) to the field seen by the dipole. Before proceeding further, we first note

that in the presence of metal losses, the distinetion between Iy and I'yop.raq 18 10t
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perfectly well-defined, since the SPs eventually dissipate due to heating as well. Thus,
for concreteness, we will define I’y to be the decay rate resulting from the pole in the
limit that Im e, = 0, and take the SP wavevector ky and €' to be purely real in this

subsection. In particular, for a dipole oriented along g,

Fpr Bre (Il‘x‘lﬁE,-(l”gi"))
puole

I'o ki e Po
Breg g
= A&\/_Im([) V{(p- V') Ou(r; )lmrg)mzﬁ N
3
= T} (/ dh W2 K3 (}m’)a h ) . {2.29)
“(I\F 0< } pole ‘

where we have explicitly indicated that we are interested in the pole contr Lbutmn to

the expressions above. The behavior of crglh) around the pc-’;le’s vi.c'mity is given by‘

1 (57 _ 61)13'{C'}f0(c>‘

(230)

wolh) =
ol 1 (h— C/R)REXE
where —
y(z) = e lo(@) K(x) — exKol@)Ih(x). (2.31)

<

Substituting this into Eq. (2.29) then yields the decay rate

| _ KXCdIR)
I‘pl = O.’vpll()——l_;—h—-}?s—g'—‘
K2 (k1) s
~ I —vl—-————. 2.32
u}ﬂ 5 (kg[m) { 3:)

where we have identified #y ~C/R in the nanowire limit. The coeficient ag; is given

by
3(e; — e2) C2L(C) (T

TSR T dx(C)/da

(2.33)

and most importantly depends only on €.
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The ~{1/R)® scaling of the spontaneous emission rate into SPs indicates that this
process can be strongly enhanced by using a small wire. One can gain some physical
understanding of the result and its relation to the Purcell effect in cavity QED by
considering ‘t,he quanturn mechanical derivation of the spontaneous emission rate via
Fermi's Colden Rule. This rule states that, once the SP modes are qﬁamized, the
decdy rate is given by

[y = 2mg’(r,w) D{w), (2.34)

where g(r,w) is the position-dependent, dipole-field interaction matrix element, and
D(w) is the SP density of states on the nanowire, Here, g(r,w) = g+ £(r) /R itself
depends on the dipole matvix element @ = (e|er|g) of the emitter, where lg) (le}) isthe

sround {excited) state invé)h:'ed in the transition, and on the electric field per pl'ibﬁta'rx
£1r) for the SP modes. On dimensional grounds, the electric field per photon éfm be
written in the form E(r) = \/hw/eoVeg (B(r)/ Emas), where X{eg is an effective 1“115;1@
volume characterizing the confinement of each mode, E(r) is the classical field proﬁle‘b“:'

for the SP modes given in Eq. {2.3), and Epqe = max |E(r)]. The mode vohumne can

be estimated by normalizing the field energy to one quantum {again, ignoring Imes);

o d | N
Fom L / gz (welp,w)) }:, (p_)_:g . O 239)
Here the two-dimensional integral is performed over the directions transverse to the

wire axis, and l is the qummti;ation length, set by the wire length, which is assummed
to be much longer than all other relevant length scales. In the end L will disappear
from the physical quantities of interest (e.g., the spontancous emigsion rate). The
integrand appearing in Eq. (2.35) gives the correct expression for the classical electric

energy density for a field in a dispersive medium [54]. Because the fields are primarily
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electric in the nanowire limit, we have safely ignored the magnetic field contribution
to the energy density. Performing this normalization for the fundamental SP modes,
one finds that Vg R?L, which physically implies that these modes are transversely
confined to an area on the order of the wire size. The constant of propoftiormliﬁy
depends only on the electric permittivities of the system. Fora giipole oriénted along
b, one then finds that ¢*(r)occKj (k1o d)/(R*L), which shows that the strong field-
emitter coupling directly arises from the tight field confinemenit. A?t.he smn.e_"ﬁirng

the density of states for the SP modes is given by D(w)fQ(L,/.QTF}(Cikg /dw), and. is

3 .

inversely proportional to the group ﬂ’elaci,t:y; I he group ‘veloci:t;y for SPs is Strongly,
reduced due to the large SP wavevector ky o 1 /R on a namc;w.im}: z:md conseméﬁ.t'l'y
this gives rise to a ~1/ R enhancement in the density of states. Combining all t:)f these
results into Eq. (2.34) vields |

K3y d)?

gD ;
pl X ‘0 (}ﬁgﬁ)’%

(236)

where again the constant of proportionality depends only on the electric permittiv-
ities. We emphasize that in the quantum mechanical interpretation, one achieves a

factor of ~1/R enhancement in the spontaneous erission rate due to a reduction in

the SP group velocity, and a ~1/ R? enhancement due to the small effective mode .
area.

2.3.3 Purcell factor of a nanowire

Comparing the spontaneous emission rates given by Egs. (2.24), (2.28), and (2.32),
we now qualitatively discuss the behavior one should expect as the position of the

emitter is varied, In the limit that ¢/R>1, the emitter feels no effect from the
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Figure 2.5: a) Solid line: Maximum Purcell factor P =Tp/T" for a nanowire, plotted
as & function of R and optimized over the emitter position. Here P is caleulated in
the quasi-static approximation. Dashed line: same quantity. obtained by exact elec-
trodynamic calculations. Dotted line: Effective Purcell factor, P(R) =Tu(R)/T'(R)
for a nanotip of final radius R, optimized over nanotip shape and emitter position.
Solid points: same quantity, calculated using numerical simulations {boundary ele-
ment method). b) Contour plot of logy, P for a nanowire, as functions of R and d/R.
¢} Contour plot of log,, P for a nanotip, as functions of w and d/w. o

wire and the total spontaneous emission rate is close to the radiative rate Toina
uniform dielectric medium. As one brings the emitter closer to the wire surface, the.
change in the electromagnetic mode structure near the wire results in some modified
radiative decay rate I'zq which never exceeds approximately 4T for large |e[. When
the emitter position d approaches d~1/ky ~R/|C|, the emitter starts to lnteract with
the localized SP felds, with a corresponding rate of emission into SPs scaling with wire
size like 1/R?. The emission rate into SPs continues to grow as the emitter is brought
even closer to the wire edge, d—R. However, the efficiency or probability of SP
excitation eventually decreases due to the large non-radiative decay rate experienced
by the dipole very near the wire, which diverges like 1/(d — R)®. We thus expect
some optimal efficiency of spontaneous emission into the SP modes to occur when

the emitter is positioned at a distance O(R) away from the wire edge, and for this

optimal efficiency to improve as R—0.
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The efficiency of coupling to the SP modes can be characterized by a “Purcell
factor” that is defined by the ratio P = Iy/T", where I = T'iag + I'non-rad denotes
the total emission rate into channels other than the fundamental SP mode. Gen-
erally P depends on both the wire size and on the position d of the emitter. In
Fig. 2.5a, we have numerically evaluated the spontaneous emission rates and plotted
the Purcell factor as a function of wire radius R, optimized over the emitter posi-
tion. As F—0, the optimized Purcell factor P exceeds ~10%, indicating that the
probability ‘of emission into the SPs approaches almost mut\ Examining this limit
more L:a,refuﬂy, it can be shown that the “error rate” in fact approaches a small-quan-
tity IV /Dippaoxim ¢/(Re €)?, whic:h‘ e‘xpii{:iﬁ]y indicates that th‘is-:pmcess is ultimately
limited by material losses. Again, we emphasize that these properties are specifi-
cally a result of the conducting properties of the nanowire. This can be -c};ontra:étéd
with emission into the guided modes of a sub-wavelength optical fiber, which drdps
exponentially as £—0 due to ‘t;he weak confinemnent of these guided modes [59].

Finally, we note that wl;ﬂe the decay rates obtained in t}txe‘ quasi-static approx-
imation provide a simple understanding of the system, the guantitative predictions
may begin to break down even for moderate-sized wires (Whém %MR,?JI) Physically,
the effective mode area Aug and group velocity duw/dky start to scale more d{)\ﬂ}f&kizun
~R? and ~R, respectively, for moderate-sized wires. The quasi-static apprtyﬁi'xri.éi;tio;a
can then significantly underestimate the decay rate into ‘SPS,‘ I p]_; and the céiite;.
sponding Purcell factors. This may be important experimentally, fofx éxam;ﬂé‘, singe
it implies that one need not resort to very small wires to achieve moderate Purcell

factors. Thus, using the electrodynamic Green's function methods of Refs .[59, 62],
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we have also obtained exact electrodynamic solutions of the fields created by an os-
cillating dipole near a cvlinder. and used these solutions to find the corresponding
decay rates. While technically more difficult, as one must now solve vector field equa-
tions, the general principles such as field expansion in a basis and determination of
field mm)lihudess based on boundary conditions remain similar. The details of the
caleulation are given in Appendi}: B.2. In Fig. 2.5a, we have plotted the numerically
optimized Purcell factors using these exact electrodynamic results. It can be seen
that the quasi-static and exact results agree well in the nanowire limit, but for larger
wires, ‘f,h.e exact results predict significantly larger values of P. In Fig. 2.5b, we plot
the Purcell factor as functions of both wire size and emitter ~poéi‘t,i.on (using theexact
results). Here it can be seen that achmvmg a large Purcell factor does not depend t,oo
sensitively on the placement of the emitter, which indicites that the strong co‘u‘plivng

is a robust effect.

2.4 Spontaneous emission near a nanotip

In Sections 2.2 and 2.3 we derived and discussed the physics of SP modes on
& nanowire and spontancous emission of a nearby dipole enmtter. It was seen that
the tight transverse confinement Qi the SP modes leads to a lar% Purcell factor:”
for an optimally pomt,mned dipole emitter as the wire size decreases, At thé S&me
time, however, it is evident that the tighter couﬁnen'l.ent is accompanied by enhanced
l,os*seé as the SP propagates, and also a large reduction in the SP wavelength Ap)
that could make out-coupling more difficult. Such factors could clearly impose linits -

for a,pph ations sucll as quantum 111&)1111&1,1011 but can be circumnvented thh simple
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design improvements. In this section, we investigate one specific design, a metallic
nanotip (see Fig. 2.2b). As in the nanowire case, one expects a sub-wavelength
SP mode volume, determined in this case by the tip curvature, and an associated
enhancement of emission into the SP modes. Here, however, one expects propagative
losses to be less severe, because the SPs will become less tightly confined as they
propagate along the expanding tip. This expansion also results in a gradual increase
in the SP wavelength along the nanotip. For the nanotip, we are not able to obtain
full electrodynamic solutions for the SP modes, as the electrodynamic problem is not
separable. However, iu a manner similar to that described in See. 2.3, we will calculate
all of the relevant decay rates in the quasi-static limit (which is separable) and describe
an approximate method to calculate the propagative losses along the nanotip. We
will also compare these results to those obtained via fully electrodynamic numerical
simulations, and we find that these two approaches agree closely.

In the following we will consider a nanotip whose surface can be parameterized as a
paraboloid of revolution with symmetry along the z-axis (see Fig. 2.2b). Specifically,

we suppose that the surface of the nanotip is described by

l 11:2 + _y2 9
2= = U | 2.37
a paraboloid of revolution with apex at z = —uv/2 (the reason for the offset of the

apex will become apparent below). We now introduce a transformation to parabolic

coordinates,

&= UV CoSQ,

y = uvsing,
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While these coordinates may seem awkward (note, for example, that u, v have units of
VIength), they are convenient for deriving expressions for the fields and spontaneous
emission rates, which we will then express in more “natural” coordinates at the end of
the calculation. In parabolic coordinates, the nanotip profile of Eq. (2.37) is defined by
a surface of constant v = vg. More generally, any constant v defines some paraboloid of
revolution in this system, while the unit vectors @ and © run normally and tangentially
to these surfaces, respectively.

Now, as in the nanowire case, we are interested in finding the quasistatic field
solution for a point charge source in the vicinity of the nanotip, from which we can
obtain the field due to a dipole po. In particular, we seek solutions of the total field of
the form (2.16) with appropriate boundary conditions. Like before, we separate the
pseudopotential @, outside the nanotip into its free and reflected components ®q .,
and use an integral representation of the free pseudopotential suitable for parabolic

coordinates,

) 1 o=,
Bo(rir) = g D (2= mo)cos (6 = ¢) x
[ s gm0 b)) (239
4}

Here the primed coordinates denote the position of the dipole. Because @ fully
accounts for the point source, ®,» then satisfy Laplace’s Equation. Using separation
of variables, it is straightforward to show that the solutions to Laplace’s Equation are
given in parabolic coordinates by ~J () Gim(gu)e™®, where Gy m{qu) = K (qu)

and Gom(qu) = In(qu) are non-divergent functions in their regions of applicability.
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We then define the following expansions,

, 1 O~ oy
@r(r; r ) = (2 """" Opm,0) COB Tn’(@ - d)’) x
27(6061 m=0) 4
/ A qam (@) Im(qu") Ko (qv ) Jm (qu) K (qu), (2.40)
0
e = ! S ) mld /
Do t) = o Z:O(a — 8yn0) cos m(d — ¢) x
/ / dy ¢ (@) Im{gu’ ) Ko (g ) I (qu) I (qv), (2.41)
Jo

where the coefficients «, 3 are determined by imposing boundary conditions at the
nanotip surface v = vy. Enforcing the continuity of ® and D, yields

(€1 — 62)17’»"(Q’U())I:v«L((I?«’o)
eod! (quo) Ko (quo) — €11m(quo) K2, (quo)’
—¢y (In(quo) K7, (quo) — T, (quo) Km(qv0))
ea ! (quo) Kon(quo) — e1Lm(quo) K, (quo)

am(q)

O (Q) (2.43)

Note that the coefficients am(g), along with Eq. (2.40), completely determine the
reflected field.

The calculation of the radiative and non-radiative spontaneous emission rates
proceeds in the same manner as the nanowire case. To calculate I aq, we again look
for a dipole term in the far-field (large v) that corresponds to an induced dipole
moment dp in the nanotip, and then use the relationship I'raqox|po + opl®. At the
same time, we look for a divergent contribution to the reflected field at the dipole
location as its position v’ approaches vg, which yields the leading term of the non-
radiative decay rate through ['onraqxIm(pe - E-(r',1’)). For concreteness we will
consider a dipole that is located along the z-axis (1’ = 0, also see Fig. 2.2b), which

vields

f)'Z s (13 )
y-E (YT = ——-[49—/ dy =y () K2 (gu'), 1z
po - B (r'. 1) prsall L ) KT (gv),  (Po L 2)
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2 O 3
/ Yy q - ! 2 ¢
po- E. (v, 1) = —27{;;61 /0 dq ;ﬁao(q)]\f(qv ), (po || 2) (2.44)

as shown in Appendix B. Because of the similarity of the decay rate calculations
with those in Sec. 2.3, we simply state the results here, while providing more details
in Appendix B. For a dipole positioned along the z-axis at v = ¢/, the radiative and

non-radiative spontaneous emission rates are given by

)

Doa _ s (1-2) oll2)
Ly v’ €1 ’ 0
r ] € v2 |2
radd €, — €l 4
—_ = il 4 —F— Lz 2.45
I ‘ et g 07 (Po ) (2.45)
and
3 1 €9 — €}
Doorrad /Lo = —— Im{ ~——— 1, Lz
non-rad/ o 16]&:36';/2 VI — ) (62 T 5.1) ; (Po )
- 3 1 €3 — €1
r wa/lo = —— Im i z 2.46
nou—md/ 0 SAT€%E?/2 V3 — vp)? (EQ ¥ e (po Il 2) ( )

Finally we consider the decay rate into the fundamental SP mode of the nanotip,
which is associated with the contribution of the poles in the integrand of Eq. (2.44)
to Im (pg - B,(r', 1')). Examining the solutions to ap; given in Eq. (2.42), one finds
that o, has no pole in the range 0 < ¢ < oo. Physically, the absence of a pole means
that a dipole simultaneously oriented perpendicular to £ and located along the z-axis
does not excite the fundamental SP mode of the nanotip. This is easily understood
since a dipole oriented this way is anti-symmetric with respect to 180° rotations
about 2, while the SP mode is symmetric. On the other hand, oy does have a pole
corresponding to SP excitation. This pole is located at go = C /o, where C happens
to be the solution to Eq. (2.5). ¢y can be considered to be the “wavevector” of the

fundamental mode (albeit in parabolic coordinates). Evaluating the contribution of
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this pole to the field is straightforward and yields a SP decay rate
I 3r C° : (€1 — €)1 (C) o (C)
pt K2 1y AEL 2414 0 - ]
— 5 ToU . ; z 2.47
To Asﬁflg L' 1,72 1((]()2 ) dX(C)/d.[‘ (Po H ) ( )
r :
£ =0 (pal?) (2.48)
0

where y(z) is defined in Eq. (2.31). As in the nanowire case, the decay rate I'y) into
the SP mode given by Eq. (2.47) is evaluated in the limit that Ime; = 0, such that
go and C in Eq. (2.47) are considered to be purely real.

Having derived the decay rates in parabolic coordinates, we now define a more
natural set of parameters to describe the system (see Fig. 2.2b). Let us introduce a
Vwz (z20),

where p is the radius of the nanotip at position z (note also the corresponding shift

length scale w that characterizes the curvature of the nanotip via p(z) =
in the apex of the tip from z = —v3/2 to z = 0). Furthermore, let z = —d < 0 be
the position of the emitter (d = (v — v3)/2 is the distance between the emitter and
end of the nanotip). In terms of these parameters, the spontaneous emission rates

derived above for a dipole pg o Z positioned along the z-axis can be re-written as

51;_0&1 = ‘1 + (1 + 4d/w)™! (g - 1) 2 (2.49)
P - crme (G) 230
_[I;%l ....... Gl (Azou;)3(11+ ) KX(C\/1+ 4djw), (2.51)
where d, only depends on €5 and is given by
24 -y — €2)1(C) 1o (C
= 7”771 e ci;2c1>ﬂ>°(c)' (2:52)

As in the nanowire case, one can define a Purcell factor P = [')/T" for the nanotip,

which depends on the curvature parameter w and emitter position d. Optimization of
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the Purcell factor over the emitter position yields a large enhancement of P~2.5 x 10°
as w0, which is limited ultimately by dissipation in the metal. In Fig. 2.5¢, we plot
P as functions of w and d. Once again, it can be seen that achieving large Purcell
factors does not depend too sensitively on the emitter position.

To compare the benefits of the nanotip over the nanowire, the relevant quantity is
not just the Purcell factor but how efficiently the generated SPs can propagate from
the end to some larger radius R further down the tip (sce Fig. 2.2b). Because the
SP modes here were obtained through a quasistatic approximation, this calculation
vields no information about dissipative losses as the SP propagates along the nanotip.
For example, in this limit Ha0 so one cannot obtain the Poynting vector for the
system. To estimate the effect of propagative losses, however, we can make an eikonal
approximation [63], assuming that the SPs are emitted completely into the end of the
tip (z = 0), and that the propagative losses thereafter at any position z are identical
locally to those of a nanowire of radius p(z). Specifically, the fraction of the total
SP emission that successfully propagates from the end to some larger radius R is
estimated to be

LR )
-L),fl(———l = exp —~2/ Imky(p(z))dz | . (2.53)
I p] s}

Whereas Ty is the spontaneous emission rate into the SPs, f‘pl(R) is the rate that
these emitted SPs successfully propagate to radius R. It is also convenient to define
an effective decay into other channels, MR =T+ (T ol = fpl(}%)), which includes
the rate at which emitted SPs are dissipated before reaching R. Similarly, we define
an effective Purcell factor for the nanotip, given by P(R) = f‘pl(R) /T'(R), which

characterizes the efficiency that SPs are generated and propagate successfully to R.
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In general this quantity depends both on the emitter position and the curvature of the
nanotip. In Fig. 2.5a we plot ]5( R), when optimized over w and d. It can be seen that
the effective Purcell factor for the nanotip compares favorably to the Purcell factor
of a nanowire when koR > 0.05. In other words, the nanotip makes it possible to use
these larger sizes to reduce dissipation, without as steep a tradeoff in the efficiency
of coupling to the SPs. We note that the nanotip system also has the added benefit
of generating guided SPs along a siugle direction of propagation away from the end
of the tip, whereas the emission in a wire is bi-directional.

We now discuss the limits of validity of the equations derived above for the nanotip.
First, as discussed in Sec. 2.3.1, the quasistatic calculation of the decay rates is valid
only when one is considering length scales where the electrodynarmic Green’s function
can be approximated by its electrostatic equivalent. For the nanotip, this restricts the
regimes of validity to |k;]w, [ki]d<1. Anadditional set of assumptions is made in using
the eikonal approximation to arrive at Eq. (2.53). Specifically, we have assumed that
the change in the radius p(z) of the nanotip occurs slowly enough that the wavevector
ky(p) of the surface plasmon modes can adiabatically follow the nanowire solution
at each position z. The adiabaticity condition can be quantified by a parameter
3 = d(1/Reky(p))/dz, which must remain small at all positions 2. Assuming, for
example, that we are considering sufficiently small length scales that the wavevector
ky(p(2)) = C/p(z) follows quasi-static behavior, the condition f<«1 is satisfied only
in the region z>»z,, where z. = w/ [C'z] represents some crossover point between
adiabatic and non-adiabatic propagation. Thus, at first glance, the accumulated

losses predicted by Eq. (2.53) in propagating from the end of the tip (z = 0) to
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z~z, appear invalid. We now argue, however, that as long as the upper limit of
integration z(R) satisfies z(R)>z., Eq. (2.53) remains a good approximation for
finding the total losses. In particular, we argue that the actual losses from z = 0
to z~z. are quite small, compared to the losses accumulated in going from z~z to
>z, In the latter region, the integrand of Eq. (2.53) is a good approximation, as
previously discussed. Then, in the region z = 0 to z~vz, the specific form of the
integrand does not matter, as long as it provides a small overall contribution to the
total losses. First, it is straightforward to show that the predicted loss in this region,
while incorrect, is small for realistic systems, f‘pl(R(zc))/ [pi~exp(=Im C/|C]). Next,
we argue that the actual losses in this region should be small. Physically, the quantity
lgo] ™2 = ¥3/|C|>~z. determines the fundamental length scale for the nanotip SPs,
since ¢ is the “wavevector” for the SPs in parabolic coordinates. Because dissipation
can be treated as a small perturbation for realistic systems, the losses should be
significant only on length scales much larger than this, just as losses are only relevant
on scales much longer than the inverse SP wavevector, 1/|ky, for the nanowire.

To check the analytical results derived above for the nanotip, we have also per-
formed detailed numerical simulations using boundary element method (BEM) [64].
Details of our implementation are given in Appendix C. BEM simulations are fully
electrodynamic solvers of Maxwell’s Equations, and they were used to obtain the
classical electromagnetic field solutions of an oscillating dipole emitter poe” ™! near
a nanotip. The results of a few sample simulations are shown in Fig. 2.6, for a
tip curvature parameter kgw = 0.022, final radius koR = 0.3, and varying emit-

ter positions kod = 0.002,0.2,0.7. In Fig. 2.6a, we plot the quantity |[Re(E x H*)|,
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Figure 2.6: Numerically calculated fields due to a dipole emitter near a conducting
nanotip, obtained by boundary element method. a) The energy flux [Re(E x H*)|, in
arbitrary units. The position of the emitter is denoted by the blue circles, while the
boundary of the nanotip is given by the dotted lines . The plots shown are for a final
nanotip radius of koR = 0.3, curvature parameter kow = 0.022, and emitter positions
kod = 0.002,0.2,0.7. It can be seen that both the total spontaneous emission rate
I'iota1 and the emission rate into surface plasmons increase as the emitter is brought
closer to the nanotip. b) The quantity |Re(E x H*)|/T'ota), for the same parameters.
This quantity is proportional to the energy flux normalized by the total power output
of the emitter. The kod = 0.002 plot is mostly dark, indicating that most of the
decay is into non-radiative channels. The kod = 0.2 case is characterized by bright
spots along the entire edge of the nanotip, which indicates efficient SP excitation.
The kod = 0.7 case exhibits the typical lobe pattern associated with radiative decay
of a dipole.
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which is proportional to the Poynting vector and corresponds to the total energy flux
of the system. The nanotip is assumed to be composed of silver in a surrounding
dielectric €; = 2, and its boundary is given by the dotted line, while the emitter
positions are denoted by the circles. The total spontaneous emission rate is given
via Tigra; = (Tpl + IM)oxIm (po - E;(r',r")) and is determined numerically for each
coufiguration by finding the total field at the dipole location. On the other hand, the
effective emission rate fpl(R) into the SPs is determined by a best fit of the fields in
the region of constant R to the known SP solution on a nanowire given in Eq. (2.3),
and then calculating the total energy transport of this best-fit mode through the in-
tegrated Poynting vector. This total power is directly proportional to f‘pl(R)‘ The
figure confirms the qualitative behavior that we expect and have described previously.
In particular, the generated SP field and total spontaneous ernission rate are largest
for very small separations and decrease as the emitter is placed further away from the
end of the nanotip. In Fig. 2.6b, we plot |[Re(E x H*)|/Tota1, which is proportional
to the energy flux normalized by the total power output of the emitter. This quantity
vields information about the efficiency of decay into the various channels. For small
separations (kgd = 0.002), the plot is mostly dark, which indicates that the decay of
the dipole is predominantly non-radiative. For kod = 0.2, the maximum (correspond-
ing to bright spots in the plot) is located along the entire surface of the nanotip,
which indicates highly efficient SP excitation. Here, although the total emission rate
into SPs decreases from the kod = 0.002 case (as seen in Fig. 2.6a), the efficiency

increases dramatically due to less competition from non-radiative decay. Finally, for
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decay.

In Fig. 2.5a, we have plotted the numerically optimized values of P(R) for a few
values of R. It can be seen that the values obtained through analytical approxima-
tions and numerical BEM closely agree. Unlike the theoretical predictions, however,
the numerically calculated error probability does not increase monotonically with R.
We believe that the origin of this is that for the numerically optimized parameters,
the condition R>3>p(z.) under which the theoretical predictions hold is only weakly
satisfied, and the excitation region for the SPs cannot strictly be thought of as a

single point at the end of the tip (z = 0).

2.5 Single photon generation via coupling to di-
electric waveguide

We have shown in previous sections that a single emitter can spontaneously emit
into the guided SP modes of a nearby nano-structure with high probability. This
prospect of efficient conversion between an excitation of the emitter and a single
photon has a number of applications in the fields of quantum computing and quan-
twmn information. In this section, we consider one particular application, involving
the use of such a system as an efficient single-photon source. The concepts behind
single-photon generation on demand with an individual emitter in a cavity have been
discussed elsewhere [6, 7, 8) and will not be presented in detail here. We note also
that the ideas behind single-photon sources can be extended to create long-distance

entanglement between emitters, as detailed, e.g., in Ref. (65].
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Because of dissipative losses in metals, the SP modes are not directly suitable
as carriers of information over long distances. We show, however, that plasmonic
devices can serve as an effective intermediate step, and in particular can be efﬁcieﬁtly
out-coupled to the modes of a co-propagating dielectric waveguide. The single photon
device is illustrated schematically in Fig. 2.1. In Fig. 2.1a, an optically addressable
emitter with multiple internal levels sits in the vicinity of a conducting nanowire. The
emitter is strongly coupled to the nanowire, such that single photons on demand can
be generated with high efficiency in the SP modes by external manipulation of the
emitter. The addressability of the emitter along with the internal levels allows for
shaping of this single-photon pulse [10], as illustrated in Fig. 2.1b. Here, a three-level

emitter is shown with two ground or metastable states [s), |g). We assume that the

s) and excited state |e) is decoupled from the SP modes, due to,

transition between
e.g., the orientation of its dipole moment, but that the states are coupled via some
classical control field with Rabi frequency Q(t). We also assume that the transition
le) — |g) is coupled via the SP modes of the nanowire, 7., the state le) can decay at a
rate I'p) into lg) by emitting a photon into the SP modes. In addition, there is a small
rate TV at which the excited state can decay without emitting a SP. A single photon
in the SP modes of the nanowire is generated with high probability by initializing the
emitter in |s) and exciting the transition |s) — |e) with the control field Q(t). The
decay of |e) into |g) and the generation of an outgoing single SP then occurs with high
probability, with the shape of the single photon wavepacket determined by the shape
of Q(t). We further assume that the SP is then evanescently coupled to the nearby

dielectric waveguide (see Fig. 2.1a), which co-propagates with the nanowire over some
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distance L, during which this coupling is non-negligible. The coupling is a reversible
process, and the distance L., is optimized to maximize efficiency of ending up with
a single photon in the waveguide (i.e., to prevent further Rabi oscillations back into
the nanowire). A similar setup with a nanotip is illustrated in Fig. 2.1c. Here the
nanotip radius p(z) expands to some final radius R at which point coupling with
the waveguide starts to occur. Initiating the coupling once the nanotip has reached
a constant radius allows the two systems to be easily mode-matched, as discussed

below. When optimized, we estimate that single-photon generation efficiencies of

5

aréund 95% are possible iu this tiered configuration.

To treat the problem analytically, we consider the simple situation of our nano-
structure coupled to a cylindrical dielectric waveguide (e.g., an optical fiber) of radius
Ry, such that the modes can be calculated analytically using the methods described
in Appendix A. It can be shown that the fundamental modes of the waveguide
are degenerate m = &1 modes that are not cut off as R;—0. The dependence of
their wavevector ky on Ry is shown in Fig. 2.7, for a core permittivity ¢, = 13 and
surrounding permittivity e; = 2. These parameters correspond closely to that of
a Si/Si0y guide at A\ = 1 um. To simplify the calculation, we also assume that
coupling between the wire and higher-order waveguide modes is negligible. This can
be achieved, for example, by operating below the cutoff radius of higher-order modes
or by operating with sufficiently large wavevector mismatch between the SP and
higher-order guide modes.

We make the ansatz that the total .ﬁeld of the system is given by a superposition

of the unperturbed modes of the nano-structure and waveguide. While this cannot
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Figure 2.7: Wavevector ky of the fundamental guided modes of a cylindrical dielectric
waveguide with core permittivity e, = 13 and surrounding permittivity €; = 2, plotted
as a function of core radius R,

strictly be correct, as such a solution violates boundary conditions at each interface,
we rely on such an assumption to give us the correct qualitative behavior without
resorting to more complex numerical calculations. Specifically, we assume that the
total electric field for the system takes the form

Er(r)= > > Cus(2)Euilr), (2.54)

p=w,g =1

where ¢ indexes the nano-structure (w) and waveguide (g) systems, and i = 1,--+, N,
runs over the modes of system u. In the following we will explicitly treat the nanotip
case, where the SPs propagate in a single direction, although this argument can easily
be extended to the nanowire. We emphasize that we are considering coupling of the
SP mode to the waveguide once the nanotip has already expanded to its final radius
R, at which point the SP mode solution becomes identical to that of a nanowire. In
our case, N, = 1 as we only consider the fundamental SP mode of the nanotip, while
Ny, = 2 as we take into account the two degenerate, co-propagating fundamental

modes of the waveguide. E, ;(r) here represents the unperturbed solution of mode 2
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in system u (without the presence of the other system). A similar expression holds
for the total magnetic field.

With the ansatz of Eq. (2.54) for the total field of the combined waveguide and
nanotip system, one can derive exact equations of evolution [66] based on Lorentz
reciprocity for the coefficients C, ;. Explicitly separating out the plane-wave depen-
dence of the unperturbed fields, E,;(r) = Eﬂ‘i(p)e“‘"‘iw-"z, the N, + N,y coupled-mode

equations take the form

N N,

Ny ‘ (]’Cu’_ ' v ' L .
Z ZP,_WJ(;) de = Wep }: Zf%,-z‘;u‘j(z)cu,j(z)} (2.55)
va,g je=l - v=w,g j=1

as derived in detail in Appendix D. The coefficients to the system of equations above

are given hy

Pivi(z) = BICTPEELMNLEN
/d,o (B (p) x Ho (p) + E5(p) x Huj(p)) - 2. (2.56)

-K;:.'i:l/.j(:) = ei(knu.j AAAAA kn;"');/ dp EL'.j(p) ) E:z(p) (57(p) - 6,,([)))‘ (257)

where ep(p) is the electric permittivity of the combined system. Clearly, the presence
of the phasge factors ¢Fieo—ki0% i the equations above indicate that, at least under
weak coupling, significant power transfer between the two systems will not take place
unless the two systems are approximately mode-matched with respect to k. In
practice, this implies that for a final tip radius R, there is some ideal waveguide size
R, that allows for maximum transfer efficiency between the two systems. A similar
optimization of the waveguide parameters exists in the case of arbitrary coupling
strength between the two systems, although this problem is more complex because

one must account for factors such as the phase shift of one system due to the other.
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We emphasize that the coupled-mode equations above are exact within the ansatz
of Eq. (2.54). For example, for two lossless systems these equations conserve power,
and for a lossy system (such as a nanotip) the effects of losses are treated exactly.
By convention, the normalization of fields is such that the integrals appearing in the
diagonal matrix elements /7, ;,,; are set to 1.

For the waveguide and nanotip systems coupled over a length Le,, the exact single-
photon generation efficiency will depend on the details of how the two systems are
brought together and separated apart. In practice, for example, the two systems
should 1>e brought together slowly enough that the introduction of the waveguide
does not cause significant back-scattering of the SP, yet quickly enough that this
introduction length is small compared to the SP decay length. Furthermore, in reality
the coupling region will not be a step of length L., but will be characterized by some
smooth transition. To avoid the many details associated with this introduction and
separation and to approximately calculate the efficiency, we will consider an idealized

system and make three assumptions:

(i) The decay rates of the emitter are not affected by the presence of the nearby
dielectric waveguide. In particular, the Purcell factors calculated earlier for the

nanotip are unchanged.

(ii) The radius of the nanotip is given by p(z) = Vwz for z < 25 and becomes
constant, R = p(z) = /Wzg, for z2zy. For 22z the SP mode solution becomes
identical to the nanowire solution, and in particular has well-defined ky which
allows it to be easily mode-matched with the waveguide. It is assumed that

coupling between the nanotip and waveguide begins at z = z, with the initial
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field amplitudes of the coupled system given by

e\

C’Y‘(u(-z()> = TR Y ) (258)
1+ P(R)

/Vg,.i(ZQ) = s (259)

(e

where the probability P(R)/(1+ P(R)) of finding a SP excitation at R is already

optimized over the nanotip curvature and emitter position.

(iii) Eq. (2.55) exactly describes the coupling between the two systems in the re-
gion 20<2<2y + Lex. To estimate the probability of transfer from nanowire to
waveguide after distance L., when the two systems are once again separated,
we project the total field of Eq. (2.54) at z = 25 + L. into the waveguide
mode. Specifically, the projected field amplitude in the waveguide in either of

the degenerate modes @ is given by

Cooroju(20 + Lez) = 2 / dp (Br(r) x Hi (1)) 4, (2.60)

where the factor of 2 arises due to the normalization convention for the unper-

turbed modes.

Because of the symmetry, the projected field strengths ]Cpmj,,-lg calculated above
are equal for the two degenerate waveguide modes, and the quantity QICproj,ilz then
corresponds to the efficiency of single photon generation. Here the additional factor of
2 accounts for the mode degeneracy. This quantity takes completely into account the
propagative losses of the SPs, imperfect coupling between the nanotip and waveguide,
and the Purcell factor of the nanotip.

In Fig. 2.8a we plot the efficiency of single photon generation as a function of R,

for both the nanowire and nanotip systems. For each R the plotted efficiencies have
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Figurg 2.8: a) Optimized efficiencies of single photon generation vs. R. We have
assumed that coupling to waveguide modes other than the fundamental mode is neg-
ligible, i.¢., the waveguide is effectively in the single-mode regime. Solid (dashed) line:
theoretical efficiency using a nanowire, using spontaneous emission rates obtained by
quasistatic (fully electrodynamic) calculations. Dotted line: theoretical efficiency us-
ing a nanotip. Solid points: nanotip efficiency based on boundary element method
simulations, combined with coupled-mode equations. b) Optimal coupling length Le,
for a nanotip as a function of R. Here L,, is given in units of the surface plasmon
wavelength A, at that particular value of R.

been optimized over all other possible parameters of the system. For the nanowire
configuration, we have assumed that the resulting forward- and backward-propagating
waves in the waveguide can be perfectly combined. In the figure we have also included
points obtained by our BEM simulations of a nanotip. Here, we have taken the
numerically optimized values of P(R) and plugged them in as initial values for the
coupled-mode theory above. It can be seen that the numerical simulations agree well
with our theoretical predictions. We find that photon efficiencies of nearly 80% are
possible for the nanowire, while efficiencies around 95% are possible for the nanotip.

In Fig. 2.8b we plot the optimal coupling length Le,, in units of Apl; as a function

of R for the nanotip (L., for the nanowire should be twice that of the nanotip, to
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account for the transfer of the forward- and backward-propagating components of the
emitted SP). It can be seen that the out-coupling to the waveguide can in principle
occur quite rapidly, over length scales of a few A

The existence of an optimum R for photon generation can be intuitively under-
stood. For smaller R the coupling between the emitter and SP modes can be quite
large. However, these tightly-confined SP modes are accompanied by higher prop-
agative losses and cannot be as efficiently coupled to the v raveguide system. The
coupling efficiency between SPs and waveguide modes improves for larger R. For the

i

nanowire, however, the larger radius results in weaker coupling between the SP and
cmnitter, while for the nanotip the accumulated propagative loss increases as the final

radius grows.

2.6 Influence of surface roughness and tempera-
ture on surface plasmon propagation losses

The effectiveness of many plasmonic devices, such as those described in this chap-
ter, depend sensitively on the degree of losses that are present in these systems. We
have shown that material losses determine the propagation length of SPs, for ex-
ample, and also the effective Purcell factor that can be achieved for single emitters
coupled to SPs. Thus far, our theoretical predictions were made based on the optical
properties of a metal at room temperatures, and have agsumed that the devices are
perfectly free of defects. In this section, we calculate from first principles the effects

that temnperature and surface roughness have on our system.
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2.6.1 Effects of surface roughness

3

In Section 2.2, we have treated the problem of SP propagation on a smooth
nanowire, taking into account inherent dissipative losses of the metal characterized by
I €. In practice, however, a nanowire may not be perfectly smooth, and the surface
roughness can give rise to new scattering mechanisms for the SPs. While the general
solution for the fields i the presence of arbitrary roughness is a complicated problem,
we calculate the effects in two limits. First we calculate the losses on a nanowire due
to radiative scattering in the limit of small roughness and zero heating (Ime; = 0).
Here the plasmons experience no inherent loss due to the metal but can receive mo-
menturn kicks from the roughness that cause them to scatter radiatively. Then, we
calculate the effects of small roughness for a nanowire in the quasi-static limit, where

radiative effects are ignored but the effects of increased dissipative losses are treated.

Radiative losses

For simplicity we consider a wire with axial symmetry, but with a surface profile
given by po(z) = R+ p((z), where R is the average radius of the wire, ((z) is some
random function describing the roughness, and p is an expansion parameter that
will be taken to equal 1 at the end. We will calculate in perturbation theory the
radiated field scattered from the roughness, from an initial field corresponding to the
fundamental SP mode for a perfectly smooth wire. Because of the symmetry, the only
non-zero components of the fields remain E,, E., and Hy, which will also have axial
symmetry (see Eq. (2.3) for fundamental mode profile for a smooth wire). As will be

seen later, it suffices for now to consider only E, as the other components depend on
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E, in a simple way through Maxwell’s Equations. Following previous convention, we
denote the metal wire and its surroundings by the indices ? = 1,2 respectively. We
proceed by breaking up the total field along 2z in region i into incident and scattered
fields

ER = B, + E; (2.61)

i3

where E?, is the z-component of the fundamental SP mode given by Eqgs. (2.3)
and (2.4), and further assume that the scattered field can be expanded in a power

series
fo =]
EL=Y B (2.62)

re==1

(1)
i

In the following we will calculate the first-order scattered field E;’. We make the

4

1 . .
ansatz that Ff z) can be expanded in the form

- NN GT .
E{] = / dhy Ho(hy 1 p) == Al )e™®

" O }Lg 571, thyz .
B = dhy Jo(haip) 2 Blhy)e™”, 209

where each Fourier component is an outgoing solution of the wave equation with
appropriate boundary conditions at p = 0 and p = oo, as derived in Eq. (A.4). The
assumption that this outgoing field expansion can be continued all the way to the
surface even in the presence of roughness is known as the Rayleigh hypothesis [67].
From Eq. (A.4) one also sees that E,, H, are determined completely once F. is known.
Using these relations, the total (incident plus scattered) fields Etotal and Htotal are
straightforward but lengthy to write down, and are given to order p in Eq. (I.1) in
Appendik L1

The coefficients A(hy), B(hy) are determined by enforcing continuity of the tan-
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gential fields at the boundary po(z). Specifically, we require that

2 4¢
: ototal 75 yototal ;2 pgp
(t ’ El )‘p::fi—é—pg‘(z) - (f ’ E‘Z : Hp:R—:—pC(:)’t "' = ;

toh 1 _ total r
ilp—ﬁ'—i—ﬂ((:) - H“"’ !r):fff‘r‘ﬂi(:)’ (2'64)

where £(z) is the unit tangent vector to the rough interface. These equations can be
solved perturbatively by expanding them in p and solving at each order. The O(p%)
equation is trivially satisfied by the fundamental SP mode for a smooth nanowire.
To solve&}o O(p), it is useful to first introduce the Fourier transform of the surface
roughness,

A dhy sz
o) = [ Gheteliny) (265)

Usine the Fourier transform C(hy), the O(p) equations become algebraic in Fourier
g I &

space and have solutions (see Appendix L1)

C(hy k2
Ay = PR pg

“(hy — ky) k2 )
Blhy) = Sﬁ—‘()—;—“l“ o), (2.66)

where &y denotes the unperturbed SP wavevector (in this section we take Imey = 0
so that ky is purely real). The scattering coefficients f(hy), g(hy) are complicated
functions of hy and R and are given in Appendix I.1. Physically, the equations above
state that, to first order, the surface roughness contributes single momentum kicks to
the unperturbed SP fields with a strength determined by the Fourier components of
the roughness. From this point forward we set p = 1.

We now consider some random surface profile such that

»
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(€)= §Pemm (2.67)

with corresponding correlations

(k) = 0

(L:(k)é*(k’» = 271”3/2(52(1.6*%“

ﬁk‘)

5(k — &) (2.68)

for the Fourier components. Physically § and a correspond respectively to the typical
amplitude and length of a rough patch on the surface of the wire. It is also useful to
defing%s = 6/a as a typical “slope” to the roughness. To calculate the power radiated
due to the surface roughness we find the ensemble-averaged Poynting vector far from
the wire. It is sufficient to consider just the component of (S) oriented along p, given
outside the wire by

i 1, ot ,
S, = —-2-(Eff§mlH*t"t‘“), (2.69)

1.
where the fields Ettl A tofal are given to first order by Eq. (L.1). The calculation
of S, simplifies further because the incident SP field decays exponentially away from
the wire. and thus to lowest order only the first-order scattered fields will contribute
to the Poynting vector at large p, which physically corresponds to the power radiated

away to infinity. Specifically, the radiated power per unit area is given by

1 : . ) ,
Sy = ~3(EBILH) (P —o0) (2.70)
1™ b PR
- . / dhydh, 2 Ho(hap) Hi (R p) X
2wpn J oo kY

(Alhy) A" ()P0, (2.71)

Substituting the solution for A(hy) derived in Eq. (2.66) and using the correlations
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Figure 2.9: The SP dissipation rate due to radiative scattering off of surface roughness,
Trad,rough/ 52w, as functions of wire radius R and correlation length a/R. The numbers
are caleulated for a silver nanowire at Ay = 1 um and €; = 2.

in Eq. (2.68), it is straightforward to evaluate the integral over h’u and arrive at

: ; k1
T€gEIlld o -
S, = s*a®

-i—\/_%__ " dh.“e"%an(h’??"k”)2huHo(huﬂ)H{)*(hl_Lﬂ) lf(hll)‘2 . (2.72)

In the expression above we have truncated the bounds of the integral to -k, because
we are interested in the Poynting vector far away from the wire, where only radiative
fields |hy| < k; contribute. With knowledge of the Poynting vector it is then possible

to find the dissipation rate of the SPs due to radiative scattering, given by

2mpS,

I'ad.rough = lm (2.73)

o= 1 [dp o (e(p,w)w) [E(p)[* + o [H(p)|*
The denominator on the right-hand side of the equation above can be identified with

the SP energy per unit length.
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We first qualitatively discuss the behavior of T'rag rougn before deriving various
lirnits more quantitatively. From Eq. (2.72) it is clear that ['1aq rougn scales explicitly
like 62 or s°. Physically, this occurs because the lowest-order contribution to the
Poynting vector far away from the wire is due to the combination of a first-order
scattered electric field and first-order scattered magnetic field. In Fig. 2.9 the quantity
'tad rough /s%w is evaluated numerically as a function of wire radius R and correlation
length /R, for a silver nanowire at Ay = lpum and ¢ = 2. We are particularly

interested in the nanowire limit, when the SP wavevector ky=C/R. We see that

for fixed R, the scattering reaches a peak for some particular value of a/R. More
careful inspection reveals that the maximum occurs when acR/C o Ay This result
makes intuitive sense, since the characteristic momentum kick ~1/a that the SP
wavevector key receives due to roughness must be on the order of C /R in order for
the resulting wavevector to lie in the radiative range between ~k; and k;. In the
limit ¢/ R>C, one observes an exponential suppression of scattering, due to the fact
that the roughness has a very narrow momentum distribution and cannot possibly
contribute a large kick to k. In fact, in this regime one physically expects for the
SP wavevector to adiabatically vary with the changing wire radius. In the other limit
o/ R<C, the scattering also decreases, but with a polynomial dependence on R, as will
be proven below. Here, the momentum distribution of the roughness becomes very
wide, and thus the probability of receiving a kick that results in a final momentum
between =+k; becomes quite small. Finally, for fixed slope s, it can be seen that the
scattering decreases as R—0 at any correlation length a. This result is also easily

understood, as the SP wavevector ky becomes increasingly far-removed from the range
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Roughness parameters koR = 0.1 (R~16 nm) | kR =0.2 | kg = 0.3
a=0.1R, § =0.00R (s = 0.5) 0.09% 0.5% 1.4%
a=01R,6=01R(s=1) 0.4% 1.9% 5.6%
a=R,0=005R (s=0.05) 0.9% 4.5% 12%
a=5R,d=005K (s=0.01) 2.8% 8.0% 10%
a=10R, 0=0.1R (s =0.01) 7.0% 14% 16%
a=20R, 5§ =0.1R (s = 0.005) 0.9% 2.9% 3.8%
@=25R, §=0.1R (s = 0.004) 0.3% 1.3% 1.8%

Table 2.1: Losses due to radiative scattering off of surface roughness for nanowires of
varying sizes and roughness parameters. The scattering rates are given in terms of
the percentage increase in Im ky that one would expect over the values for a smooth
nanowire.

of radiative wavevectors. In Table 2.1, we calculate the scattering rates for wire sizes
keR = 0.1,0.2,0.3 (or R~16,32,48 nm), for a few chosen roughness parameters.
The scaftering rates are given as a percentage increase in Im ky over the values for
a smooth nanowire. It can be seen that strong suppression of radiative scattering
ocewrs both for smaller R and when a is either much larger or much smaller than
R. which confirms our earlier observations. Furthermoxze, it is evident that under
reasonable parameters, the losses in the system are increased only slightly due to
radiative scattering.

We now analyze more carefully the behavior of the radiative scattering in the
nanowire regime. To simplify the expression further, we first note that since we are
interested in the far field (p — oo), we can take the asymptotic limits of the Hankel
functions in Eq. (2.72), Ho(hiop)HS (hiip)~ — 2i/(mhyip). One can also derive an

asymptotic relationship of f(h;) as R—0 (see Appendix 1.1), which upon substitution
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vields
. ‘3/’Jl(i’:)l'2 2 3 ki 2 1/a)a?(ky—hy)?
Fiadrough = 7""“‘?}-%’615“& /k dhy B3 et Me—h)™ - (R—0) (2.74)
d ]

Here V is a complicated dimensionless parameter, but most importantly only depends
o1l €12,

From the equation above, it is clear that there are three distinct regimes of interest
defined b} the quantity a=kja = 2ra/A,=Ca/R, which characterizes the typical
extent of a rough patch compared to the SP wavelength. In the limit a<1, one can
approximate the exponential in the integrand of Eq. (2.74) as a constant, which leads

to straightforward evaluation of the integral,

4 |0 s o [koR\®
Fmd}mughzgw‘wj—%’—we}psz (——(0:—,—) a® (ekl) (2.76)

Here, the noise spectrum of Eq. (2.68) becomes very wide and leads to an o scaling
of the dissipation rate. In the opposite limit a>>1, the value of the exponential term
becomes exponentially small, with a corresponding exponential suppression of the

scattering rate. A more careful evaluation of the integrand yields

12
- 470 101" i koR 17N e — ke
[ rad’mughzt%ﬁ‘i/‘%wwﬁ?/gsz—g—(;e (/e =k (gr31) (2.77)

Finally, one can show that for fixed, sub-wavelength R the radiative scattering is
most significant when a~O(1). In this case, the exponential appearing in Eq. (2.74)
is neither exponentially small nor constant. However, one can make the rough ap-
proximation e~/9e* k=1 — (1/4)a®(ky — hy)? to get an idea of the scaling in this

regime. It is straightforward to show that the scattering rate has a maximum with
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. . ~ . P 1 D) . v -
respect to o at ar(12/5)12, with a corresponding maximum decay rate

2 . Y\ 3
s (T 191" 52 0 (RoR
Ill;l‘\ { m(:l,rox.xgh} 0(7“‘”61 3 "E" .

Again, the radiative scattering is most significant when the length scale ¢ of the
roughness is on the order of the SP wavelength, and the maximum scattering (for
fixed s) decreases as H—0 due to the increasing mismatch between ky and radia-
tive wavevectors. The conditions of validity of these perturbative calculations are

discussed in further detail in Appendix L1

g

We finally note that while the radiative scattering goes like 62 or s?

, the rele-
vant quantity for dissipative (heating) losses due to roughmness becomes S inside the
wire. For this quantity the lowest-order correction to the smooth wire solution will
come from a combination of a first-order and zeroth-order field. Thus one expects
roughness-induced dissipative losses to contribute a decay term proportional to § or
5, which for small roughness will dominate over radiative scattering. This correction

will be treated in the next subsection.

Non-radiative losses

To study the effects of surface roughness on non-radiative losses, we will make one
simplifying assumption and caleulate these losses in the quasi-static limit. To do this
we will proceed in a manner similar to that in Sec. 2.3.1, where we found the quasi-
static fields associated with a smooth nanowire. Here the calculations for the fields
vielded the presence of poles whose positions and widths give the real and imaginary
parts of the wavevector Ay. The case of a smooth nanowire was particularly easy

to treat because of the translational symmetry of the system. A system containing
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surface roughness lacks such translational symmetry and therefore must be considered
more carefully, but the calculation proceeds in much the same way. In particular, we
will find expressions for the pseudopotentials ®; = &g + @, and & that satisty the
necessary boundary conditions in the presence of surface roughness. We can once
again find the positions and widths of the poles associated with the system, which
are now altered by the roughness.

We first write down appropriate expansions for @y, o(r,1’). The expansion for the
incident component ®, given originally in Eq. (2.17), is slightly re-written here,

L

1 1

ofr.1) = dmepey v — 1|

= —2}716—5; ; (2~ 8pp) cos (m(g — ¢')) x
/oo dhcos (h(z — 2)) Kn(hoYIm(hp) (p < 0)
0
_ f: ST(E-0) o
dmlegey S
/% dh e =R (he () (0 < 0). (2.79)

The functions K (2), I.(x) are defined by
Ko In(#) = K, Lu(lz}). (2.80)

We also break up @, into Fourier components that satisfy Laplace’s equation, and

assumne that these expressions hold up to the interface:

, 1 Z o [T ine—ay £
. fr,r) = —— Z e’"l(“"““’)/ dhetC= K, (hp)agn(h),  (2.81)
47!"“606] . —o0
. 1 - im{p—¢’ = h{z—2) T P
Py(r.v') = Tnlege; Z e O)/_m dh ™= L (hp) B (B). (2.82)

== — 00
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To deseribe the surface roughness, we assume an interface with axial symmetry as
before, po(z) = R+p((z), where the roughness profile ( satisfies the correlations given
in Egs. (2.67) and (2.68). The coefficients a,,, Om are determined by the boundary

conditions, nantely that ® and D must be continuous at the interface:

(I)l(r) r’)lp:]{*p(:(;) - (PQ(I“ r’)!pﬁffﬂ—p((z)!
aft- VO (r,x')] g = €ft- Vea(r.r M= Repczy> (2.83)
. p-pEE

T et ots—
V1+p (%)

Plugging in the expressions for ®; given by Egs. (2.79), (2.81), and (2.82), one can

Il

expand both boundary condition equations to O(p*). Then, replacing ((z) in these
equations with its Fourier transform given in Eq. (2.65), one obtains a set of coupled
equations for o, B(h) completely in Fourier space, which, unlike the case of a
smooth nanowire, is not de-coupled in h. It is tedious but straightforward to show

that, to O(p?). this set of equations is given by the matrix integral equation

o (h) dg - . m(q)
Mgy(h) +p/;)—%§(h — )My (h, q)

B (R) - Bum(q)
, [ dqdq - NEr s o, o (q) :
+p'/ oy =g =) Ma(h g ) +O@p°) =
(2r) Bm(q)
lqdq' -, ’ /
v+ [ e = amiha+ 7t [ Gl =g = ) valh o d)
+0O(p*). (2.85)

The matrices M; and vectors v; are complicated expressions and are given in Ap-

pendix 1.2. We note, however, that in the case of no surface roughness (¢ =0), the
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solution to the resulting equation Mgy(h) - (am{h) ;:fim(h.))T = vo(h) reduces to that of
a smooth nanowire.

We now discuss how to solve Eq. (2.85) in the presence of surface roughness, using
the methods detailed in Ref. [68]. One might first consider expanding ¢, Fm in a
power series of p, in a manner similar to the field expansion in Eq. (2.62) for the case
of radiative scattering, and then solving the O(p"*!) equations based on the O(p")
solutions. However, such a perturbative solution simply yields poles for each higher-

: g : . . 0) (0
order correction with the same location as that of the unperturbed solutions o , ,85,1).

L
Mathematically, this occurs because each calculation of the next correction involves
an inversion M; '(h). On the other hand, physically we expect for the surface rough-
ness to result in some shift of the pole that is not predicted by such a perturbative
method [68]. We thus consider an alternate approach, in which we symbolically sum

the perturbation series in Eq. (2.85) to all orders and then only keep the lowest order

result in p. Let us symbolically write Eq. (2.85) in the form
(Mo + SM)x = f + 6f, (2.86)

where Mg and fy are non-random matrices and vectors, respectively, M is a random
9 x 2 matrix integral operator, 6f is a random vector, and x is a column vector with

components &, Jm. We now define the averaging operator

Px = (z), (2.87)
and the operator ) = 1 — P. We can apply P, Q to Eq. (2.86) to get
PMox + PoMx = P(fy+ of), (2.88)

OMox + QMx = Q(fs + f), (2.89)
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which after some manipulation results in the set of equations

(Mg -+ PSM) (x) + PSMQx = P(fy + 6f), (2.90)

—(1 + MG'QIM) T MG QIM(x). (2.91)

One can then substitute Eq. (2.91) into Eq. (2.90) and solve for (x), in which case

one obtaing
(./\/104»,4- ((1-+ (S,MM(jl'C;))“"c')‘M)) (x) = {1+ 5Mj\/la'lQ)‘1(fg + 6f)). (2.92)

We note that, unlike a perturbative expansion and solution for am, B, the equation
above is thus far exact. Now, we assume that § M and 8f can be expanded in powers

of p in the form

oM

pé My + PPOMy 4,
6 = pofy 4+ p?ofa+---. (2.93)
Comparing Eqs. (2.85) and (2.93), we see that (0M;) = (8f1) = 0 since () = 0.

With this result, and utilizing the definition @ = 1 — P, one can proceed to expand

Eq. (2.92) up to O(p*), which yields (after setting p = 1)
(Mo + (d M) - (SMIMGIOMy)) (x) = (fo) + (8E2) — (EMIMGISE).  (2.94)

Substituting the corresponding terms of Eq. (2.85) into the equation above and using

the second-order correlations given by Eq. (2.68), we find after simplifying that

[“ ) $2ad [ o F{ )} < e (h) > { ) $%a3 4G )] (2.95)
Mo(n) + 5—= [ da (g = |vo{h) + =—= [ dqGlq)]|, 2.
2 Bn() 2T
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Roughness parameters AReC) | A(ImC/ReC)
i=01R S=00IR(s=01) | 02% 0.2%
a=0.1R, 6 =0.05R (s =0.5) 7.5% 6.8%

i= R 3=00lF [s=001) | 0.03% 1.0%
a=R,6=005R (s =0.05) 0.9% 26%
a=R,6=01R (s =0.1) 3.5% 110%
= 10F. 5 = 0.01R (s = 0.001) | > 0.01% 2.7%
= 10R. 0= 0.05R (s =0.005) | 0.2% 67%
a=10R, 6 = 0.1R (s = 0.01) 0.8% 270%

Table 2.2: Losses and wavevector shifts due to non-radiative scattering off of surface
roughness for nanowires with varying roughness parameters. The shifts in Re C' and
changes in loss parameters [m C'/Re C are given in terms of percentage increase over
the cone&pondmo values for a smooth nanowire.

Flg) = e “CHMy(hh,q) — e U0 (h )M (@) Ma(q, R),  (2.96)

G(q) CS'QQ(’Q’i"Vg(il, h,q) — e””z(h”")‘z/"!\f[l(/z, QMg (q)vi(g, h), (2.97)

i

where s = d/a.

We now discuss the solution to ap(h), which contains a pole corresponding to the
fundamental SP mode (rn = 0). When ¢, is a negative real number, ap has a pole on
the real h-axis whose position gives the new, shifted SP wavevector 117”. When ¢, has a
non-zero imaginary component, ag will have a resonance feature along this axis whose
peak corresponds Re ,lkc;‘ and whose width corresponds to Im 11““. A quick inspection
of the equation above reveals that l:fHR = C (€;,8,a/R) is a constant that depends
only on the quantities €;,s, and a/R. Unfortunately, because of the complexity of
Eq. (2.95) it is difficult to derive other scaling results for ch even in limiting cases.
However, Eq. (2.95) can be solved numerically. In practice, for known parameters, the
matrices A and vectors v can be readily evaluated over some range of h, from which

the solutions to the system g, Fo(h) in that range immediately follow. The resulting
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resonance in Imag(h) as a function of h is then fitted to a Lorentzian, with its peak
giving the shifted wavevector Re l::i; and its half-width giving Im 1:7;;. In Table 2.2,
we give the resulting losses and wavevector shifts for a few roughness parameters, as
calculated through Eq. (2.95). Again the numbers that we have used are for a silver
nanowire at Ay = 1 pum and ¢; = 2. The shifts in Re l:'ru (or equivalently, Re C ) and
increases in the loss parameter Im 11; /Re if%! (or Im C/Re C) are given in terms of the
percentage increase over their values for a smooth nanowire. It can be seen that for

reasonable parameters, surface roughness adds only a moderate amount of loss to the

svstern.

2.6.2 Dependence of metal losses on temperature and fre-
quency

The inherent losses of a metal, characterized by the imaginary part of its electric
permittivity e(w), plays a detrimental or limiting role in both the maximum achievable
Purcell factor and propagation losses. To reduce its effect on propagation losses,
for example, we have suggested techniques such as integration of plasmonics with
conventional microphotonics (see Sec. 2.5). Another approach that has been suggested
is operating plasmonic devices at lower temperatures, with the expectation that the
losses can be “frozen out” [69].

To determine if such an approach is feasible, it is important to understand the
physical processes that lead to dissipation and how they depend on temperature.
Here. we investigate a major dissipation mechanism, involving absorption of a surface

plasmon (i.e., a photon) of energy hw accompanied by an electron-phonon scattering
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event. We note that electron-impurity scattering and electron-surface scattering can
be important processes as well [70], although in principle their effects can be reduced
simply by using better samples, and thus they are not considered here. Before pro-
ceeding further, we also note that the problem of metal losses at optical frequencies
due to electron-phonon scattering was first addressed by Holstein in Ref. [71], and
a quite comprehensive theory of electron transport in metals was further developed
Ly him in Ref. [72]. Discussions of his results also appear in, e.g., Refs. [70, 73, 74],
but to our knowledge, a concise, complete derivation has not previously appeared in
i

literature, nor have the implications for plasmonics been considered.

We begin by deriving the rate of photon absorption due to electron-phonon scat-
tering as functions of frequency and temperature. We then apply these results towards

SP propagation and discuss the implications for plasmonic devices.

Photon absorption rate via electron-phonon scattering

The process that we wish to analyze is the absorption of a single photon accom-
panied by electron scattering. This electron scattering event simultaneously must be
accompanied by the emission or absorption of a single phonon in order to conserve
momentum and energy of the total process. To proceed, we split up the total interac-
tion Hamiltonian V = H,_ o+ Hei fieiq into terms separately describing the electron
interactions with phonon modes and the electromagnetic field. The electron-phonon
interaction Hamiltonian, as derived in Appendix 1.3, is given by

Heil—ph =~ §

kqo

2h >yt A -1 . 9 08
v Qs fa) g (datle) b (299

i
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Here M is the mass of an underlying ion in the lattice, N is the total number of ions,
hwg and éq are the energy and polarization of phonon mode q, @4 is the annihilation
operator for a phonon in mode q, and ¢y, is the annihilation operator for an elec-
tron with Bloch wavevector k and spin o. Here, the subscript q appearing in the
summations above and in wy, 4y are understood to cover the polarization degrees of
freedom as well. One can typically to good approximation make the simplification
Qu-qx = Cq [72], where C is the phenomenological Sommerfeld-Wilson interaction
constant [75]. Note that this result implies that the interaction of electrons with vi-
i
brations of the underlying crystal is mainly via longitudinal phonons. In other words,
the electrons are sensitive to changes in the local density of the crystal (as opposed to
transverse phonons that do not change the local density). We now consider the form
of the electron-field Hamiltonian. In the following we will assume that the electrons

are interacting with a uniform classical plane-wave field,
E =E; (e:t“"‘”““” +c.c.). (2.99)

I this case, as derived in Appendix 1.3, the electron-field interaction Hamiltonian is
given approximately by

~%wt :

C  thel, (2.100)

iw

— .«j ~
He’:l-—fileri"’eE[] ) g Vk(-k.;,h!;‘zck——h,@
K
where viee Vi€ (k) /R is the electron velocity in state k.
The process of photon absorption, accompanied by scattering of an electron and

absorption/emission of a phonon is a second-order process. The corresponding tran-

sition rate from some initial system state |i) to final state |f) can be obtained from
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second-order perturbation theory:

27
h3

5~ (VI V)

Wn — Wy

D(i—)) 5(Er — &), (2.101)

n
where V = Hejph + Her—jieta- We first consider the situation when a photon is ab-
sorbed while scattering an electron from k to k/, and accompanied by the emission of
a phonon of wavevector q (i.e., the number of phonons in mode q increases from nq

creation (annihilation) of a phonon, and the subseript +(—) refers to creation (anni-

[

hilation) of a photon. Starting from Eq. (2.101),
2m
h3 -
N (f1Her—pn|r) (n| Het— sietal )
wn ..... - w(
5(8k—q+h + qu — & — iiw) (2.102)
dme*(nq +1) (Eo - Vi-qrh/2) (Qu-gk * éq)
fk(lﬁfk’) TATED, 0 -
MNRwiwg (Ex—q/P+ wq) — Ex/R

N
(Eo - Vicihy2) (Qk-qehksh - €q)

(€k+h/h) — (gk/h “+ w)
3(Exeqrn + Hivg — Eic — Fuo). (2.103)

1= frr)

Z <f|Hel—fieldln> (Ttngz_ph[i>

Wy — W

R7(k — k)

2
X

&q

Here we have assumed that wg = w_q and €, = é_4. fx denotes the probability
of occupation of electron state k (as determined by a Fermi distribution), and &
denotes the energy of electron k. Under realistic parameters the photon momentum
hh can be considered negligible, and we can approximate £x_qin~Ek-q» Exen~Ek,
and kK = k — q + hxk — q. We further will assume a dispersion relation for nearly

free electrons, & = h*k®/2m and vy = hk/m, where m is the effective electron mass.
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With these assumptions, we finally arrive at

4re?(ng + 1)
MNmPwiwgy

Rk = k—q)~ fill = fur) 1Cq- éq)* |Eo - a §(Exmq + g — Exc — w).
(2.104)

Similar calculations hold for various combinations of phonon and photon absorp-

tion/emission. We can write the result compactly as

=t : o dwe? 1+ .
Rk~ K=k-jqg = fill - fk)m (”q+ 5 ) [Ca - &qf* x

|Eo - al’ 6(Ex_jq + jhwg — Ek + J'hw). (2.105)

From Eq. (2.105) it is evident that only longitudinal phonons are involved in the
scattering process. To describe the phonons in the system, we take a simple Debye
model in three dimensions, and furthermore assume that the dispersion relation for
phonons is isotropic and given by w, = vq. The density of states for the longitudinal
acoustic phonons in the Debye model is given by

D(q) = @g)—sam — ), (2.106)

where wp is the Debye frequency, which is defined by N/V = w},/(67%%), and 6(z)
is the step function. For convenience we also define the Debye temperature Op =
hwp/kp and the Debye wavevector gp = wp /v

We first consider the total scattering rate for electrons with initial wavevector
amplitude &. We can obtain this rate by summing the expressions in Eq. (2.105) over
all final states k' (or equivalently q) and averaging over all possible orientations of k.
We thus define the quantity

e [ dQ Ri(k—k - jq) |
R () =S e 2107
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where the angular integrals yield the average over all possible orientations (6o, ¢o) of
k. Converting the sum over q into an integral [ dg [ dfq and integrating over all
angles dlq d§2y yields

L 8re2CRE2V [P q° 147
RIZ= (k) = f(&) et — dg— | ng + —= | (1 = f(Ex — jhw, — j'hw)).
’) _._z_l( ) o ( k) 3‘{;\[”1“}1}‘1]{. j\] 0 1 wq q 2 ( f( k J q J ))
(2.108)
The overall rate for photon emission/absorption is subsequently obtained by averaging
over all initial magnitudes k. For au isotropic electron dispersion relation and when

the Feyni energy is the largest energy scale, the overall rate can be approximated by

2k ij(k) ~ 3
Z}q f(gk) 251«‘

Simplifying the integral above yields

j=El

/ A R (k). (2.109)
0 ’

IS

o 22 qp 5 i ik i hi
=l e L A S Jhwg + ' fuw
R ~ a4 /0 da 7 (nq b ) SR T (2.110)

where o = (C?V)/(#MNhkpEp). The net rate of energy transfer from the electro-

magnetic field is given by

W = hwy (RL-FR) (2.111)
FEES!
e’E¢ 1

2mw? T’

(2.112)

fli

which in general can be evaluated numerically. Here the quantity 7 can be identified
as the frequency and temperature dependent net relaxation time for the conductor.
While 7 can always be obtained by numerically evaluating Eqgs. (2.110) and (2.111), it

is beneficial to consider a couple of limiting cases to understand the relevant physics:

o Low-frequency limit hw<kp®p, kgT. In this limit, we can expand the in-

tegrand of Eq. (2.110) to first order in w. Upon substituting into Eq. (2.111),
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1/7, arbitrary units

1
T@,

Figure 2.10:«The relaxation rate 1/7 as a function of temperature 7. The black
and red curves indicate the low and high frequency results, respectively, which are
defined by hw<ks®p, kpT and hw>kpOp, kpT. The dashed line indicates the
high-temperature asymptotic result, 1/7<T. The crossover between low- and high-
temperature behavior occurs at a temperature T~Op.

one obtains

1 5 pOp/T e
1_1/T / P — (2.113)
T 75 \ 9p 0 ~ —1+cosh z

Here, the constant 1 = (AC?*Vw)/(mv® M NkrEr) depends only on the phys-
ical properties of the crystal. In the limits ©p>>T and Op<«T, the integral

appearing above can be approximately evaluated to yield

1) Ot (2.114)

1 Eoved
T T : r\° o
240¢(5) (@;) Op>T
Note in particular that in the low-temperature limit, the relaxation rate goes to
zero as the phonon degrees of freedom get frozen out. In the high-temperature

limit, the scattering rate increases linearly with 7'

s High-frequency limit fiw>kpOp, kpT. In this limit, the probability of a
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thermal photon being created is negligible, so

Wahw » R, (2.115)
j=%

11 (1 T \® [oo/7 2
LR Y 12 . 2.116
T To\ 9 <@D> ./0 et (2.116)

Again the integral can be approximately evaluated in the limits of low and high

and

2

temperature,

T
NED R (2.117)
70 -}; Op>T

S
L

.
For high temperatures, note that the low- and high-frequency results of Egs.
(2.114) and (2.117) are identical. In the low-temperature limit, however, the
relaxation rate at high frequencies approaches a constant 1/(579) instead of
going to zero. Physically, the first term in parentheses in Eq. (2.116) corresponds
to the spontancous creation of the phonon needed to conserve momentum from
some of the initial photon energy. Because the photon energy is large, this

process persists even at zero temperature and cannot be frozen out.

A comparison of the low- and high-frequency results as a function of 7" is plotted

in Fig. 2.10.

Discussion of results

We now consider the derived results derived in the context of plasmonics. We
suppose that SPs propagate on a conductor whose electric permittivity is given by a

Drude model,
%
(w,T)=1-— L - 2.11
e(w. 1) w? —iw/T(w,T) (2.118)
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where w, is the plasma frequency and 7(w,T) is the relaxation time as determined
by Eq. (2.112). For concreteness, in the following we choose the material parameters

T

wy. o, and Op to closely correspond to those of silver (the constant 7 for silver is

taken from Ref. [70]).

In Fig. 2.11a we plot the normalized relaxation rate T0/7, as functions of tem-

the electromagnetic field. It is evident that the temperature T~Op and frequency
w~wp (denoted by blue lines in the plot) distinguish different regimes of behavior,
feta

as discussed previously. In particular, for frequencies w>wp, the scattering rate de-
creases only moderately between room and cryogenic temperatures. Physically, the
photon energy is so large that its absorption allows for the spontaneous creation of
phonons needed to conserve momentum in a scattering process. For high temperatures
T>0Op, one observes the expected linear increase in relaxation rate, independent of
frequency. Finally, at low temperatures T<<®£3 and low frequencies w<wp, lowering
the temperature does allow for a significant decrease in the relaxation rate. Here, the
photon energy is small compared to the characteristic phonon energy, which allows
for the phonon degrees of freedom to be frozen out. This phenomenon is related to
the well-known behavior of d¢ current transport in silver, where low temperatures
can significantly reduce the electric resistivity.

In Fig. 2.11b, we plot the quantity wr as functions of temperature and wavelength.
In order for our relaxation rates derived from second-order perturbation theory to be
valid and consistent, wr>1 must be satisfied. Physically, this requirement states

that the electron-phonon interaction is sufficiently weak that the effects of higher-
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Figure 2.11: a) The normalized relaxation rate 7o /7 of silver, plotted on a logarithmic
scale, as functions of temperature and vacuum wavelength Ao = 2m¢/w of the electro-
magnetic field. The horizontal and vertical blue lines indicate the Debye temperature
©p and the wavelength Ap = 27c/wp corresponding to the Debye frequency, respec-
tively, which separate different regimes of behavior. b) Logarithmic plot of wr for
silver. Regions where w7>>1 indicate that the electron-phonon coupling is weak and
that the perturbative calculation of the relaxation time 7 carried out here is valid. ¢)
Logarithmic plot of —Ree¢/Ime for silver.
order scattering processes do not need to be taken into account. For silver, it can be
seen that wr>1 is satisfed over a large range of operating parameters, and thus the
perturbative calculations presented here are indeed sufficient. In Fig. 2.11c, we have
plotted the ratio of the real to imaginary parts of the electric permittivity e for silver,
as obtained by the model of Eq. (2.118).

We now consider the properties of the fundamental SP mode of a silver wire as

functions of temperature and frequency, in the limit that the wire radius is smaller

than the skin depth. As discussed in Sec. 2.2, in this limit the wavevector characteriz-
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ing propagation of the SPs along the wire axis must behave like ky = C/R. In general
(' is complex, and the ratio Re C/Im €' determines how many SP wavelengths a SP
excitation can travel before being dissipated. The propagation constant depends on
the electric permittivity e(w, T') of the wire via Eq. (2.5),

(. T) _ K4(C)h(C)
o Ro(CYTH(C)’

(2.119)

where ¢; is the permittivity of the material surrounding the wire and K,,, I, are
modified Bessel functions. In the following we will take the surrounding material to
be \.'z-_m(‘t,lffnx, such that ¢, = 1. In Fig. 2.12 we plot the quantity Re C/Im C as functions
of frequency and temperature. For room temperatures and below, there is a broad
range of frequencies from the near infrared to the optical where this ratio is large, and
the SPs can propagate with low losses. The upper bound of this allowed frequency
range is given by wnaw,/ 2, which is the cutoff for the existence of SP modes on
the silver wire. The lower bound is set by the condition w~1/7, when the real and
imaginary parts of thé dielectric constant e(w,T) become comparable. For silver,
this entire frequency range lies above the Debye frequency wp, which implies that
losses can only be moderately reduced by going from room temperature to cryogenic
temperatures. Furthermore, one sees that the mid- to far-infrared frequency range
is extremely lossy for any temperature. For these frequencies, it is then expected
that it is not possible to confine SPs to dimensions smaller than the skin depth
without severe losses. When the frequency of operation is further reduced such that
w < wp (A=100 pm). going to low temperatures does have a positive effect, and
the silver wire can once again support tightly confined fundamental SP modes with

long propagation lengths. It is significant to note that the THz frequency range lies
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Figure 2.12: Logarithmic plot of the ratio (ReC')/(Im C), where C=k| R is the prop-
agation constant in the electrostatic limit. The horizontal and vertical blue lines
indicate the Debye temperature ©p and the wavelength Ap = 2mc/wp corresponding
to the Debye frequency, respectively, which separate different regimes of behavior.
within this regime, since the development of THz technology is becoming increasingly
important to many fields.

In conclusion, the benefits of going to low temperature to improve surface plas-
mon propagation are heavily dependent on the frequency of operation. The rele-
vant parameter is the photon energy fuw as compared to the characteristic energy
of phonons, hwp. When the photon energy is small, this situation closely resembles
that of de current transport in conducting wires, and a lowering of the temperature
can dramatically improve propagation lengths. When the photon energy is much
larger, the phonons needed to conserve momentum in scattering events can be spon-

taneously created, and this process cannot be efficiently frozen out. Even so, it may

turn out that the moderate improvement in propagation lengths at low temperatures
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for these frequencies can be combined with other techniques (e.g., optimization of
nano-structures and integration with microphotonics) to enable efficient, large-scale

guantum plasmonic devices and applications.



Chapter 3

Efficient generation of single
surface plasmons in metallic

nanowires coupled to quantum dots

3.1 Introduction

In this chapter, we report on the experimental observation of strong coupling
hetween an individual quantum emitter and single SPs on a conducting nanowire,
confirming some of the theoretical ideas developed in Chapter 2. In particular, we
investigate experimentally the nature of emitter-SP coupling in simple systems con-
sisting of individual CdSe quantum dot (QD) nanocrystals coupled to proximal, chem-
ically synthesized silver nanowires. We find that when a single QD is positioned well
within the evanescent tails of the SP modes of the nanowire, its spontaneous emission

rate is significantly enhanced due to coupling with single SPs. The emission into SPs

86
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can be observed in the far field when the guided SPs scatter radiatively off of the wire
ends (see Fig. 3.1a), causing the ends to light up. Measuring the field correlations
of the scattered light allows us to deduce that these are single spontaneously emit-
ted photons originating from the QD. Furthermore, they also allow us to extract the
total spontaneous emission rates and Purcell factors for these systems. For the best
coupled systems, values of P > 1 are observed, indicating that the strong coupling

regime is reached.

3.2 Experimental setup

The nanowire and CdSe quantum dot nanocrystal systems were prepared by spin-
ning QD nanocrystals (with diameters ~15 nm) onto a glass substrate, covering them
with a thin layer of PMMA [76] of controlled thickness, and then depositing nanowires
on top via a “stamping” process, as described below. Finally the sample was over-
coated with a thick layer of PMMA. It should be noted that this method of sample
preparation results in a system of randomly positioned nanowires and QDs. However,
the minimum allowed distance between a nanowire and QD, which is given by the
sum of the thickness of the thin, separating PMMA layer and the nanocrystal radius,
can be controlled.

Crystalline, chemically synthesized silver nanowires were chosen for this exper-
iment because they have significantly reduced SP propagation losses compared to
amorphous, lithographically defined wires [77]. The chemical process used here was
based. with some modifications, on the solution-phase polyol method developed in

Ref. [78], which results in bi-crystalline wires with relatively uniform sizes. The syn-
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Figure 3.1: a) lllustration of coupling between a QD and conducting nanowire. The
QD can either spontaneously emit into free space or into the SPs. For a finite-
length wire, the guided SPs can be scattered off of the wire ends into free space. b)
Theoretical dependence of the total spontaneous emission rate enhancement factor
E (solid line) and efficiency of emission into SPs (dashed line) on the distance of
the emitter from the nanowire edge. The red and blue curves correspond to wires
with diameters 100 nm and 50 nm, respectively. c¢) Simulations of the electric field
amplitude (arbitrary units) emitted by a dipole (blue point) positioned 25 nm from
one end of a conducting nanowire (whose surface is outlined). Note that the vertical
scale is enlarged compared to the horizontal in order to clearly show the near field
of the SPs. The wire is 3um in length and 50nm in diameter. The field profile
indicates strong emission into the guided SPs of the nanowire. Upon hitting the far
end of the nanowire, some of the SP energy is clearly scattered into the far-field with
some angular dependence 6, while the remaining is either lost to dissipation or to
back-reflection. The interference of the back-reflected and forward-propagating SPs
is clearly visible as oscillations of the field along the nanowire. d) Amplitude of the
Poynting vector of the light scattered from the far end of the nanowire, as a function
of emission angle 6 (see Fig. 3.1c), for wires of diameter 100 nm (red curve), 50
nm (blue), 25 nm (green).



Chapter 3: Efficient generation of single surface plasmons in metallic nanowires
coupled to quantum dots 89

thesis process was tuned to yield nanowire radii of approximately R = 50410 nm and
lengths of ~5 pm [79]. As discussed further below, this wire radius was chosen as
a balance between achieving large Purcell factors and efficient SP scattering to free
space at the wire ends. The silver nanowires in solution were subsequently dried onto
a stamp that could be applied to the QD/PMMA layers.

I general, as discussed in Chapter 2, the coupling between an optical emitter and
single SPs should be stronger for thinner wires. This can be seen in Fig. 3.1b, which
shows the total spontaneous emission rates and coupling efficiencies 7 = I'p) /Tiotal
for wires of diameters 50 and 100 nm. However, for thinner wires, the out-coupling
efficiency of SPs to far-field optical modes at the wire end decreases due to a large
wavevector mismatch. In this case, significant SP reflection at the nanowire ends
causes standing SP wave formation within the nanowire [80] and eventual energy loss
due to heating (Ohmic losses). Both effects of SP to far-field scattering at the wire
ends and SP standing wave formation can be seen in the boundary element method
simulation (see Appendix C) shown in Fig. 3.1c. The effect of nanowire diameter
on out-coupling efficiency, as obtained from these BEM simulations, is illustrated in
Fig. 3.1d. Here, the intensity of the scattered radiation from the wire end is plotted
for different wire diameters. For a thin, 25 nm nanowire hardly any scattering is
seen from the end despite the stronger coupling between the emitter and SPs, but
the scattering is significant for a 100 nm wire. Nanowires with d~100 nm exhibit
botl reasonable emitter-SP couplings and SP to far-field scattering, and thus were
chosen for the experiments. The large bandwidth of the SP-emitter coupling enables

the experiments to be performed at room temperature, where a single QD spectral
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width exceeds 15 nm.

The experimental setup for studying the QD-nanowire system is based on a mod-
ified confocal microscope with three scanning channels, as illustrated in Fig. 3.2a.
The excitation source is a cw, 532 nm laser. One channel (Ch I) was used to im-
age nanowires by detecting reflected green light from the sample, and the second
channel (Ch II) was used for imaging QDs via fluorescence at 655 nm. The third
channel (Ch IIT) includes an independent galvanometer which can separately image
any diffraction-limited spot within the field of view of the objective lens. This channel

was used to detect the scattered SPs from the nanowire ends at 655 nm.

3.3 Observation of strong coupling

A typical image of the sample is given in Fig. 3.2¢, which demonstrates directed
emission of a QD into SPs. The first figure in the series shows a confocal reflection
iimage of a silver nanowire recorded with Ch L The second corresponds to a fluo-
rescence image of QDs detected at 655 nm with Ch I These two images were used
to determine the positions of the nanowire and QD relative to each other. Due to
the resolution limit of our optical system, the actual distance between a QD and the
nanowire could not be determined, and only QDs that appear directly on the top of a
Lanowire were chosen for the experiment. The third figure shows a coupled wire-dot
system imaged with Ch III. When the proximal QD (circled in red) was excited by
the laser. the nanowire ends literally lit up. The large spot in the center of the figure
corresponds to emission from the QD itself, whereas the two other points coincide

with the ends of the wire. Significantly, a high degree of correlation was seen between
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Figure 3.2: Experimental setup. a) Three-channel confocal microscope. A 532 nm
laser serves as the excitation source, and collection is through a high numerical aper-
ture objective lens (NA 1.3). b) Layout of sample containing QDs and nanowires. c)
Images taken with channels LILIII, showing coupling of QD radiation to SPs. The
first image is of a nanowire taken with Ch I. The second is an image of QDs taken
with Ch I The red circle in the second figure corresponds to the position of the
coupled QD, and the same point is also denoted in the first image. The third image
was taken with Ch IIL The excitation laser was focused on the QD (marked by red
circle). The largest bright spot corresponds to the QD fluorescence, while two smaller
spots correspond to SPs scattered from the nanowire ends. The blue circle indicates
the furthest end of the nanowire, used for photon cross-correlation measurements (see
Fig. 3.3).

the time traces of the fluorescence counts from the QD and from the end of the wire
to which the QD was coupled, as shown in Fig. 3.3a. These observations indicate
that the source of the fluorescence from the end of the wire is the QD.

Photon coincidence measurements [82] of the QDs, shown in Fig. 3.3b, demon-
strate that the QDs used in these experiments can only emit a single photon at a
time. In these measurements, the free-space fluorescence from the QD was equally
split into two channels using a beam splitter and detected by avalanche photo-diodes.

The coincidences between two channels were recorded as a function of time delay.
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Figure 3.3: a) Time trace of fluorescence counts (red curve) from a coupled QD and
scattered light (blue) from the end of the nanowire to which it is coupled. Fluc-
tuations are due to QD blinking [81]. b) Second-order correlation function G®(r)
(corresponding to the number of coincidences between the two channels) of QD flu-
orescence. The number of coincidences at 7 = 0 goes almost to zero, confirming
that the QD is a single-photon source. The width of the dip depends on the total
decay rate 'yorq and the pumping rate R. c¢) Second-order cross-correlation function
between fluorescence of the QD and scattering from the nanowire end. This data was
taken by looking at coincidences between Ch II (QD) and Ch III (wire end) in our
setup.
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If the QD emits only one photon at a time it can only be recorded at one of the
channels, and therefore zero coincidences are expected between two channels at zero
time delay as seen in Fig. 3.3b. The slight offset from zero can be attributed to stray
light, dark counts of the detectors and the resolution limit of the electronics [79].

The light emission at the nanowire end is a result of single, quantized SPs scatter-
ing off the ends of the nanowire. This is demonstrated in Fig. 3.3c by the dipat 7 =0
in the photon coincidence measurements between the free-space fluorescence of the
QD and the emission from the wire end. This near-zero coincidence is a consequence
of the fact that the single photon emitted from a QD can either radiate into free space
or into the SP modes but never both simultaneously.

Data presented in Fig. 3.3c can be used to quantify the coupling strength of the
QD to the SP modes. Since the QD-SP coupling creates a new decay channel for
the QD, its decay rate is expected to increase. To study this enhancement, observed
coincidence data was fitted to a simple two-level model of QD emission [83], as shown
in Fig. 3.3b. Specifically, the dynamics of the QD is assumed to consist of some
incoherent pumping rate R (which is proportional to laser power) from the ground to
excited state, and a decay rate [yoea) back to the ground state. After the detection
of an initially emitted photon, the QD is projected back into the ground state, and

the evolution of the excited-state population following the projection is given by

R ‘
.Pee = e [ 1 — Vw(R“rth tﬂlﬂ) . 3.1
v R+ I\total ( ‘ ° ( )

The probability of detecting another photon at time ¢ following the initial detection is
simply proportional to the excited state population. In particular, the temporal width

of the anti-bunching dip will be given by At = (In v/2) /(R + Tioa1). Therefore, by
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extracting At from coincidence measurements as a function of incident laser power
and by extrapolating it to i = 0, the total decay rate Iy can be obtained (see
Fig. 3.4a).

The natural lifetimes of individual dots (20-30 us) vary from dot to dot due to
the heterogeneity in their structures. However, the comparison of the lifetime dis-
tributions of 30 coupled and 100 uncoupled QDs shown in Fig. 3.4b clearly demon-
strates that statistically the lifetime (decay rate) of the exciton in coupled QDs is
shortened fenhanced). For a separating PMMA layer thickness of ~30 nm (which,
including the QD shell radius, corresponds to a ~35 nm separation between QD
and wire), the average lifetime of the coupled (uncoupled) QDs was found to be
12 ns=4 ns (21 ns£6 ns). At the same time, the distribution for coupled QDs has
a larger weight towards shorter lifetimes. We found that certain coupled and uncou-
pled QDs exhibited lifetimes as short as 6 ns and. 15 ns, respectively, indicating that
a spontaneous emission enhancement of £ = [ygra/To > 2.5 is achieved for some
coupled QD-nanowire systems. The apparent efficiency of emission into the SPs can
be estimated by comparing the ratio of photon counts obtained directly from the dot
and from the wire ends, 7,~7ends/ (Rdot + Nends)> and is found to be ~25% for the
best coupled QD-nanowire system (see Fig. 3.4d). Note that this value does not ac-
count for the SPs that are dissipated before they reach the wire ends. Correcting for
the measured average absorption lengths in the nanowires allows us to deduce that
the actual efficiency approaches 7~60+£10%, with a corresponding Purcell factor of
P~1.5. Thus the strong coupling regime is reached in these systems,

The broadband nature of strong coupling is demonstrated by comparing the opti-
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cal spectra associated with direct emission from the QD and from the wire end. For in-
dividual dots randomly drawn from an inhomogeneous ensemble with A = 655415 nm
we find that both the QD and wire-end emission exhibit identical ~15 nm wide spec-
tra. This is consistent with the ability of metallic wires to guide a broad range of
optical frequencies [84] and with the predictions of Chapter 2 that strong coupling can
be obtained for a broad continuum of frequencies away from the peak of the observed
plasmon resonances [85].

Further insight into the QD-SP coupling can be obtained by comparing our ex-
perimental observations with fully electrodynamic theoretical calculations using the
techniques of Chapter 2. Fig. 3.1b shows the theoretical total spontaneous emission
rates and the efficiency 7 = pi/Tiotal for single SP generation as a function of QD
distance from the wire (d = 50 and 100 nm). Here the polarization of the QD tran-
sition was selected to be radially oriented, because this direction is expected to yield
the dominant contribution to enhancement. For QDs positioned 35 nm from the wire
and for a 100 nm wire, the calculation yields a Purcell factor P~3.7. The lower en-
hancement observed experimentally can be attributed to the contributions from other
polarization directions and the random positioning of the QDs away from the wire.
For this distance of separation, the non-radiative decay rate (Mhonrad < 0.05T) is
predicted to be negligible. In addition to enhanced emission into guided SP modes,
our theory also predicts a moderate increase in the radiative emission rate, as given
in Eq. (2.24), a well-known phenomenon for dipoles oriented perpendicularly to a
metallic surface [86]. For the 100 nm wires and 35-40 nm nanowire-QD distances,

the efficiency # is theoretically estimated to be ~ 50%, which is consistent with our



Chapter 3: Efficient generation of single surface plasmons in metallic nanowires
coupled to quantum dots 96

observations as well.

Further comparison with theoretical predictions is obtained by repeating our ob-
servations with thicker PMMA layers (see Figs. 3.4c,d). These measurements demon-
strate that both enhancement and estimated coupling efliciency rapidly decrease as
the minimum QD-nanowire spacing increases, and become very small for PMMA
thicknesses above 100 nm. These observations are also in good agreement with the
above theoretical predictions.

3.4 Conclusion

The unique properties of nanoscale SPs have recently been explored in a va-
riety of fascinating systems, ranging from transmission and waveguiding through
sub-wavelength structures [87] to biomedical devices [88] and proposals for realiz-
ing "perfect” lenses and invisibility cloaks [88]. Enhancement of fluorescence [52],
polarization-dependent coupling [53] and normal mode splitting [89] near the sub-
wavelength structures have also recently been observed. The present work extends
these developments in two principal directions. First, we have shown experimen-
tally and theoretically that the present approach results simultaneously in significant
enhancement of SP emission and efficient collection into guided modes propagating
along a well-defined direction. Second, it establishes direct coupling between individ-
ual emitters and individual, quantized SPs. It thus bridges the fields of nanoscale
plasmonics and quantum optics [90], and opens up the possibility of using quantum
optical techniques to achieve new levels of control over the interaction of single SPs

and to realize novel quantum plasmonic devices. In the current setup, the benefits of
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using smaller wires must be balanced against poor out-coupling to free-space modes.
However, this trade-off can be circumvented by using optimized geometries (e.g.,
SPs on conducting nanotips) and evanescent out-coupling to mode-matched optical
fibers [91, 92, 93]. The excellent coupling expected from these integrated systems
can be uniquely used. e.g., for efficient single-photon sources, high resolution mi-
croscopy [94] and sensing [95], or long-range quantum bit coupling [10]. Furthermore,
in such systems an individual emitter can be made optically opaque to incident,
localized ssingle SPs, which can be used to produce large optical nonlinearities for
realization of single-photon switches and photonic transistors [96]. Beyond these spe-
cific applications, the ability to create and control individual quanta of radiation with
sub-wavelength localization may open up intriguing possibilities on the interface of

several areas of optics and electronics.
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Figure 3.4: a) The linear dependence of the width of the G@ dip on laser excitation
power can be extrapolated to zero power, yielding the total spontaneous emission rate
of a QD. b) Normalized histograms of QD lifetimes. The black curve corresponds to
the distribution of uncoupled QDs (100 data points) and grey to coupled QDs (30
points). The mean lifetimes for uncoupled and coupled dots are 21 ns+ 6ns and
12 ns+ 4ns respectively. ¢) Average enhancement of coupled systems as a function of
PMMA thickness. The gray columns indicate the standard deviations of the obtained
distributions. The red rectangle indicates the average value observed. d) Measured
maximum and average efficiencies of emission into the SPs as a function of PMMA
thickness, as determined from count rates obtained from the QD and wire ends.
The black (red) triangles indicate average (maximum) apparent efficiencies 7y, of the
coupled systems, without compensating for SP losses. The red diamonds give the
maximum actual efficiency 7, after compensating for the measured dissipation losses
of the nanowires.



Chapter 4

Nonlinear optics using surface
plasmons: a single-photon

transistor

4.1 Introduction

In analogy with the electronic transistor, a photonic transistor is a device where
a small optical “gate” field is used to control the propagation of another optical
“signal” field via a nonlinear optical interaction [97, 98]. Its fundamental limit is
the single-photon transistor, where the propagation of the signal field is controlled
by the presence or absence of a single photon in the gate field. Such a nonlinear
device has many interesting applications from optical communication and computa-
tion [98] to quantwm information processing [99]. However, its practical realization

is challenging because the requisite single-photon nonlinearities are generally very

99
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weak [97]. Several schemes for producing nonlinearities at the single-photon level are
currently being explored, ranging from resonantly enhanced nonlinearities of atomic
ensembles {100, 101, 102, 103} to individual atoms coupled to photons in cavity quan-
tumn electrodynamics (QED) [1, 2, 3, 4, 9, 11, 104}, and possibilities of single-photon
switching in these contexts have been proposed as well [101, 105]. However, a robust,
practical approach has yet to emerge.

In Chapters 2 and 3, it was shown that strong coupling between individual emit-
ters and“single SPs on conducting nanowires could be achieved based on the tight
confinement of the SP modes. The strong coupling was demonstrated to give rise to
strongly preferential spontaneous emission into the SP modes. Whereas spontaneous
emission can be thought of as a linear optical effect, here we show that such a system
allows for the realization of remarkable nonlinear optical phenomena as well, where
individual photons strongly interact with each ather. As an example, we describe how
this nonlinearity may be controlled and manipulated to implement a single-photon
transistor. While ideas for developing plasmonic analogues of electronic devices by
combining SPs with electronics are already being explored [88, 106], the process we
describe here opens up fundamentally new possibilities, in that it combines the ideas
of plasmonics with the tools of quantum optics [1, 2, 3, 102, 103] to achieve unprece-

dented control over the interactions of individual light quanta.
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4.2 Nanowire surface plasmons: interaction with
matter

Quite generally, a conducting nanowire can be thought of as a single-mode waveg-
uide that supports a set of one-dimensional, travelling electromagnetic modes (see
Chapter 2). We now describe a general model for such a system interacting with an
individual, proximal optical emitter (see Figs. 4.1a, b). We first consider a simple two-
level cosifiguration for the emitter, consisting of ground and excited states (|g),le))

separated by frequency wgy. The corresponding Hamiltonian is
H = R(wey — i1"/2)0ce + / dk m;lkl&};&k - ﬁg/ dk (Uegdkeikz“ + he), (4.1)

where o;; = |i)(j|, @ is the annihilation operator for the mode with wavevector k,
and z, is the emitter position. We have assumed that a linear dispersion relation
holds over the relevant frequency range, vx = vlk|, where v is the group velocity of
the SPs, and similarly that ¢ is frequency-independent. In the spirit of the “quantum

jump” description of an open system [107], we have also included a non-Hermitian
term in H due to the decay of state |e) at a rate IV into the other channels (e.g.,
radiative and non-radiative emission). This effective Hamiltonian accurately describes
the dynamics provided that the probability of a quantum jump remains small. As
discussed in previous chapters, gx1/ \/@ scales favorably with decreasing mode
area, which allows this interaction strength to be very large in conducting nanowires
that support tightly confined SP modes.

In what follows we will only be interested in the dynamics of SP modes near the

optical frequency we,, and thus we can effectively treat left- and right-propagating
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Figure 4.1: a) Two-level emitter interacting with the nanowire. States |g),|e) are
coupled via the SP modes with a strength g. b) Schematic of a single incident
photon scattered off of a near-resonant emitter. The interaction leads to reflected
and transmitted fields whose amplitudes can be calculated exactly. c) Probabilities
of reflection (solid line), transmission (dotted line), and loss (dashed line) for a single
photon incident upon a single emitter, as a function of detuning. The Purcell factor
for this system is taken to be P = 20.

SPs as completely separate fields. We define operators that annihilate a left (right)-
propagating photon at position z, Enr(2) = (1/V2r) [ dke*agr)x, where opera-
tors acting on the left and right branches are assumed to have vanishing commutation
relations with the other branch. The commutation relations for a single branch are
given by the usual field relations, [E](:) E}(z’ )J = §(z — 2'), where j = L,R. In
principle this approximation allows for the existence of negative-energy modes (as the

index k runs over the range Zoco), but this is unimportant if we are only considering

near-resonant dynamics. Under this approximation, the relevant terms in Eq. (4.1)
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are transformed via

/ dk holk|ala, — / dk hok (&};'kan)ﬁa;)_k&,_,,,k), (4.2)

ikz,

Tegliit — Oeq (Apk + Grk) ¢thza, (4.3)

4.3 Single emitter as a saturable mirror

The propagation of SPs can be dramatically altered by interaction with the single
two-level emitter. In particular, for low incident powers, the interaction occurs with
near-unit probability, and each photon can be reflected with very high efficiency.
However, for higher powers the emitter response rapidly saturates, as it is not able
to scatter more than one photon at a time.

The low-power behavior can be understood by first considering the scattering of a
single photon, as illustrated schematically in Fig. 4.1b. An exact solution to the scat-
tering from the right to left branches in the limit of infinite Purcell factor (P — 00)
was derived in Ref. [108] by solving for the scattering eigenstates of the system, and
the approach can be generalized to finite P. In particular, to solve for the reflection
and transmission coefficients of single-photon scattering, we write the general wave

function for a system containing one (either photonic or atomic) excitation in the

following way,
ly) = / dz (q’)ll(z)z@i(z) + g{‘)R(z)E’}}(z)) lg, vac) + c.le, vac). (4.4)

The field amplitudes are chosen to correspond to photons of well-defined momenta in

the linits z-— + o0, 1.¢.,

(7512(3) = eikg (6(—2 + Za) + tk@(z - 3(1)) g ("15)
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or(z) = e FrO(—2+ z,) (4.6)

for a photon propagating initially to the right. Here ¢ (ry) is the transmission (reflec-
tion) coefficient, and ©(z) is the step function. Following Ref. [108], we consider the
time-independent Schrodinger equation H|yy) = Eglyy), and project this equation
into the various basis states to get a set of equations that can be readily solved for
Er. i, te and ce.

The resulting reflection coefficient for an incoming photon of wavevector k is found

to be

1
1+ Y/Ty) — 2i6/Tp)

(6) = (4.7)

where 6=tk — wy, 1 the photon detuning, while the transmission coeflicient is given
by t(0r) = 1+7r(d¢). Here I'jy = 4mg? /v is the decay rate into the SPs, as obtained by
application of Fermi’s Golden Rule to the Hamiltonian in Eq. (4.1). On resonance,
ra — (1 — 1/P), and thus for large Purcell factors the emitter in state |g) acts as a
nearly perfect mirror, which simnultaneously imparts a m-phase shift upon reflection.
The bandwidth Aw of this process is determined by the total spontaneous emission
rate, I' = T’y + I", which can be quite large. Furthermore, the probability x of losing
the photon to the environment is strongly suppressed, k=1 - R -7 = 2R /P, where
R(T) = |r|* (Jt|?) is the reflectance (transmittance). These results are illustrated in
Fig. 4.1c, where R, 7, & are plotted as a function of detuning , taking a conservative
value of P = 20.

The nonlinear response of the system can be seen by considering the interaction
of a single emitter not just with a single photon, but with multi-photon input states.

To be specific, we consider the case when the incident field consists of a coherent
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state, the quantum mechanical state that most closely corresponds to a classical
field [107] (note also similar work in Refs. [109, 110] where scattering of two-photon
states is considered). We assume that the incident field propagates to the right, with
(E,g) = &, (z,t), and that the emitter is initially in the ground state. As shown in
Appendix E, by transformation the initial coherent state can be formally mapped to
an external Rabi frequency (given by Q, = v/27g€,.) in the Hamiltonian, which allows
all quantities of interest (e.g., field correlation functions) to be calculated exactly.
For a nartow bandwidth (dw<T'), resonant (&, = 0) input field, the steady-state

transmittance and reflectance are found to be (see Appendix E)

1+ 8(14 P)*(Q./T)?
(1+ P)2(L +8(Q/T)2)’

1\~ 1
%= (5) ey )

T =

At low powers (Q./I'«1), the emitter has scattering properties identical to the single-
photon case, R~(1 -+ 1/P)~%, T=(1+ P)7?, and for large Purcell factors the single
emitter again acts as a perfect mirror. At high incident powers (£2,/I>>1), however,
the emitter saturates and most of the incoming photons are transmitted past with no
effect, 7 —1, R~O((I'/Q2.)?). The significance of these results can be understood by
noting that saturation is achieved at a Rabi frequency Q. ~ I' that, in the limit of

large P, corresponds to a switching energy of a single quantum (~ Av) within a pulse

of duration ~ 1/T".
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4.4 Photon correlations

The strongly nonlinear atomic respouse at the single-photon level leads to dra-
matic modification of photon statistics that cannot be captured by only considering
average intensities, but which appear in higher-order correlations of the transmitted
and reflected fields. Specifically, we focus on the normalized second-order correlation

functions, g]g)L(t), which for a stationary process are defined as
(3 S . o . ¢ had ol b . 2
9% 5128 = (ENz M Ej(z 7 + ) Eglz, 7 + ) Eglz, 1) /(B2 1) Eis(2,7)) s (49)

where ¢ denotes the difference between the two observation times 7 and 7 + .

The statistics of the reflected field are identical to the well-known result for res-
onance fluorescence [107] in three dimensions (see Fig. 4.2) because it is a purely
scattered field, It follows that the field is strongly anti-bunched, ¢¥(0) = 0, since
the ermitter can only absorb and re-emit one photon at a time. The transmitted field,
however, has unique properties because it is a sum of the incident and scattered fields.

For near-resonant excitation and low powers (see Appendix E),
. . 2 p .
g (1) = T (P2~ "2+ O(02/T?), (4.10)

while for high powers ¢®(t) approaches unity for all times due to saturation of the
atomic response. The low-power behavior reflects that of an efficient single-photon
switch. Specifically, for P>>1, individual photons have a large reflection probability,
but when two photons are incident simultaneously the transition saturates, so that
pairs have a much larger probability of transmission (for P<(1 the emitter has little
influence and the transmitted statistics are almost unchanged). This phenomenon

yields a strong bunching effect at t = 0 that behaves like g@(0)=~P*. Furthermore,



Chapter 4: Nonlinear optics using surface plasmons: a single-photon transistor 107

reflected franamitisg

Figure 4.2: Second-order correlation function g‘3(¢) for the reflected and transmitted
fields at low incident power (§/T" = 0.01). g'®(¢) for the reflected field is independent
of P at low powers. For the transmitted field, going from left to right, the Purcell
factors are P = 0.6,1,1.5,2, respectively. A rise in g(?‘) (0) for large Purcell factors
indicates ggstrong initial bunching of photons at the transmitted end. This initial
bunching is accompanied by an anti-bunching effect, g2 (ty)=0, at some later time
ty = (4log P)/T for P>1. For high incident powers (not shown), g®(t) approaches
unity for all times due to a saturation of the atomic response.

at time #o = (4log P)/T there is a subsequent anti-bunching and perfect vanishing of

g (t) for weak input fields. A more detailed analysis of these features is presented

in Appendix E (also see Ref. [111] for a similar phenomenon in cavity QED).

4.5 Ideal single-photon transistor

A greater degree of coherent control over the field interaction can be gained by con-
sidering a multi-level emitter, such as the three-level configuration shown in Fig. 4.3.
Here, a metastable state |s) is decoupled from the SPs due to, e.g., a different ori-
entation of its associated dipole moment, but is resonantly coupled to le) via some
classical, optical control field with Rabi frequency Q(t). States lg), |e) remain coupled
via the SP modes as discussed earlier. Using this system, we now describe a process
in which a single “gate” photon can completely control the propagation of subsequent

“signal” pulses consisting of either individual or multiple photons, whose timing can
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Figure 4.3: Schematic of transistor operation involving a three-level emitter. In the
storage step, a gate pulse consisting of zero or one photon is split equally in counter-
propagating directions and coherently stored using an impedance-matched control
field Q(t). The storage results in a spin flip conditioned on the photon number. A
subsequent incident signal field is either transmitted or reflected depending on the
photon number of the gate pulse, due to the sensitivity of the propagation to the
internal state of the emitter.

be arbitrary. In analogy to the electronic counterpart, this corresponds to an ideal
single-photon transistor.

We first describe how one can achieve coherent storage of a single photon, which
is an important ingredient as it provides an atomic memory of the gate field and thus
allows the gate to interact with the subsequent signal. We initialize the emitter in |g)
and apply the control field Q(¢) simultaneous with the arrival of a single photon in
the SP modes. The control field, if properly chosen (or “impedance-matched”) [10],
will result in capture of the incoming single photon while inducing a spin flip from

lg) to |s). Generally, by time reversal symmetry [112], the optimal storage strategy

is the time-reversed process of single-photon generation, where the emitter is driven



Chapter 4: Nonlinear optics using surface plasmons: a single-photon transistor 109

from |s) to |¢) by the external field while emitting a single photon whose wavepacket
depends on Q(t). By this argument, it is evident that optimal storage is obtained
by splitting the incoming pulse and having it incident from both sides of the emitter
simultaneously (see Fig. 4.3), and that there is a one-to-one correspondence between
the incoming pulse shape and the optimal field ©(t). The storage efficiency is identical
to that of single photon generation and is thus given by ~1 — 1/P for large P (see
Chapter 2, also see Appendix E.3 for an exact solution of the system dynamics).
A detaile®t analysis reveals that this optimum is achievable for any input pulse of
duration T>»1/T and for a certain class of pulses of duration 7"~ 1 /T [112]. Finally,
if no photon impinges upon the emitter, the pulse 0(¢) has no effect and the emitter
remains in |g) for the entire process. The result is more generally described as a

WMlg) —

mapping between single SP states and metastable atomic states, (a]0) + 3
0)(celg) + Bls))-

We next consider the reflection properties of the emitter when the control field Q)
is turned off. If the emitter is in |g), the reflectance and transmittance derived above
for the two-level emitter remain valid. On the other hand, if the emitter is in |s), any
incident fields will simply be transmitted with no effect since |s) is decoupled from
the SPs. Therefore, with Q(t) turned off, the three-level system effectively behaves
as a conditional mirror whose properties depend sensitively on its internal state.

The techniques of state-dependent conditional reflection and single-photon storage
an be combined to create a single-photon transistor, whose operation is lustrated
in Fig. 4.3. The key principle is to utilize the presence or absence of a photon in an

initial “gate” pulse to conditionally flip the internal state of the emitter during the
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storage process, and to then use this conditional flip to control the flow of subsequent
“signal” photons arriving at the emitter. Specifically, we first initialize the emitter in
lg) and apply the storage protocol for the gate pulse, which consists of either zero or
one photon. The presence (absence) of a photon causes the emitter to flip to {remain
in) state |s) (|lg)). Now, the interaction of each signal pulse arriving at the emitter
depends on the internal state following storage. The storage and conditional spin flip
causes the emitter to be either highly reflecting or completely transparent depending
on the gategand the system therefore acts as an efficient switch or transistor for the
subsequent signal field.

The ideal operation of the transistor is limited only by the characteristic time
over which an undesired spin flip can occur. In particular, if the emitter remains in
lg) after storage of the gate pulse, the emitter can eventually be optically pumped
to |s) upon the arrival of a sufficiently large number of photons in the signal field.

For strong coupling, the number of incident photons n that can be scattered before

pumping occurs is given by the branching ratio of decay rates from |e) to these states,
T g/ Ters, which can be large due to the large decay rate I'ey, > I'pj. Thus n= P
and the emitter can reflect O(P) photons before an undesired spin flip occurs. T his
number corresponds to the effective “gain” of the single-photon transistor.

Finally, we note that there exist other possible realizations of a single-photon tran-
sistor as well, The “impedance-matching” condition and need to split a pulse for op-
timal storage, for example, can be relaxed using a small ensemble of emitters and pho-

ton storage techniques based on electromagnetically induced transparency (EIT) [113].

Here, storage also results in a spin flip within the ensemble that sensitively alters the
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propagation of subsequent photons.

4.6 Integrated systems

Inevitably, SPs experience losses as they propagate along the nanowire, which
could potentially limit their feasibility as long-distance carriers of information and in
large-scale devices. For the nanowire, one must consider the trade-off between the
larger Purc;gll factors obtainable with smaller diameters and a commensurate increase
in dissipation due to the tighter field confinement. However, these limitations are not
fundamental, if one can integrate SP devices with low-loss dielectric waveguides, e.g.,
using the techniques of Sec. 2.5. Here, the SPs can be used to achieve strong nonlinear
interactions over very short distances, but are rapidly in- and out-coupled to conven-
tional waveguides for long-distance transport. Such a conductor/dielectric interface
would provide convenient integration with conventional optical elements, enable many
nonlinear operations without loss, and make large-scale, integrated photonic devices
feasible.

Another key feature of nano-scale SPs is that the strong interaction is very robust.
Because the large coupling occurs over a very large bandwidth and requires no special
tuning of either the emitter or nanowire, SPs are promising candidates for use with
solid-state emitters such as quantum dot nanocrystals [114] or color centers [115],
where the spectral properties can vary over individual emitters. Color centers in
diamond [115], for instance, are especially promising because they offer sharp optical
lines and three-level internal configurations. At the same time, guided SPs might be

used for trapping isolated neutral atoms in the vicinity of suspended wires, thereby
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creating an effective interface for isolated atomic systerms.

4.7 Outlook

A single-photon transistor can be used for many important applications such as
efficient single-photon detection, where the large gain in the signal field provides for
efficient detection of the gate pulse. This system also finds applications in quantum
informati{%n science. One can prepare Schrodinger cat states of photons, for example,
if the gate pulse coutains a superposition of zero and one photon, since this initial
pulse becomes entangled with the propagation direction of potentially many subse-
quent signal photons. The controlled-phase gate for photons proposed in Ref. [11]
for cavity QED is also directly extendable to our system. In particular, this scheme
relies on conditional phase shifts acquired as photons are reflected from a resonant
cavity containing a single atom, which are anaiogous to the reflection dynamics de-
vived for single SPs here. In addition, by using SPs it is possible to achieve very large
optical depths with just a few emitters, which makes this system effective for realiz-
ing EIT-based nonlinear scherues (100, 101, 102, 103]. Finally, the present system is
an intriguing candidate to observe phenomena associated with strongly interacting,
one-dimensional many-body systems. For example, non-perturbative effects such as
dynamical cross-overs [116] involving photons can be explored. Higher-order correla-
tions created in the transmitted field can become a useful tool to study and probe the

non-equilibrium quantum dynamics of these strongly interacting photonic systeins.
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Crystallization of strongly
interacting photons in an optical

fiber

5.1 Introduction

The idea of using nonlinear effects to create optical systems with unusual proper-
ties has been pursued for several decades, and fascinating advances have been made
in recent years [1, 2, 3, 97, 103]. The focus of such work has mostly been on systems
containing a small number of photons, such as the single-photon transistor proposed
in Chapter 4. At the same time, the effects of strong correlations manifest themselves
most dramatically in many-body systems, often resulting in new states of matter with
properties that are very different from those of the underlying particles. One famous

example is the Tonks-Girardeau (TG) regime of interacting bosons in one dimension,

113
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in which strong interactions between particles lead to an effective “fermionization”
of bosons [117, 118]. This unusual regime has been explored in several condensed
matter systems and in recent experiments with ultracold atoms in one dimensional
traps [119, 120]. In this article we investigate the feasibility of creating and detecting
a TG gas of photons. This system would correspond to nonlinear quantum optics
in its extreme, in which individual photons behave as impenetrable particles, In
this limit, an optical pulse separates into non-overlapping wavepackets of individual
photons, and @ “crystal of photons” can be created.

Several papers have recently considered the possibility of phase transitions in-
volving photons, focusing on large systems of coupled optical cavities [12, 13, 14, 15,
16, 121). The present study differs from this previous work in several ways. First,
while dramatic progress has been achieved in controlling individual atoms and pho-
tons in single cavities [1, 2, 3], the complex architecture of coupled cavities proposed
in Refs. [12, 13, 14, 15, 16, 121] represents a considerable experimental challenge. In
contrast, the approach described here to realize a TG gas of photons involves cur-
rently available experimental techniques [44, 122]. Second, we show that a strongly
correlated photonic state can be created dynamically, without the need to assume
that a thermodynamic equilibrium for photons must be achieved as in previous work.
Finally, we provide a method for the strongly interacting photon gas to be read out of
our system without disturbing any of the quantum correlations that were previously
formed, and show that these correlations can be detected using standard quantum op-
tical measurements. This potentially enables many new applications and allows one

to study even more exotic phenomena involving interacting particles using readily
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controlled photons with tunable interactions.

5.2 Strongly interacting photons in one dimension:

the system

Recently, much effort has been directed toward realizing single-mode optical waveg-
nides where the guided photons can be tightly confined in the transverse directions to
an area Ayg near or below the diffraction limit. Such confinement is desirable in part
because it allows for a large interaction strength between single photons and nearby
coupled atoms. Specific systems that have recently been explored in this context
include tapered optical fibers [44], hollow-core photonic crystal fibers [43, 122], and
surface plasmons on conducting nanowires [79, 92].

The propagation and interaction of photons-in such a medium can be controlled
by interfacing them with atoms using quantum optical techniques such as Electro-
magnetically Induced Transparency (EIT) [103]. In particular, our scheme relies on
resonantly enhanced optical nonlinearities with low losses [100] using EIT and the
creation and trapping of stationary pulses of light in the medium using spatially
modulated control fields [123] (see Fig. 5.1a). As will be shown, the dynamical evo-
lution of the photonic system is governed by an equation that has the form of the
Nonlinear Schrédinger Equation (NLSE), where the signs and strengths of the effec-
five mass and interaction can be controlled using external fields. Under conditions
where the nonlinear interaction is large and effectively repulsive, the TG regime of

photons can be achieved.
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=
Q. (1)

Figure 5.1: a) Schematic of fields inside the waveguide, whose axis of propagation
corresponds to the horizontal axis. The control beams 24 (¢) (shown in blue) create
a standing wave inside the waveguide, which forms a Bragg grating that traps a
quantum optical field inside the medium (intensity (E'E) shown in red). The optical
field couples to spin-wave excitations in the medium, resulting in collective polariton
excitations whose density (I1) is also plotted. b) Schematic of the four-level atomic
configuration and coupling between levels and fields used in our system.

Specifically, we consider the propagation of counter-propagating quantum fields,
characterized by operators E., inside a single-transverse mode optical waveguide and
interacting with cold atoms in the four-level configuration shown in Fig. 5.1b. The
fields £y couple the ground state |a) (in which the system is initialized) to excited
state |b) with a strength given by g, while metastable state lc) and |b) are coupled
by classical, counter-propagating control fields (14 (t) (we assume these fields are also
guided). Here, the lambda configuration consisting of states |a,b,c) comprise the
typical EIT setup. In particular, in the case where the quantum and classical fields
propagate only in one direction, the quantum field can be dynamically and reversibly

mapped into a stationary spin-wave excitation by turning the control field Q(t) to

zero adiabatically. On the other hand, as shown in Ref. [123], by creating a standing
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effectively stopped while simultaneously maintaining a non-zero photonic component
of the excitation (see Fig. 5.1a). Intuitively, the standing wave pattern forms a set
of reflection gratings that traps the photonic excitations through multiple scattering.
The nonlinear response is introduced via an additional state |d) that is coupled to )
by the quantum fields (for simplicity we assume that this coupling strength is also
given by ¢). When these fields are far off resonance, this coupling results in an ac Stark

shift of stat

¢#|c) whose magnitude is proportional to the intensity of the quantum
field [100]. This gives rise to an intensity-dependent refractive index, or nonlinear
susceptibility, that in turn influences the evolution of the quantum fields. While
similar schemes for realizing nonlinear optics in atomic media have been previously
explored [124], their implementation in waveguides with tight confinement is unique
because they can constitute a true one-dimensional system, and because the strong

transverse localization enables large nonlinear interactions.

5.3 The Lieb-Liniger model with stationary pulses

of light

Considerable theoretical literature exists that discusses the connection between
Vaxwell's equations for a nonlinear medium in one dimension and the Lieb-Liniger
Model (LLM) describing interacting massive particles (125, 126]. However, most of
this work has focused on the regime of attractive interactions. Interest in this regime

stems from the observation that interaction with basic two-level atomic systems leads
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to photon bunching, since it is easier for many photons to pass through an atom with-
out being absorbed [96]. The main feature of the attractive regime is the formation of
solitons [125]. This regime of the LLM has few quantum mechanical features and can
be described by classical equations of motion. Indeed, typical optical solitons contain
on the order of a million photons, and therefore a quasi-classical description is very
appropriate [127]. On the other hand, the repulsive case is intrinsically “quantum
mechanical”, as one needs to keep track of correlations at the level of individual par-
ticles. Solutions based on perturbation theory or classical equations of motion break
down and one needs to use non-perturbative approaches such as the Bethe ansatz
solution [128, 129, 130, 131] or the Luttinger liquid formalism [132]. Thus, formation
of a TG gas of photons is fundamentally a collective many-body effect.

We now derive an evolution equation for the fields of the system illustrated in Fig-
ure 5.1. Following the methods of Refs. [113, 123, 124], we define dark-state polariton
operators W describing the coupled photonic and spin-wave excitations, which in
density of atoms coupled to the waveguide (the density is assumed to be uniform).
We specialize to the case when Q4 (t) = Q(t). We further assume that the quantum
and control fields vary slowly in time, such that the fast-varying atomic operators can
be adiabatically eliminated, while the remaining slowly-varying operators are solved
in the adiabatic limit. Subsequently inserting these solutions into the Maxwell-Bloch
equations describing evolution of the quantum fields yields an effective NLSE for the

polaritons (see Appendix F.1),

1
277’1«9_ f

1000 (z,t) = —=——02U(z, 1) + 2501 (2, 1) U*(z, 1), (5.1)
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where
. V. + U Tipn. . Dypv
y = g____‘.._.__). Mef = W__Ll.)__:? 29 — 1D 9. (52)
2 EVAGEIN AN

Here T'1pp = 4wg®/v is the spontaneous emission rate of a single atom into the waveg-
vide modes, where v is the velocity of these modes at the atomic resonance frequency
in an empty waveguide, while v,~vQ?/(7¢*n.) is the group velocity of untrapped
pulses under EIT conditions. &g and A, are the one-photon detunings of the fields
E. from the gansitions |a)-]b) and |¢)-|d), respectively (see Fig. 5.1b), and g~1/ VAett
is the single-photon, single-dipole interaction matrix element. In principle the full dy-
namics of the feld will also include losses and higher-order terms, and the conditions
under which such terms can be neglected are described in Appendix F. One should
also note that even with the standing wave control field, the evolution of Eq. (5.1) re-
mains smooth and in particular does not contain features determined by the standing
wave period.

Eq. (5.1) determines the evolution of a quantum field U(z,1) as derived from the
Hamiltonian of the Lieb-Liniger model,

H= h/' dz{ = 9,01 (2)0, U (z) 4+ §UT ()W (2) ¥ (2)¥(2)]. (5.3)

“IMegy

The first term on the right describes the kinetic energy in one dimension of bosons
with mass nies, while the second term describes a contact interaction potential. The
quantuw field W(z,t) satisfies the usual equal-time bosonic commutation relations,
W(z,t), Ui t)] = 6(z — 2'). The behavior and properties of this system can be
effectively characterized by a single dimensionless parameter

= s .

et Uip 1
o - 73 s
Tph ?—’AOA]) Nph
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which physically corresponds to the ratio of the interaction and kinetic energies. Here
1 is the density of photons at the center of the pulse. When v < 0, the interaction
with the atoms induces an effective attraction between photons. As discussed above,
this is responsible, e.g., for the formation of bound states (solitons) when a large
nuinber of photons are present. On the other hand, for v > 0 the regime of effective
repulsion between photons is realized. From Eq. (5.2), one finds that the regime
of repulsion can be achieved if exactly one of the detuning parameters Agor Ay s
negative. &t is also clear that only the attractive regime can be reached using a two-
level system, since Ag = A, in this situation. The special limit v — oo is called
the Tonks-Girardeau (TG) regime [117, 118]. In this regime, it can be said that
the strongly interacting Bose gas “fermionizes”, in that all of its properties can be
derived from those of a noninteracting Fermi gas (and likewise, the bosonic system
can be described by effective “Fermi” momenta and energies) [118]. Finally, we note
that vxI['?) x -l;[; which underscores the importance of tight mode confinement in
reaching the strongly interacting regime.

One useful feature of this realization of the NLSE is that the parameters mey and g
can be dynamically tuned by varying different parameters of the system. Specifically,
hoth are functions of detuning. and thus v can be altered by changing either the
control field frequencies or by externally manipulating the energies of the atomic
levels. As described below, this tunability facilitates the creation of novel photonic

states.
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54 Preparation and detection of strongly corre-
lated photon gas

The process by which novel photonic states can be prepared and detected con-
sists of three basic steps — loading of the pulse, controlled evolution under the NLSE,
and readout of the final photonic state — each of which we now describe. During
the initial loading process, a resonant optical pulse, given by, e.g., a coherent state,
is incident fsem omne direction. It is injected into the waveguide at the same time
that the co-propagating control field (say §2.(t)) is turned on. During the load-
ing procedure the counter-propagating control field 2_(t) is off. This describes the
usual situation in EIT, where the input field is mapped into a spatially compressed
polariton pulse upon entering the medium, which propagates with a variable group
velocity v,~v2(t)/(g*n.). Once the pulse completely enters the medium, 2, (t) is
adiabatically turned to zero, reversibly converting the excitations into pure spin-wave
form [113]. Under certain conditions this input pulse can be stored with minimal
distortion relative to the initial field [113], such that all relevant properties (e.g., field
correlations) remain constant during the loading. Following the initial storage, both
control fields are then adiabatically switched on, with Q. = Q(t), during which the
pulse becomes trapped and evolves under Eq. (5.1). The parameters meg and g can
be changed in time during the evolution to reach the final state of interest. Here, we
propose to create a TG gas of polaritons through adiabatic transformation by vary-
ing these parameters such that ~(t) adiabatically increases from zero to a large value.

During this process the initial coherent state (an eigenstate of the initial noninteract-
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ing Hamiltonian) remains an eigenstate of the instantaneous Hamiltonian so that it
finally reaches the TG regime. It should be noted that this method differs from the
proposals of Refs. [12, 13, 14, 15, 16, 121], where only thermodynamic equilibrium of
photons was considered. Once this state has been achieved, the pulse is released by
turning one of the control fields (say Q_) off, thereby allowing the pulse to propagate
undistorted until it exits the waveguide [123]. During this readout, any spatial cor-
relations that formed in the polaritons while evolving under the NLSE are directly
mapped inte temporal correlations (at a common point in space) of purely outgoing
photons, which can be measured using standard quantum optical techniques. An
appealing feature of this approach is that the pulse velocity as it exits the waveguide
is determined by the control field. In particular, one is able to specify the timing and
bandwidth of the outgoing pulse without affecting the underlying spatial correlations,
which allows one to efficiently probe local properties of the system upon exit.

A characteristic signature of a strongly interacting gas is the appearance of Friedel
oscillations [133] in the normalized second-order correlation function, ¢¥(z,2) =
(I /(T (2){ (), where I(z) = UH(2)¥(2) is the stationary pulse intensity
prior to release. In particular, if the photonic state remains close to the ground state of
the LLM, ¢'¥(z, 2') contains an oscillating part that behaves as ~ cos(2kp(z—2")) (see
Appendix F). Here kp = mny, is the “Fermi momentum” in the TG limit. In the TG
limit, the ground-state correlation function takes on a simple form given by Lenard’s

formula [134],

The 2k p-oscillations are a direct manifestation of “fermionization” of bosons. We note
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that Friedel oscillations are more than simple anti-bunching in that they indicate real
crystal correlations. In particular, one cannot predict the position of an individual
photon, but knowing the position of one photon, other photons are likely to follow at
well-defined distances determined by the average photon density. These correlations
are predicted to decay relatively slowly in space. It should be emphasized that the
oscillation period depends on the density of photons ny, inside the medium and not
on the standing wave period (~)/2) formed by the control fields. These two length
scales can e dramatically different and thus the observation of Friedel oscillations
indicates a true “self-organization” process instead of an inherent periodicity of the
system.

The usual definition of the TG regime of the LLM is given with respect to the
equilibrium state. However, in our system the evolution of the initial coherent state
under the NLSE inherently involves non-equilibrium quantum dynamics, and hence
one must specify the conditions under which one can obtain a strongly interacting
state of photons that remains close to the ground state of the LLM and exhibits its
characteristic features, such as Friedel oscillations. To be concrete, we consider the
evolution of a pulse under Eq. (5.1), where the atomic parameters are varied such
that the effective mass gy is constant in time, while the interaction strength a(t)
increases exponentially. From Eq. (5.4), the resulting time-dependent interaction pa-
rameter can be written in the form v = et where § is a dimensionless parameter
characterizing the rate of increase, and UJF"VI'Lgh/'rﬂeH corresponds to the “Fermi en-
ergy” at the center of the pulse before expansion. We assume that vp<1, so that the

system initially consists of non-interacting photons, and interactions are gradually
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switched on to reach the regime of v 3> 1. Here we will not discuss the effect of a
time-dependent mass, although it can be included using a similar analysis.

The non-equilibrium dynamics of the LLM has previously been studied in the
context of ultracold atoms and has focused either on changing the interaction strength
in a system with uniform, constant density [135, 136}, or on the expansion of particles
in a system with constant interaction [137, 138]. In our system both processes take
place, but iu the experimentally relevant regime of a large photon number there is
a separation of time scales that simplifies the analysis. We consider an initial pulse
containing Npy~n,, 2o photons with spatial extent zg at ¢ = 0. Our discussion applies
for a general pulse shape and thus we need not specify it.

There are three distinct regimes in the time evolution of the pulse: i) Interactions
are weak and the photons expand freely due to dispersion; ii) Interactions begin to
dominate over the kinetic energy. However, the system is still in the weakly interacting
regime with v < 1, in which case the expansion is hydrodynamic [139, 140]; iii)
The system reaches the strongly interacting regime with v > 1, and the expansion
resemnbles that of fermionized bosons [137, 138]. A simple analysis (see Appendix F)
shows that by the time the system reaches regime iii), the relative change in the photon
density at the center of the pulse is only of the order of 'ar}v?rg; Hence for SNy > 1
one can assume that the turning on of interactions takes place at a constant density
and any subsequent expansion takes place in the TG regime.

We now consider the effect of non-adiabaticity on correlation functions such as
9(2. 2'). By analogy with ultracold atoms, we introduce a. chemical potential, which

in regimes i) and ii) is given by u(t) = g(t)nm,. We can approximately separate the
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turning on of interactions into two stages, which both take place during the regimes
i) or ii). In the first stage, 2 > p* and the adiabatic transformation is inefficient. In
the second stage, 2 < u? and the evolution is essentially adiabatic. At the time tg4qp
separating the two regimes, the interaction parameter is given by v(teiap)~3. The
first stage can be thought of as an instantaneous projection of the wavefunction, which
gives rise to a finite density of excitations characterized by an effective healing length
Eneq~( /,,(t.)«,-neg)'l/ 2 at time tie. During the second stage, the number of excitations
does noteehange. Hence, we find that the finite rate of change in the interaction
strength leads to a finite correlation length in our system, £ney ~ g gﬂ,;hl, For length
scales shorter than £,.,, all correlation functions are essentially the same as in the
ground state, whereas for length scales longer than &, correlation functions rapidly
decay. To observe Friedel oscillations over length scales on the order of the inter-
photon distance, for example, requires that § < 1. The argument presented above can
be turned into a quantitative calculation for the correlation functions following a time-
dependent change in the interaction strength [136]. This analysis uses bosonization
to treat the LLM and the conclusions agree with the qualitative picture presented
here.

At the end of regime ii) we have a system of “fermionized” hard-core photons
that should exhibit Friedel oscillations. In regime iii), the pulse of hard-core photons
expands, but such spreading does not lead to the suppression of the Friedel oscil-
lations [137, 138]. The problem of expansion of hard-core photons starting from a
general pulse shape has to be analyzed numerically. However, an explicit analytic

solution is available for the case of a parabolic pulse shape. Under realistic condi-
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tions this solution, which is discussed in detail in Appendix F, vields the correlation
function shown in IFig. 5.2,

1 g¥(z,z'=0)

‘ kez
N -30 -20 -10 o 10 20 30

Figure 5.2: Density-density correlation function ¢ (z,2' = 0) for an expanding
Tonks-Girardeau gas of photons with initial density profile npu(z) = ng(1—22/25)'/%.
This expansion is equivalent to the problem of a TG gas released from an initial
parabolic confining potential. z’ = 0 denotes the center of the pulse, and distances
are indicated in units of k7', The density-density correlation function shown here is
for a system of N, = 10 photons, .30%51:};1, and at a time t = 10w;§1 following the
initial release.

During the evolution one must also consider the effects of incoherent photon scat-
tering or absorption, which set a maximum evolution time tmaer and interaction pa-
rameter 4mee that can be achieved before a substantial fraction of the initial pulse is
lost. The number of photons scattered during the evolution has been fully calculated

in the Supplementary Information (SI), and requiring that this quantity be small

vields the following limit on the maximum achievable interaction parameter,

~ min | vy exp W,B]Agl ~ ’B’LOD
Ymar Yo €X] r » ‘AD‘ j\"rph ‘

Here I is the total spontaneous emission rate of states |b) and |d) (assumed to be

(5.6)

equal for simplicity), which includes the emission rate into the waveguide modes (T'yp)
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Figure 5.3: 7mae as functions of optical depth and single-atom cooperativity, opti-
mized over the detuning Ag. “mes is plotted for fixed values of § = 1, v = 0.1,
and Ny, = 10. It is evident that the TG regime for photons can be approached by
increasing either the cooperativity or optical depth.

as well as emission into non-guided modes (e.g., into free space). We have also defined
an efficiency n = I'1p/T (7<1) which describes the rate of emission into the waveg-
uide compared to the total emission, and defined the optical depth of the medium,
OD = nzgn.. We note that v, can be improved by increasing the optical depth or
efficiency and optimized by adjusting the detuning |Ap]. The optimal values of Ymaxz,
as functions of optical depth and efficiency, are plotted in Fig. 5.3, for parameters
3 =1,% = 0.1, and N = 10. One sees that with realistic values of OD~2000 and
n~0.2, for example, an interaction parameter of ¥maz~10 is possible. While photon

losses limit the maximum evolution time, somewhat surprisingly, the nonlinear losses
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may also help in bringing the system closer to the ground state of the LLM. Specifi-
cally, these losses predominantly remove states in which two photons are close to each
other, which correspond to high energy states of the LLM. Deep in the TG regime
we can estimate the rate for the system to lose the high energy states, t;,} = 3% Gniph-
On the other hand, the photon loss rate is tl”;i = 'g;(,dp. Thus ten/ties = v+ and for
large ~ there is a sufficient time window for the high-energy states to decay before

too many photons are lost.

L

5.5 Qutlook

The above analysis indicates that strongly correlated states of photons can be con-
trollably prepared and observed in one-dimensional waveguides. These techniques are
made possible through strong coupling between the photons and nearby atoms and the
use of quantum optical techniques such as EIT, which allow the system to be widely
tunable. Such photonic states should find numerous applications in various areas of
physics. Crystal correlations that arise in the fermionized state make it a promis-
ing candidate for applications in metrology and quantum information. In particular,
TG states feature strongly suppressed photon number fluctuations within a given de-
tection interval. Such states therefore could be used as an input for sub-shot noise
interferometers [141, 142], or in extension to schemes for quantum computing [143] or
quantum cryptography [144] that rely on single photons. Another exciting direction is
quantum simulation of matter Hamiltonians using optical systems. In the discussion
so far, we have considered photons with only one polarization. Including photons

of different polarizations should be equivalent to adding a spin degree of freedom to
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effective matter Hamiltonians. This opens up exciting prospects for exploring spin
charge separation (see, e.g., Ref. [145]) and modelling exotic spin s“vstems [121]. It is
also interesting to note that the level structure of the atoms comprising the medium
can vary considerably. This fact can be used for the study of strongly-correlated
systems with non-Abelian symmetry, similar to the ones realized in multi-channel
Kondo models and quantum chromodynamics. Possible phases and phase transitions
in these models are difficult, if possible at all, to realize in matter systems. TFur-
thermore, it would be interesting to consider a situation where interactions between
the cold atoms create non-trivial correlations [146] and their effect on the resulting
photonic states. Using light to simulate matter Hamiltonians will give a new meaning

to the old idea of the particle-wave duality.



Chapter 6

Quaptum electrodynamics of

dfe_fects in an optlcal 1att1ce

6.1 I‘ntro.d'uction

Advances in atom Coohno and fmppmg now Inalxe it pomlble to create crx stals £

of atoms (known as opmcal lattlces) mth a pPrxod detemmned by Lhe wawelcngth ofg?r _f

the trapping light [147]. In an opticai 1&t’t10€‘ atoms can be -trafpped in. emy vnumber »of- e

dunumons by the periodic variation in the ac S‘(mk bhlft potentlal crea:ted bv a set ; |

of interfering laser beams. A near-r esonam 11ght field propa,ga,tmg throuffh such a‘n“- %

optical lattice will e,ancrall\ expenence mulhplo 18ﬂ€'CLLOHb off of the trapped 'Ltoms =

which can dramatically modify the propagation properties [148]. Recent-ly, tec’thu,es»‘ ;
to prepare an optical lattice with a well-defined number of atoms per 'Ié‘t'.tice site have
been experimentally demonstrated [149].

At the same time, artificial photonic crystals have been actively studied in recent

130
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VEars becailse of their remarkable ability to control the propagation of electromagnetic
radiation [19]. Photonic crystals are generally composed of periodic arrays of dielec-
tric materials, and thus the eigenmodes of the electromagnetic field can be descﬁbed
by band structures and band gaps, mx.lczhlhke electronic states in séﬁd-sﬁaﬁe -crj’sté,ls.
An atom whose resonance frequency sits inside a band gap is predicted to eﬁhi‘bit -

novel properties, due to the absenee of resonant optical m@des with whu,h it can m- :

tem(,t, Phenomena such as aupprcssed spontane,ous ermission in a band gap [92 41] e

.a,nd phoiﬁ?ﬁn—afoom JOUIld ‘st(mr,os Iear a bzmd £ap edgc [laO 131] are predxcted to occuz
Thus far, photomc crystals in the op’m cal range havc genemlly been IDcldB uqmrf Varlou?

microfabrication techniques, V&hl(’h are dlfﬁcult to apply iowards three—dlmenmonal‘ -

structures. This in part motw&i es a doser exammatlon oi threc—dxmensmnal C)ptl(“ L

lattices, which can be more eaml} xeahzed in terms of then‘ ponentmI to act a@ a

phot onic 'cr\'sml One nnpoma,nt d15t111g111<11111cr fccutme of photomc crvstals based on-

opm,cd 1att1r;9q is that ihc*\ are most eﬁgctwc at frequemcwa ncar atomic resondnce S :

where each atom experiences the largest optical respcmse;,but 'Wh.ere incc>11érent pho-
ton scattering plays an important role as well and-cannot be neglected.
In this chapter, we investigate the effect of an optical lattice -on the radiative

interactions of trapped atoms. ‘Of particular interest are atoms th‘a,t are”trappéd -

away from the potential minima of the backg;round penodlc lattlce The%e ektra. =

“defect” atoms, which exist in addition to the atoms formmcf the optmal lattice,
might be controllably introduced into the systemn using, e.g., :multiple lasez' beams
to create a superlattice with a very large period [152]. Specifically, we investigate

theoretically the radiative properties of a defect atom in the lattice taking fully into
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account the relevant absorptive and dispersive effects of the su,froun(iing lattice atoms.
We show that even inn the presence of absorption, the spontaneous emission rate can
be reduced significantly from the free-space value, and the formatioﬁ of a localized
field around the defect can be observed due tov the effect of multip‘lve reflections of i'ts

emitted ﬁelo off the lattice atoms. V\’ albo studv the mtora,ctlons befv»een multrple

defects in thé lattice. When the <115Lance of sepdrc},tlon bctwoen a pa,lr of dcfects -

is on the order of the field lC)C&hZthlOn length or less *ihc“s are able to a\chcmge.:j'}
excitations colrxerenti}" through dipole—dipo‘le inﬁeractions before the exc:‘itaﬁmn 1s lost e
to dca‘cew Such long-range coherent interaétic')ns'betﬁvéen defect atoms can bé Liséd,
for exampk to facilitate quantum k)gm gate opexatlons n opmcal lc»ttu,e’ quantumbﬁ

computers {153, 154]. V\ e den\re an effectlve mteractmn Hdlﬂlh]()lll&l’l between defcct,

and study the ﬁdelit-y of an exchange qua,ntum ?ga.te; ’

6.2 Band structure of_ém opti(;al' lattice

The physical system of interest Consists‘ of an oﬁtiéal E'L';Lt'cice ofa)tmm in a," sitmlp’lke :
cubic conﬂguratmn with one a,tom per 1atmce site. V\fe furthc,r assume for 51mphc1ty
that each lattice atom is Lrapped in the Lamb—Dml\e reglme such thmt the cha,rac—‘ 5
teristic trap width at each site Az <A is much smallgzr.than the resonant 'optlcalv.k: Ev
wavelength. A resulting simpliﬁcaition ié that £0 lowest‘ o:rder, eéch -atoimica,n effec— -
tively be treated as a point scatterer of light, although .in princ;iple ‘the fq{ljiéiwiﬁg‘_
calculations can be extended to treat corrections as well. To illustrate the iirli(iuev
optical properties that such a system might havé, We’ first simpﬁfy thé dynarrﬁés, i

somewhat and consider each atom to be a non-absorptive, classical point scatterer
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with a purely real Lorentzian polarizability o(w),

1
(To/2)? + (w —wyg)?

afw)x (6.1)

The polarizability above describes a scatterer of resonant frequency wq and linewidth
Ig. Note that a single atom has a significant optical respornse onlv within a narrow
bandwidth r»I‘o near the resonance frequenq It is alsoc onvuuent to define a quahty :

factor™ for the scatterers, given by @ = wy/ /Ty. In reahh' ‘(he atomic polamzabxht& mﬂ '

contain an nnaom’m, part as well, ‘which descrzbes absorptlon but we momentarﬂv '

@

neglect 1t here. Ignormg the imaginary part makes it possﬂ)le to calcula.te the photomc : :

band structure of the system using techmques omgmaﬂ) developed in Refs “L}S 136 s |

157].  While rechmca,lh more comphca:ced the 1(18d is’ snmla,r to tha,t 'ptesented mv*‘

Sec. 1.2 9 for the calculdnon of a 1 D band struc:ture In paxtmulrn' fox each Blochi"f?.

wave, we derlve a determinantal CODdlthll thd,t must be safmﬁed fcn a non'trlvml =

solution to exist. This LOIldlt]OIl as derwed in Appendm G is gwon bv ‘

‘ Q | Yo 2' : - ”‘x‘{'
§7A,3 {ZT G k. u) )) +‘é‘7j <w(k)> __ 1 | ::‘O:, o ((}Z) |

cwik)) = ; = or 7 .
TGk w(k) : + 3‘(0/%)2 3w k)/wo %I’ (© 3) :

which can be used to find the allow ed frequencies w(k) for a pho‘ton mth Bloch \recmr».
k. Here Q is the volume of a unit cell of ‘t-he lattice, kg = wy / ¢, d isthe 1dent1t_y matrix,
{G} is the set of reciprocal lattice vectors, and A, : I - PD is the opéfa;tor thém
projects onto the subspace orthogonal to'p.. Nmnericaliy, Eq: (6,.2) can be evaluated
by truncating the sum over G to a finite set of points.

We solve BEq. (6.2) for an optical lattice in a simplé cubic configuration, where ‘

nearest neighbors are separated by a distance corresponding to half a resonant wave-
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length, d = Ag/2. The numerically bevalua,ted band structure for such a l,é,tt-ice is
shown in Fig. 6.1, where we have plotted w(k) as a function of k along lines con.néét—
ing points of high symmetry in the first Brillouin zone. The mode flequenoles u}(k)
are plotted in units of 6/T, where § = w(k) — wp, and the letters 0, X z’\[ and R o
denote the points (0,0,0), (0,0,7/d), (v/d,/d,0), and (w/d,7 /d ’K/d) lespecm\elv

In this mlculamon the sum over G ha& been truncated to appro\lm&tel} 0500 pomts -

and we have choseu a quality tactor Q= °OOO It qbouid be nofe,d Lhed, for optlcal
transitions oﬁwmms @ can be much chrcrel per haps cxround 108 buL for such 1a1ge
values evaluation of Eq. (6.2) is not stxaxghtfom ard The dependencc Of thc band? :
structure on mthm the range Lhdt Bq (6 2) can be evalu&tod is dlscussed later It

can be seen that the dlspmblon relation around the atomlc rosonance w() lS drarnat

ically altered fmm the free*—space behavzor w(k) = c‘k due to the 111teract10n of ’rhe:

photons with the scatterers. Moze spemﬁcwllv ‘che calculatmn predlcts an absence of o
propagating states, or a photonic band gap, just below resonanc*o The Wldth Ag&p of' :
this gap is on the order of I'y, the bandwidth of the response of the scattem:& ;

It can be noted that the range of forbidden frequendéé along the ’lini.e' OX IS

much larger than in the other directions. Within the 1&119;8 of Q where we ale ablev': : i

to evaluate Eq. (6.2), we fmd that the gap width /_\mp ox /1’0 aong OX wﬁes hkei"

@Y%, while in other directions Amp /T'¢ 1is roughly mdependent of Q thsmallj) :

near-resonant plane wave of light incident on the optical lattice a.long the dll‘b(,tlon._ -

OX scatters off of planes of atoms normal to OX that are separated by a disvta.nce
Ao/2. The Bragg reflections off of consecutive planes therefore cons’cructwely mterfexe

with each other, giving rise to strongly inhibited propagation and a large gap in vt,hat
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f“s
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Plcrule 6:1: The band stricture near resonance for a simple cubic ophczﬂ laftice, w u;h T

nearest neighbor spacing d = Ag/2 and atomic qudllq factor @ =-3000.

direction [36].

The band structure calculation suggegts that nea;c—rebonm’r hrrht Wﬂl propagaxé’ L

and behave very dlﬁereml} in an opmcal lattice. In partwula,r 1f a 1a,1ge photomc_[
band gapA appcals one would expect a completc buppressmn of: spontaneous éﬁxssmn

for a “clefect” atom mtung} inside the 1att1c*c whose xesona,nt frequencv happans to sxbt‘
within the gap. Here, however, the Width of the gap is VEry Tarrow, n the ordcr of"
Ty, s0 \szmplo exponential decay dynanucs (e.g., as predlc"fed throu”h Felml 8 Golden

Rule) might not apply here. In addition, the band structure caleulation assumed a
purely real pohuaabxhty and thus neglected the cfbsorptlon or prIlt&llCOU.S em1§szon '
of the lattice atoms themselves, which might be eﬁcpected to be Signiﬁcam‘, 'around :
the resonance frequency wp. These factors motivate a quantum-mechanical treatment
where rhe interactions between photons and CLH atoms in the Svs*tem are fully taken

into account.
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6.3 Dynamics of atomic excitations in a lattice

6.3.1 Derivation of effective atom-atom Hamiltonian
In the band structure calculation of Sec. 6.2 we have ignored the a,bsorptivé part
of the atomic susceptibility, vet near resoﬁzmce one 'does not expecit‘absorptionz to e

be noghgxble Therefore, to fully Llcd,t the pmblem of adefect in a 1<1tt1ce We now .

introduce quantum equations of evolution for the sy qtem These equatmns Wll} 111clude L

both coh%‘en‘t interaction terms and absorpfion
- Specifically, we consu“]m a »unphfmd level svstem emd the problem of N 1sotroplc s

(J = O-—+J =1) atoms in an op’nc al Iattme ana,nfred m a 31mp1e cubm c,onﬁg,uratlon £

" From tlu& pomt We W 111 reier LQ these a’roms as the ‘1a,ttlce a‘coms We aaqume ‘an*.

, OCCUpELTlOI] of one lathca atorn per. 1a,’rt1ce {ﬂte and a,ssume that the ai;oms are Wcllfx

mthm the Ldlllb Dicke. regime, 1.e., they can betr eated a,s point pam‘lcles Gcnucxhza;—'f@ B

tion of these results to the case when one or more dofect atoms, atoms not located F

at lattice sites, are introduced into the system will bc, stralghtforwmrd The a’roms

are coupled to and can interact through ded;romagnemc field modes In prmmple T

1o solve exactly the pwblem of interacting atoms, one would have to start from Lhe,f ‘

full atom-field Hamiltonian and ‘(a,lxe into account not onlv a.ll the atomic degreos of:' -
freedom but the continuum of electromagnetic. ﬁe]d modes thch ig quitﬁ, a da,untmg : 
task, To simplify the treatment, we t,ﬁectwds ehmmate the phomn degleea of free-j:

dom using the Born-Markov dpprommatlon and arrive at an eﬁecmve (non Herrmtldn) i

atom-atom interaction Hamiltonian, which can be interpreted -as a dé:_scr.ip‘tion _Gf e_x- e

cited atoms interacting through their dipole fields. This standard teélqune has been
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used before in a variety of contexts, such as in the study of superradiance [158] and
the effects of atom interactions on laser cooling [159, 160].
First, we define the generalized raising, lowering, and excited state population -

operators for multi-level atorns,

= ol oh e
% - (az.m o e

. f!”',l ' ; T
qu(f{} = Z (Jgmg, IQ[JJH'F)‘Je’f7lev>jf<‘]:f/?r’fg"’_j'z"7 s (67)

e Mg ' : :

“where the polarization vectors are given by

S
by = T (RHiF), &0 = 2.

T

Here j mdmes the ators, e and g denote e\cned and glound states respectlvel“v me

and mg the magnetic quantuim. uumbu‘b of the o‘ccwcd and ground sta,tes dnd g \,hc,‘
polarization of the transition. We note that for isotropic (J, = O—J = 1) a.’coms
evaluation of the sum in Eq. (6.7) is trivial since m, = 0 and me = }_1.,'0, As deriiyed

in Appendix H, the effective Hamiltonian for our system is given by
KT | hPO ST
Heg = ——1———~9 Z B—‘ ol lia(kor;p)+ Blkorp)] - ode (69)

Here Iy = kjdZ,/[37eh(2J, + 1)] is the free-space spontaneous vemissi'on-mt‘e of a-
single lattice atom, ko = wo/c is the resonant wavevector, and rj; = rj — rj is the
relative position vector between atoms j and j'. The tensor ice(kor) + B(kor) has a

simple physical meaning, as it is proportional to the emission tensor at a location r
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from an oscillating classical point dipole [54]. Writing out these tensors in detail,

. 3 L. Sinp 3 ... /cosp sinp P

(p) = 2(I— P2 - ~ ,
alp) = Su-pp L4 Su-apn) (SE-E), 10
PO 3 Lo cosp 3 oe a0 cos o
Blp) = U —pp) i =1 —3pp) ( p.f + pf) : (6.11)

6.3.2 Effective Hamiltonian for a -s_ystém' W’it:hdefectsu;

Eq. (6.9} gives the etfective Ha:milmnia,n for a set of N 'identica.l interacting lé;ttice :

atorns. thmmtol\ we will want to study the ploblem of a svstem of lexttlce atoms

,mteradmg with one or more- defect atoms, Whlch do not sﬂ: at the 1&tt1ce sn.es e

In plmmpie these defect atoms. can have a resondnoe frequency wd dlfferent from.. =

that of the lattice dtOIl’l& as well a,s 4 dlﬁel ent free-space Imemdth

assuine, however, that the defect a’coms al%o can be trea:bed as pomt paxtmlos' '.a,nd e

are effectwelv two-level atoms Wlth polauza,bzhtv along Z. We furt

hermore assume et

that we are dealing with atomic systems whose charactamstlc lcngth scale L satlsﬁos Qs

1(ka = ko)] L1, : o ’ -,?_-,(6.12)

. the phase error incurred over a length L by replacmg kd = wd/c Wlﬂl kg s

negligible. Physically this assumption nnphes that over & 1enfrth L one is not a,ble to

chstmomah between the spatial ernission pa,ttex ns of dlpOlC‘\ at frequencxes wg and ud T

With these assumptions, Lho effective Hamﬂtoman of the sv%fem of 1&Tt1ce and o

defect atoms becomes a straightforward generalization of Eq. -(6‘9), -Deﬁning the
parameters 7 = I'y/To and § = wg — wo, the effective Hamiltonian H, for the ent’iréf

atomic system with Nd d(a‘fevt% in the rotating frame becomes

AL fgT
H, = ﬂ._l._?ﬁ WT(m»f il ")Zagg

=l
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05" o, - lhonse) + Blkoris )] - o
Jsty

h/Tr
1\/_ 0 Y ol - lialkorsm) + B(;‘Urﬂ”)]

Jm
h /ﬁTO m Lo
__}T— ;n: O‘ ka(kor"’a}) + ﬁU'OI mg)} %e
il S
L7] 0 Z aeg 7(}(]10rmm +ﬁ(L0r,,,1n,)} ;;‘ (613) o

where m, m/ and J,j' are m(hc es for Lhc defect and lattice atoms respectwei Foru

the two—]g\ el deic,( 18, Lhe rcusmg opcratoz is deﬁned as
eg T Ceg

W hﬂe the e\uted state operator o, s deﬁned in the obvmus Way

Eq (b 13) g gives us a starting pomt for »tud}’mg the Propertles of a dcfect mmdef" i

an optical Iat:t-lce, 'takmg fully into account decay mec:hamsms.

6.3.3 ReéonStructing photon Stateé from a‘tvbk'micy dynamlcs -
Although we have eliminated the photon degrees ‘bf 'freedéiﬁ to arrive at the ef-
fective atorm-atom interaction 'Hamiltonian of Eq.. ,(6'.113), mprmmple it is possﬂﬂe '
to reconstruct the photonic st’i.te from ‘the atomic va;riabi:eér The motnatmnsf@r
caleulation of the photomc %ate mclude ﬁndmg the field mmftcd b\ a defect atoﬁx'
calculating the emission pattem outslde the 1att1ce and . denvmﬂ an cffe,ctwa mtar; :
action between pairs of defects. We thus now derive .tl‘xe»single—pl'lot;on wave funct’ioﬁ
for a system that be;:,ms with just a single excitation.
The wave function of an atom/field system that begins with a single excita-

tion can be written as a superposition of states consisting of a single excited lattice
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atom (|ef) Eagg(q)G}) a single excited defect (Jen) = 07|G)), and a single pho-
ton in mode k. (Ilv;{»,u_}zawaG))} where the state |G} consists of all atoms in their

ground states and the vacuum state for photons, We can then write

l'Lj{J(t) Y\ C; + Zcm I) 8m> + ZCk#(t)‘lks“ : (615)

e kg
The evolution of the amplitudes ckyp{t) is governed 'by: an atom/ﬁeld interaction
Hamiltonian given by
| QE:S-*—O e T
Hy==) ) hg (o, Ercn) Gk we=H — E E th ek#) ak”e‘ o -{— h (
=1 k,u . m=1 X, :

where g9 and ¢ denote the field coupling constants to the 1dttlce 'md defect ca;oms :
respectively. In a frame rotating a,t .yfrequency,wo, Eq (6;16) V1elds Tfhe" vvolutlonf

equations

8 g e
grokalt) = —ilw k*wa}fk;»(t)ﬂL?QkT(ﬁqffk,u).‘??.(jt)? el
- e

If the photon states are initially unexcited at ¢ = 0, Eq. (6,17)6311 be formallly’r
integrated to give

. ._;  :
01\“(1‘) = 7/ d,/_e~7?(wk——wn)(i T) I:DZ Eq fkp) q<,r —zkrj+ o

0 350
DICEREUE —
m : - ’ :

The single-photon wave function is defined as

(r,t) = Z<0[gsk,,,.ék,,,c;k,,le”k'*‘(f¢,f';_(~»¢)>= ! 6.19) -
” i
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where &, = /Fwo/2¢60V is the “electric field per photon”. Substituting in the results

of Egs, (6.15) and (6.18) into Eq. (6.19) readily yields

U(r,t) = B—\c,kyfwe / dreHwrmen)i=") {GZ(eq Eu) C T)e Hory 4
kgt _

™m

Eq. (6.20) is formally an exact expression for the photon Wave functlon but ca,n be &

difficult to ev (ﬂudic under ar bnmrv conditions. On the othex hand when ‘che atomic 5
@ i

mnphtudes vary slowly in tlme thov can approxnnately be puﬂed out oi the mterrral

glc (50 ! Ek,,u) ‘fm(’r)c—‘k rm} . | ‘ (C 20) ‘

In nhb case, the sum and time mtegral Are smnlar fo those uscd in the denv mon of S

Eq. (6.9), and one finds That the smgle—photon wave funci:mn (m dlmenslonless umts) e

is
Uy = Zc‘? i (ke — 1)) £ 8 Ul = )] 5 + |
’vZCm mako<r—rm>>,+/3'<fﬂé-‘(r+’rm>>1?éo;>. e

where we have used the fact that gku /9%, = VT

6.4 Properties of a single 'def:ect

6.4.1 Decay dynamics

We now consider the properties of a single defect atom initially excited in the
optical lattice, with all the lattice atoms initially in the ground state. We are partic-
ularly interested in the case where the detuning § = wy — wyp is chosen such that the

defect frequency lies within the band gap, and n = [y/Tek1, so that the .f:ee~sp'ace
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linewidth of the defect is much narrower than the gap width. Furthermore we restrict
ourselves to studying defects that occupy points of high symmetry in the lattice, as -
shown in Fig. 6.2. Having derived in Eq. (6.13) an effective Hamiltonian that describes

both coherent interactions and decay in the lattice/ defect system, .there a?fe 'ﬁowftwo. .

possible approaches to obtaining the defect propertleb The: ﬁrst approach is 1athel

intuitive and mvolves numerlcal mcegmtlon of the Svs’oem evolvmg und _tH whlch =

we will bmeﬁy discuss in this subseczlon Another appz oa(.h 1s to ﬁnd the rcsonantsi o

-modes of thessystem under Hy, w hlch we mll dls(,uss in fhe followmg subsectlon The

results obtained by each approach closely agr ee, although in practma the method of :

. resonant modes mvoives less computamon time and is used more extenblvelv hele‘ 'We_'-: -

thuq defer a more detailed discussion- of the phy%lcal 1esu1t< untll Lhe next subsechon -

whlle 111ust1atmcf the zesu}ts of numencal mtedramon here -

Figure 6.2: We consider the properties of defect atoms sitting at several pc»mts of hlg,h -
symmetry inside the lattice. The circles denote lattice atoms, while the d1amonds :
denote the different positions of defects that we consider.

It is at least in principle straightforward to directly obtain the time evolution of -
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the system by nurnerically integrating
0 () = k [&(t) | (6.22)
gy ¢\ = AL SR M

We will consider the case when the defect is initially cxmted W hﬂe the 1att1u; atoms axe’ '
initially in the ground state. Because such a svstem contains at mcm one emltatlon =

the atomic wave function can be written as

3

) = Y S0 vedled, (639
with ¢4(0) = 1 and <10y = O, and the chﬁ:ution equa:t.ioné for ,théi»stégte a{mpli{'\tid.es:
under H, are réa,dﬂy‘ found to be
X To — L
¢t) = __.__Lq(f} + Z (zﬂ(kgrm) cx(kgrﬂ )] »,(?g:/C?((:_ff) e
fory e

A i) - alborid] dedd S
Ceglt) = = (Qgﬂ +1é> cd(z‘ —}—f 2‘50 %ﬁ I»Qrdj) oz(kor@)] ch§(1‘)(624)

e

To illustrate the dynamics of the equamons above, %VG wnsuder a é} rstem: consxstmg'
of a single defect occupying the symmetry pomt Pl as 1llustrat;ed in I’w G 9 m :
a finite-size lattice of N=8000 afrom% mth a chosen de’runmg, of 5 —0. 5I‘@ ;md :
n = 2x107%. The population of the excited -staite' of the adeiec*t; {cd(t)l, ;s plotted;in»’
Fig. 6.3a as a fU.IlCthll of time (solid line), with ’che decay rate in free space plotted '
as vsell» {dotted line) for compamson It can be seen Lhat bpontaneom emlssxon IS ‘
significantly suppressed for the defect w hose frequency resides 111s1de ’rhe band éap
even though the dynamics have a dissipative cc;mponent F1ttmﬂ the decw o axni
exponential vields a suppression factor of appr omma\“elv 315 1ela,t1ve 1o .{ree space

The suppression factor does not appear to lmprove signiﬁcantly with smaller n or
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Figure 6.3: a) Population decay of an initially excited deJ:e(t inthe lattlce (sohd me) o

vs. free space (dotted line), The lattice is composed of appr oximately 8000 atoms,

with defect parameters n = 2x107 ~4 a,nd 8/Tg = —0.5.Db) Suppression of: spontaneoue:_ o
emission in lattice relative to free. spacc as a function of defect posmon and detuning. £

The defect positions correspond to points of high symumetry, as: shown in Fig. 6.2. The e
solid line corresponds to a defect at P1, the dotted line to: P2 and: the d%hed line
to P3. The suppression at points P4 and Po are nwhgxble cmd are cmit’ced fmm the =~ -
plot. ; : B .

larger system size, and thus is apparentl? limited by abéorrptio‘n in vvt‘he -sySiem. W hﬂe £
this example clearly illustrates that the dynamics can be obtamed by stra,lgh‘rfom a,rd»'
numerical integration, in practice this method can be time ezhd,uatwe if 7 is smzﬂ] H
which creates a very 1a1ge separation of time scales be‘rween the ldttlce a.nd defectf}_‘”‘“

atom <ynamics.

6.4.2 System resonances

Tt is also possible to munerically calculate the spontaneous decay rate without

integrating Eq. (6.22), by finding the eigenmodes of the differential equation. In-

.
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particular, we are interested in solutions of Eq. ( 6.24) of the form

C;{‘n('t) = 5_(71“+iw“)t0§’.,1_(2‘;),(
Canlt) = ey (0, e

W hme n labels the different elgenmode qolutlons For a S\astem of Z\ lattlce atomé
and one defect, there will in creneml be 3!’\’ + 1 solumom to Lhe eqﬁcﬁlon 'yn @nd Wy
give the decay rates and energies of mode T respcctwch

\‘\e btlﬂ focus on the regime where 7 = T'q/Do<L. In this rcmme the cha,l acfeﬁsﬁc:
funa scale of the clefed is much longer ‘than thmt of the latmce atoms f’-&s A 1(3111’& :"

1el&t1\e to the time scale of tht defect the 1clﬁ}l('€ cu;oms mll reqpond a.nd ethbratc

almost mstanmneouslv to the defect’s: d\ naxmcs hqmmlently one expect% Lhe lattme, f

atoms to cu(ha,batu,alh follow the dyna,mlcs of the defect in thls hnut ’\rIoreover the
response of rhe lat tice atoms should be pmportlonal £o" the ﬁeld elmttcd b“y the defect
e., proportional to /7. l\i[athema‘mcrxﬂy we are thub mnerested in imdmg resonances’
of the form | | e | e :
| ch.(t)wd‘?ﬁ/v_cd(t')f,v: v S ” 6 G (626)
“which correspmnd physically to the ﬂtucxtlon dcscmbed a,bove In genera.l onls ouelir
of the eigenmodes LOI‘I&SPOIldb to a 5;olut10n of the form’ of Eq. (6 96) w hﬂe fhe :
others can be viewed as pe’rturbat’ions of the eigenmodes 'of a la,ttlce mt;homt the
defect. The elgenvcnh;{(, corresponding to t,hls ezg,enmode glves us the deca} rai:e of :
the defect in the lattice. The results obtained bV this method agree well Wlth those
obtained by numencai integration of the dvnamlccxl eqlmtmus In Flff 6. 3b we plot
the suppression factor T 4/Tq of spontaneous ermission rates in the lattice ’(‘Fd) relative

to free space (I'y), as a function of both detuning and defect position. In these
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numerical simulations the lattice contains approximately 10% atoms. It can be seen
that the optimal suppression occurs at point P1 (see Fig. 6.2) around a detuning
5~ — 0.5, for which the suppression factor is calculated to be 35.2. The suppression '

factor does not appear to change significantly by choosing larger system sizes. Nor-

does it change significantly by choosing smaller %, which is to be expected if the

lattice response indeed scales 1,i.l;e-Eq. (6.26). Thus the li.mi:ﬁs'to Suppression are 1’11(61&3 e

a result of absorptlon That a,bsmptlon fxom the sunounchrw l%thce unpcscs a »mltz: o

on mhlbﬁ%mn of bpon’cdneous emission can be under%ood from e (laablml stcmdpomt,

Classically, spontaneous emission (01 powm loss) fmm a chpcﬂe can | be mterpreted i

as the resu t of interaction between Lhe dipole zmd the m-quadrature pmt of the o

electric ﬁeld at the dipc>1e’<; location -[’161] In the presence of the latmce the total_:k'

field consists of both the self ﬁeld of the defect and a, ﬁeld reﬁc,cted from the httme

Complete inhibition would occur 1f the c"ontrlbumonq [rom tho 5elf- and Ieﬂccted ﬁelds ':, .

cancelled pmf(,cth T the lattice were purely: dxspublve the 1eﬂect1vxty of the lattlce t S )

could approach unity mrhm the ba,nd gap. When ab%mptlou is present however the”l

reflectivity can saturate at \/alnes below unity even When the dlSpClSlVe part of the o

susceptibility provides a band gap.

In om system, absorptlon by the lattice only occms When thete 15 some ﬁeld mten—, o T

’;

sity at the lattice sites. One then expects that the a,dverse effects of absorptlon (an - Sl

be minimized when nodes of the field emitted by the defect tend to fprm amund these :
sites. We can confirm this by using the calculated resonance amplitudés {cf:q(it' cm(t} o
and Eq (6.21) to find the emission pattern. In F1g 6.4 we plo’r the ﬁeld mtensmes

I(r) in the z-y plane caused by an excited defect at pOlIl‘Cb Pl zmd P7 In ea,ch ca&e
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Figure 6.4 §5 The field intensity (r) (in arbltrarv umts) in the L-l/ plane c«reated;
by an excited defect at point P1in an optical lattice. The ongm is deﬁned as the.

location of the defect. The field intensity is- calculated at points —Q(n, Ny 0). In this =

case lattice sites coincide with odd n, and even n,. The pomtiomng of field nodes

“around lattice sites minimizes the effect of absorption by the lattice. b), Same quantity i i

for an excited defe< t at pomt PQ Here lattice sites commde Wlth odd nm a,nd odd Ty

the defect is chosen to lie at the origin.. Bécaus'e 'thé*ﬁeld' 'd'i‘irérgesiés‘dne éppfo"aéhesr i

point dipole, numerical caleulation of the field is restmcted to pomts P € (nw, n : Q), '

where n,; are integers. Furthermore, we do not include the dl\fel gent self~ ﬁeld of an'-'_ o

atom Whose lo&mon coincides. m‘ch P. Tt is also helpful to conmder the quanhtv“.fq.-”f’ -

“I (r) fcn each conﬁgumﬁon which We note approachea a" wnstant for a dlpole m").

free space as r — o0. Plots of TQI (r) in the :U y plcme for defect locatwns Pl and e

P2 are plotted in Fig. 6.5. I’c is clear from the ﬁgures that the ﬁeld appears fo be 5:';ff‘f

1ocahzod around fhe defect. Fur’thermore nodes in the ﬁeld tend t0 be 1oc,ai;ed amund i

lattice sites for a P1 defect, which explains how spontaneous emission can be stronglv
suppressed despite absorption from the lattice atoms. It is also cle&r that the he}d-
_ ig highly anisotropic in the z-y plane, Lmlike the free-space 'case.‘ ‘This sugg'ests th&t il

the emission pattern outside the lattice will be anisotrapic as well. In Fig. 6.6 we
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Figure 6.5: a) The quantity r27(x) (in arbltra,rv umtb) in the :z:—y plane for a defect
located at P1. b) The same quanmtv f(}r a defect loc(xted at P2. N £

evaluate Eq. (6 21) fora P1 defect to fmd the ﬁeld 1ntensu:v out'%lde the lattlce Thb -

mtensn“v is highly focubed along the z- a.ms as We ﬁnd a dlI'eCTAVItV cf a,ppromma,teh ai T

50 as Compared to an isotropic osc*llldtor

6.5 Long-range cduplirig of mliltiple deifé_éts'f" | L

It is well-kmown that two a,toms in free space can coheren’rlv exchangé exc 11:at10ns' ‘
with each other through resonant dxpole-dlpole m‘cera,ctlons [1 6] However in freev::v -
space the population oscillations are destroyed by spontaneous emigsion exce;pt at
distances much smaller than a resonant wavelength Ag. ‘v

In an optical lattice, however, spontaneous emission of a defect ‘atOm can be '
strongly suppressed while a field localized to several Ag forms around it. This 1'aiisés the

possibility that an excited defect atom may be able to coherently eis:t:hange excitations. .



Chapter 6: Quantum electrodynamics of defects wn an aptica,l' lattice 149

Figure 0.6: The field mtens:tts (m arbxtra.ry umts) seen ,outsxle the 1aﬂ:1ce for an
excited P1 defect. 6 and ¢ refer. respectwely to the polar and. azunuthal a;agles in
spherical coordinates. The mtenaltv is concentrated along 6’ = / gb 0 (the -axis

with a second defeot pmwded tha’t they are’ 1ocated Wlthm a locahzamon 1eno“th of o
each other. In this section we seek to- qua,ntlfv the mteract:on and decay me{‘hamsms
of a pair of dcfec,ts denvmo an effecme Ha,mﬂtom(m mvclvmrr orﬂ) the defect dorfrees : :

of freedom and caleuiatmg the ﬁdeht} of the exm’ra’non transfer p1 ocess

Specifically, we are m‘ferested in the dyna,mmb Of two defects m a lattlce wrth

at most one exmtamon in the ent1re system Thef%e condltions .aze qulce slmﬂar to &
those of the single defect problem studied in Sec 6 4 and those mothods could be
extended to study the problem of two defects One expects th&t there Wﬂl be two.

eigenmodes corresponding not to individual excitations iea) or [eb> of fhe defe(/ts but

to symmetric a..nd anti-symmetric guperpositions:

S) = (e +led VL ()
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4 = (lea) = le)) /V2. | (6.28)

Because of the computational resources required for these methods, we instead intro-
duce another method for caleulating the energies and decay rates of the states |S)
and |A4). This method utilizes the well-known result that level shifts and emission
rates can be calculated classically based on the interaction of a dipole with the total
field [161]. Specifically, when a single oscillating dipole de~®u! at position rg is in the
vicinity of some passive mediwm, the total electric field E(r)e~v can in general be

.
written as the sum of the dipole’s free field plus some reflected fleld:

E(r) = Ef(r) + E.(r). (6.29)

\

The in-phase component of the reflected field causes a shift Aw in the resonance

frequency of the dipole, where
Awx — Re{d EX(ry)}. (6.30)

The decay rate T of the dipole is affected by the in-quadrature component and is

given by

[

I' o« ~Im{d-E*(re)} (6.31)

It should be noted that the term Im {d - E‘;(ln)} is responsible for the free-space
decay.

These results can easily be extended to find the energies and decay rates of a pair

of defect atoms in states |9) and |4) sitting inside an optical lattice. We suppose that

the de are located at r, and r,, and we continue to assume that n<1. When only
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a is present in the lattice, the lattice atoms adiabatically follow the state amplitude
ca(t):

()] o y/NCalt). (6.33)

Similarly, when only b is present,
BN Y e ( ¢
c(tmad p/me(t). (6.34)

When both atoms are present in the limit n<1, the total lattice response is just a

sum of the ifidividual responses,

) = af wyMealt) + af py/Mes(t). (6.35)

We note that the quantities u” have been numerically calculated in Sec. 6.4.2. ag
and u » can be obtained by translation, and errors due to finite lattice and boundary
effects should be negligible for sufficiently large simulated system size.

Having obtained an approximate solution (6.35) to the response of the lattice due
{0 a pair of defects, we can use Eq. (6.21) to calculate the total field of the system.

Substitution of BEq. (6.35) immediately vields

U(r,1) = \”ﬁyniﬂ (1) e (kolr — 1)) + B (ko(r — 1)) - &

-+ Z ¥ ;,f[, it (A( (i‘ — I's ” ,6 (lﬁo(l’ - I’J,)N . {ffq
}Cu\f} 1[ (f'fo( — Ty} ) + 3 I"O( ru) ] €y
Foy(1) Tice (ko(r — 1)) + B (ko(x — )] - @0} (6.36)

VT {ca()Wra(r, ) + () Wrp(x. T)

1l

+Co ()W 5 alr, 1) + () Ty p(r, £}, (6.37)
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where in the last line we have separated W(r, ¢) into the reflected and free flelds due to
a,b. Having found the total field, it is now possible to calculate the shifts and decay
rates of [S) and [4). Tn the symmetric state, ¢, () = ¢p(¢), while in the antisymmetric

state, c,(t) = —cy(t). Application of Eqs. (6.30) and (6.31) then gives
Awg.4.

Pd
F y = Y 3 ; ", Ty »~ 7

1:““‘ = o Im (v 1)+ W (ra, )T (ra, 1) 2T 14 (1, 1)} - €0, (6.39)
i

= -Re {\Pr,ﬂ-(ra: t>i‘gjr,ir(1'car t :)iilyf,b<ra: f)}* ’ éO: (638)

J

where we &iave scaled the energy shifts and decay rates in terms of the free-space
defect decay rate I'y.
It is convenient to group all of these effects into a single effective interaction

Hamiltonian involving only the defect degrees of freedom, which takes the form

- hfd i ‘ @ )

T m ; - = a
Hy = -?'—_’7_- Tee ) L Cmm! + 3 m,m’} T onts (G4O>
T =1 T meEm!

where 'y is the decay rate of a single defect inside the lattice, while aypm and Gumy
describe the pairwise interaction strengths between two defects m and m'. The former

while the latter accounts for the energy splitting

accounts for cooperative decay,

Y
£
/

between |S) and |A

In Fig. 6.7 we plot Fom and |Fom| as a function of the spacing m between defects.
Here the individual defects ave assumed to have detunings ¢ = —0.5I"y and are located
at points Pl in the lattice along the z-axis (see Fig. 6.2). The distance between two
defects is thus mAg/2. It is evident that |u,| decays exponentially as a function of the

B(r)|~r~1. At separations on the order of a

separation m, unlike in free space, where
fow )y, the coherent coupling strengths are several times larger than the decay rates in

the medium, which implies that an excitation can be transferred coherently between
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2
R

Figure 6.7: Bom (solid line) and |Fon| (dotted line) as a function of defect separation
m. The defects are assumed to have detunings § = —0.5g and sit along the z-axis
at points of the type P1.

defects several times before it is lo§t to decay. It can be verified that the coupling
strengths at this separation are not much larger than those in free space; in other
words, this coherent transfer is made possible by strongly suppressed spontaneous
emission. In Fig. 6.8 we plot agm as a function of m. One can see that cooperative
decay does n(ﬁt play a significant role beyond a separation ~ Ag-

We next numerically calculate the fidelity of the coherent transfer process. In
particular, we assume that a pair of defects a,b sit at a separation mAg/2, with a
initially excited. Under evolution of Eq. (6.40), population between the excited states
le,) and |e,) are imperfectly exchanged back and forth until the system completely
loses its excitation. In Fig. 6.9 we plot the maximum population that is transferred
to defect b as a function of the spacing m. For m = 1, the probability of successful
transfer to b is over 90%, and the fidelity remains quite high even at a spacing of

several Ag.
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Figure 6.8: agn as a function of defect separation m. The defects are assumed to

have detunings ¢ = —0.5T and sit along the z-axis at points of the type FL.

6.6 Discussion

We have shown that under certain conditions, an optical lattice can act as an
effective photonic crystal medium that strongly suppresses propagation of light and

sportaneous ernission of defect atoms inside, even when operating near the resonance

o

frequency of the background lattice atoms where absorption cannot be neglected.

The suppression of spontaneous emisgion is accompanied by the formation of a local-
the possibility of coherent coupling of defects

ect and allows

ized field around the de

separated by maay lattice constants.
1 above, we have relied on introducing defect atoms whose

In the theory presentec
coupling to the electromagnetic field modes is much smaller than that of the lattice

small 7). In practice, instead of introducing some different atomic species

atoms (e.g.,

with & small natural linewidth, one could simply use a Raman process to reduce the
effoctive linewidth of the excited state [e). This can be accomplished, for example, by
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Figure 6.9: Maximum population transfer from an excited defect to an initially un-
excited defect, as a function of distance mAq/2 separating the two defects.

initializing the defect atorn in some metastable or other ground state |s}, and using a
weak external field to slowly couple it to |e}. Furthermore, while we have considered
theoretically a two-level defect atom for simplicity, in reality these atoms could also
be defined by some different magnetic quantum number from the lattice atoms, which
would allow the use of fields with spatially varying polarizations to trap the lattice
and defect atoms in different locations. E}%‘(:meles of such field geometries can be
tound, for instance, in Refs. [163, 164]. Finally, we note that advances in areas such
as patterned loading {152] and loading of lattices with reduced site occupation number
defects [165) may put the creation of a lattice and defect system within experimental

reacht,



Chapter 7

Controlling frequency shifts in an

optical-lattice based atomic clock

7.1 Introduction

The development of increasingly accurate atomic clocks has led to many advances

i

in technology and tests of fundamental physics. In the search for the next genera-

tion of clocks and frequency standards, there has been considerable interest in using
alkaline earth species because of their narrow intercombination lines in the optical

I3

spectrum |

66). In order to achieve a high level of short-term stability and long-
term reproducibility and accuracy on the clock transition, it is desirable to have a
large tumber of cold atoms located in a trap for an improved signal-to-noise ratio
(§/N) and for a reduction in resolution limitations and systematic errors caused by
atomic motion. Although with a limited S/N, single ion-based systems do effectively

eliminate Doppler and other motion related systematic errors when the single ions

156
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are confined in the Lamb-Dicke regime [167]. For neutral atoms it is important that
level structure changes due to the trapping potential do not alter the relevant clock

transition frequency. Such a scheme has been proposed by trapping alkaline earth
atoms in three-dimensional optical lattices tuned to a magic wavelength where the
relevant states for the clock transition experience exactly the same level shift [49].
The 1So(F = 9/2) — *P(F = 9/2) forbidden transition (Ao = 700 nm) in ¥8r is in
particular a promising candidate for a lattice-based optical clock transition because
of the leag lifetime of the excited state (~160 s) and the insensitivity of the J =10
states to the polarization of the trapping light [49]. Already there have been efforts
towards the cooling and trapping of ¥Sr [168, 169, 170], and recently this transition
was directly observed and measured for the first time [171]. Calcium, another alkaline
earth atom that has been studied extensively as a frequency standard [172, 178], may
be a candidate for optical lattice clocks as well.

In the case of NV independent atoms, one benefits from a VN improvement in
$/N in spectroscopy. However, atoms frapped in an optical lattice can interact
through dipole-dipole interactions and cannot truly be considered independent. These
interactions can manifest themselves as shifts in the observed transition frequencies.
Because of the spatial ordering of atoms in a lattice and the potentially high atomic
density, it is possible that the interactions may add constructively to produce very
large frequency shifts. One might expect then that dipole-dipole interactions can be
much more severe here than in, for example, atomic fountains, and thus place serious
limits on the accuracy of an optical lattice clock if not accounted for. On the other

hand. it might be possible to design lattice geometries where this shift is reduced or
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cancelled. In §Sr one chooses a magic wavelength for the trapping lasers such that
the shift on the clock transition due to the first-order ac Stark shift is cancelled [49].
However, one does retain some control over the latfice geometry. Here, we show
that by varying the lattice geometry relative to the actual wavelength of the clock
transition we can quantitatively control the clock frequency shift and even reduce the
shift to zero.

This chapter is organized as f(:)llowé. In Sec. 7.2 we derive equations describing
the evolutien of an atomic system with dipole-dipole interactions. These equations
are derived assuming that the atoms are in the Lamb-Dicke regime, with one atom
or less per lattice site. In Sec. 7.3 we give a brief review of Ramsey spectroscopy
and solve for the dipole-dipole line shift using perturbation theory. We find that
the shift can be partially understood in terms of the classical interaction energies
between oscillating dipoles. There is a contribution to the shift that is zeroth order
in the interrogation time #, which is due to imperfections in the Ramsey pulses.
Even v\'it;h']:werfect pulses, one ﬁtnds a shift that is first order in ¢ that results from
spontaneous decay of the atoms. Sec. 7.4 discusses how our result for the line shift can
be generalized for systems with imperfect filling of the lattice sites and for multilevel
atoms. In Sec. 7.5, we analyze how the line shift can be reduced by choosing an
appropriate lattice design. Experimentally, one has control of the orientations of
the trapping lasers, whose degrees of freedom are characterized by aset of variables
{o}. We give an analytical equation that can be solved giving solutions {ag} where
constructive interference causes the line shift to be very large. In these “bad” lattice

configurations, the magnitude of the shift scales approximately like N¥3. Quite
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generally we propose that by tuning the parameter space {a} to lie in between two of
these bad configurations, one can find “good” configurations where the shift is nearly

zero. We illustrate this result numerically for one particular lattice design.

7.2 Equations of motion

To treat the problem of interacting atoms in a lattice, we consider N two-level
atoms i tl\’ﬁxLz—;L.mb—Dicke limit with polarizability along the z-axis. A simple model
of the systern consists of treating the atoms as point dipoles, and we further assume
that there is one or less atom per lattice site. This corresponds to a Mott-insulator
state for bosons and an insulating state for fermions. Starting from the full atom-
field Hamiltonian, we eliminate the field in the standard way using the Born-Markov
approximation (see Appendix H). This is valid provided that the atomic system
evolves slowly on timescales of the correlation time 7, which is of the order Ljc
where [ is the linear size of the system. As a result of eliminating the field, one
finds an effective equation of motion for the density matrix p of the atomic system.
Atom-atom interactions then appear through an effective Hamiltonian Heg as well as

through a non-Hermitian operator L:

dp 1 .. . -
5% = 775 QH() -+ Heg, /)_] -+ f[/)j ({,1)

Here, Hy is the atomic Hamiltonian for a non-interacting system. Writing out all the

termis in detail,

(,),f) 1 Wy . 1D X - -
a5 = ;Zb%p}_—;}:g(krw) o050

a azth
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r R v : o
44444 ‘i" flkrap) ({a;a;,p} — 20, pay )

[+ b
— g Ya ({0505, p} — 200 p07) (7.2)
a,b
where
vy ;e
o 3 sin v . [sinv  cosw
flvy = = (%m H————— +(3cos? 8 — 1) ( — )) .
v N 3 z d
2 L 72
3/ CO8 U 5 cosy  sinw
v Y +(3cos2 0 — e - aQ°
glv) = 5 sin? 0 " (3cos™ 6 — 1) 3 + 2 , (7.3)

and 0 is thegngle that v makes with the z-axis. Aside from the 4 term, Egs. (7.2)

and (7.3) are the results derived in Appendix H when applied to the simple case of a
(:c;ml}et:tig:bl'l of two-level atoms.

The first term on the right-hand side of Eq. ( .2) corresponds to Hy. o} is the
population inversion operator of atormn a measuring the population difference between

the excited and ground states, and wg is the resonance frequency of the dipole transi-

tion. The second term corr nds to Hue Here, I = kid?/3weofi is the spontaneous
decay rate of a single atom, where &y = 27/ /\0 and d is the dipole moment between
the ground and excited states. o is the atomic raising operator on atom a, and g,
is the lowering operator on atom b, One then sees that the effect of dipole-dipole
interactions is an exchange of excitation between pairs of atoms. One can also see
that the strength of interaction is modified by a functioh g{kry) depending on the
distance and orientation between two dipoles. It is to be understood that k= kp
in the functions f and g. The third term on the right corresponds to £ and also 1s
due to dipole-dipole interactions. It too depends on I' and has a position dependence
described by f(kre,). Physically £ describes the processes of both independent and

cooperative decay. Finally, we have also added phenomenoclogical dephasing through
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example.

From Eq. (7.2), one can derive equations of motion for any atomic operators. For
our particular application of Ramsey spectroscopy, we find it necessary to solve for
the coherence (o) and the two-atom correlation {¢ioy). Furthermore, to remove

the rapid oscillations due to wy, it is convenient to work in the frame rotating with

the probe laer frequency v, where

OloT) . T4, .. T, » .
T - —ioloy) - —5—log) T 3 ‘ (flkrap) —iglkrap)) {oioy ), (T4)
bita
Nozoy) I 1 A NV A o :
dewon) - - (oTw—) (5207) — T{ay) = 5 (kra) + iglhrar)) (o)
~Tflkrw)loyof) Z (f(kroy) — iglkry;)) (o Uba
J5a,b

—I > (flkrey) +iglkre;)) (o707 07 )

jFa.b

~T > (f{krey) — dglkrey)) (070707 ), (7.5)

iFa.b

and & = v — .

7.3 Ramsey spectroscopy

7.3.1 Basic principles

We now analyze the effects of atom-atom interactions on Ramsey spectroscopy.

Starting from the ground state of the system, suppose that one applies a strong probe
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pulse to the system, given in the rotating frame by the Hamiltonian

H= ik (ofe™r ~ ore ey (7.6)

a

i

where O is the Rabi frequency. For simplicity, we have made a plane-wave assumption
about the probing laser, taking k to be in the positive ¢ direction. We also assume
that kasky, and suppress the subscript in future calculations. We can do this if the
phase error ¢8Lie gver the length of the sample incurred by making this agsurmption

is small. Applying this pulse for a time 7 evolves the system through the unitary

b
operator
_ ® cos ST gt gin )7 ‘
U= H (7 {)
@ —e e gin QO cos{ir

to the state

i) = H (cosirlg) -+ e gin Qrle)) . (7.8)
@

i) evolve for an interrogation time t to p(t), applies

In Ramsey spectroscopy, one lets
the inverse unitary operation UT, and then measures the signal 5 = (5>°,0%) on the

final system p;. S corresponds to the total population inversion. We can rewrite S

S = T Z U (U
!
= T (Z UciUp(t)
NoQ
= cos207(S 0%y — 2sin 2Q7Re (3, et gy, (7.9)
where the averages denoted above now apply to the system p(t).
In the case of N non-interacting, independently decaying atoms,
o2y = —l+e Pl — cos 2007) (7.10)
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(g0} = osin Yo~ (/2 (7.11)

which gives a corresponding signal
T LA 4 =T —It 2 ~Itf2 2.2 e O 3 o ye
S=-N(cos207 (1 —¢ " +e M eos? 207 + e % sin QQTcosét) . (7.12)

One can see that there is a peak in the signal around § = 0. Determination of this
peak allows one to find the frequency of the transition. One can note two important

points about S. The contrast in S with respect to § is maximized when a “perfect”

: K’i;% b . o) M 5 i 2
7/2 pulse is applied, i.e., when Qr = 7/4. Furthermore, the contribution to S due to

{(¢?) in Eq. (7.9) is independent of § and thus plays no role in determination of the
Tal SRS A
resonance line. Thus, one is motivated to define an effective signal S that consists of

the part of S that is actually used to determine the line:
S = —~2sin207Re(y", e o). (7.13)
The equation above states that from a theoretical standpoint, determination of the

resonance line by measuring the population inversion after the second Ramsey pulse

is equivalent to measuring the real part of (e%*57) directly before the second pulse.

7.3.2 Effect of interactions

Solving for S exactly in the presence of dipole-dipole interactions appears to be
quite a difficult task. Our approach then is to solve for S as a perturbative expansion

in T'. In particular, we use the expansions

) o= (059 1T £ e ® - o), (7.14)

oy = lozor) O + T(ozo)M + O(1?), (7.15)
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and equate terms of equal powers of I in Eqs. (7.4) and (7.5). Here, we have solved
for (o7} to second order in I, which requires us to solve for {gZoy) to first order in

I". The solution with appropriate initial conditions is

{o7) = 5(3“""‘“”‘ sin (207 )e /2N {1 5 —(1+ )+ : 8) (14 Ca)+
Q,},Q Z (f(\;‘nrab) - ‘Q“‘rab)) ( Xzzb / [ — 2B ( AAAAA JT' 7yt = 1)) (716>
T b

where

3 1 ..
Jﬁzk(h T} OS(QQ,\ 4z 1#:;\1'.,—11?;,)

4 2
1 .
~.Lz (f{kra) + igkrey)) — af(krab) cos(2807)
1
-3 Z (heryy) — ig(key;)) €% cos®(207), (7.17)
J‘F‘ )
B =2 gin? (207 \Z Flhrey) cos kzgs + glhres) sinkags), (7.18)
jFab
¢, = Z(f(kr(,_;, ig(kra)) €t (a=ma) co5 2007 (7.19)

bsta

Eq. (7.16) is correct to every order of y. Eqs. (7.13) and (7.16) can be evaluated
numerically for a given lattice configuration and number of atoms. To illustrate the
general features of the shift, however, we now make the following simplifications. We
expand Eq. (7.16) to lowest order in . We also assume that the Ramsey pulses are
nearly perfect 7/2 pulses, i.e., cos20r = e<1l. We then keep terms like eI't but
ignore terms like e[*t%. With these simplifications,

et satanne (1= 5+ BE o).

(7.20)

where

(Tt)?

, (1 :
G = Z J(krap) — U\Arui))e“‘m &p) (—2— cos(207) + 1 ('H—

b#a
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(f(kras) + iglhirg,)) et =me)

v =

Z (fliry;) coskag; + g{kres) sin kagy) (7.21)

daLb /

-4~

[N

The first three terms in the parentheses of Eq. (7.20) are a result of expanding the
— L . . . . v . o e -
¢~ TH? term that appears in the result for independent atoms, given in Eq. (7.12). This
is just the decay of the signal one would get from independent spontaneous emission.

The last term in the parentheses is a correction due to atom-atom interactions. Plug-

ging this regult into Eq. (7.13), we find that

ferhg

‘ [ Nt N It)’
Sas —5in? 207 | (cosdt) | N — o ( Z Red, | — (sin dt) Zhﬂ%

o 2
(7.22)

Because of the asyrmumetric sin 8t term now appearing in S, one immediately sees that

dipole-dipole interactions introduce a shift d, in the Ramsey fringes, which can be
Suppose that the inequalities 6t <1, [t <1 are satisfied.

found by solving 95/ = 0.

Under these conditions, a simple expression for d, results:

—Fﬁ = Z Z (glkry) coskzey — flkrg) sin ko) X (5 cos 207+
B e bsa -
It 1 s P e
T 1+ Z (flkra;) cos ke + glkrey) sin ko) . (7.23)
= jstab

7.3.3 Interpretation of shift
The shift given by Eq. (7.23) yields a simple interpretation. In anticipation of

future analysis, we write 4, as
J s b4

O T+ .
~]>’ ? T Lnb X <—( + [fr ) s {724)

« x):u
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where

Uur = glkrey) cos kg — f{kra)sin kg, (7.25)
e = cos20r (7.26)

- N R , , o

r, = 1+ 3 Z (f(keryy) cos kza; + glkray) sin kTa;) - (7.27)

JFa.b
We will see that [, is a dimensionless quantity proportional to the classical interac-
tion energy between two oscillating dipoles, € 1s a parameter characterizing the error
inn the Raffisey pulses, and I, is a dimensionless quantity characterizing cooperative
decay of the system.

To show the meaning of the [/, term in Bq. (7.24), consider the interaction be-
tween a classical, oscillating dipole at r, excited with phase gilkra=wt) and the field
incident on it due to a classical, oscillating dipole at ry excited with phase gilkzy—wt)
We assume that both dipoles are oriented along the z-axis and that their magnitudes
d arve given by I' = kid?/3meh. The classical interaction energy between dipole o
and the ncident field is given by Ug = —(1/2)Re(dq-Ej(ra)). The field at r, due to

dipole b is [54]:

" k3 . [sin?é o 1
(P = Ez&k:ti,—:.vt,; .izic-r L2 ,:v:«’- g1 I . 7
Betre) Ineo' ( e T Beos )((;;7-)3 (er)fz))‘ (

Il

where r = |r, — 15|, Now using the definitions in Eq. (7.3), the interaction energy can

=1
[N
(o4
Nl

readily be rewritfen as:

1 . Al : ,
Dy = —~5R.e(zd‘7 CEi(r.)) = vE (¢(kry,) cos kray — flkra)sinkzy) (7.29)

One then sees that this indeed corresponds to the first term of Eq. (7.24).



Chapter 7: Controlling frequency shifts in an optical-lattice based atomic clock 167

Although the Uy term in Eq. (7.24) resembles a classical interaction energy, the
terms in parentheses reflect the quantum mechanical nature of the system. There
is a contribution to the shift that is zeroth order in the interrogation time ¢ and
proportional to €. One notes that for perfect 7/2 Ramsey pulses, ¢ = 0. Thus,
the zeroth order is due to error in the Ramsey pulse. This can be understood by
considering Eq. (7.4). One sees that the interaction terms only influence evolution of
the coherence through the term (o207 ). For a perfect n/2 pulse, this term is initially
zera, and isethis case, interactions cannot affect the measurement at short times.

Even if a perfect 7/2 pulse is applied, there is an additional contribution to the
shift that is first order in ¢ and whose strength is given by T,. The intuition behind
this is also straightforward. Even if (cZ0;") is initially zero, decay of the excited state
will eventually evolve {07} away from zero and back towards its equilibrium value
of —1. Ouce (o207} is nonzero, interactions can influence evolution of {o7). The
rate of decay is characterized by T',. The first term in T, is the contribution from
independent decay of the atoms back to the ground state. The second contribution
involves a sum over other atoms and represents a correction due to the fact that the
decay process may in fact be cooperative (e.g., superradiance). One can easily verify

that the contribution from atom j is proportional to Im{d, - Ej{ra)):
Tm(d, - Ei(re))ocf (hrej) cos(kie;) + g(kras) sin(kzg;). (7.31)

This reflects the well-known result that the atomic inversion {¢%) is driven by the

dipole component in quadrature with the incident field.
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7.4  Generalization of results

7.4.1 Imperfect filling of lattice sites

Experimentally, knowing the exact number of atoms in the lattice and achieving a
flling factor of one atom per lattice site are difficult tasks. Most likelv, one can exper-
imentally determine the density p(r) of atoms in the lattice, such that the probability
of occupation at any particular site a is P(ry) = plra)V, where V. is the volume of

I

o unit cellelt is straichtforward to modify Eq. (7.23) to the case of imperfect filling.

=

For simplicity, we only consider the shift that is zeroth order in ¢. This shift can be

written
Op 1 1 ‘ \
T - W Z = 008 207 (g(kra) cos kzay — [ (krap) sin ka) (7.32)
o bt -
2 1 o
= = 7 o8 207 glkra) cos ko (7.33)
©7 pairs
1 , N(R o
= ;(-U% l.a._’TZ[j(R) F\’T )} ([,‘34)
- RA !

where U(R) = g{kR)coskR,, {R} denotes the set of direct lattice vectors, and
N(R) is the number of pairs of atoms separated by R. In the derivation above we
have utilized the fact that sin kze = — sin kg, to cancel the sum of f (kryp) sin kg
Tn a realistic scenario, one neither knows N(R) nor NV exactly. In this case, one must
solve instead for the ensemble average (6,) and the variance Ad,. For large N, one

can safely pull the factor of NV out of the ensemble average:

<N(R) Ve l:f\’(R)}
N (NY

s
~J
(o]
(521

p—"g
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Nith this simplification,

(6,) 1 ,
T = g oo 207y U(R)(N(R)) (7.36)
AN R0
1 -
= o7 s 2527‘5* UR /drp(r)p{r* RV, (7.37)
EAVA N R

(AS,)?
(B6)° ( 1 cos;Qu‘) Z V(RU(RYNERINRY)
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Eq. (7.39) appears complicated, but the meaning of each term is quite simple. To
caleulate the average shift in Eq. (7.37), one must evaluate (N(R)). To do this, one
must perfornt a sum over r; of the probability that the sites r; and r; + R are both
occupied. To find the variance, one must calculate quantities like (N(R)N(R’)), and
thus the probability that the sites ry, vy + R, ry, and r; + R/ are all occupied. When
these four points are distinet, the probability is simply a product of the probabilities
of each point being occupied. This is untrue when one or more of the points overlap.
The terms in Eq. (7.39) represent corrections due to these overlaps. The product

p(r)p(r 4+ RIVH(1 = p(r)V)p(r + R'), for example, is due to the overlap of r; and rj.
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7.4.2 GGeneralization to multilevel atoms

Our results derived thus far are for the specific case of two-level atoms. One might
consider more (:m'np‘licat@;:i level structures, such as the caée of an atom with a single
ground and multiple excited states. A simple argument shows that Iq. (7.23) remains
correct to the lowest nontrivial order in ¢. If multiple excited states are present in
addition to the one that is initially excited, the equation of motion for (07 clocte) will
contain additional terms like {0207 aunery. Where the subscript “clock” refers to the

. R Y s . o . ;s
clock transition and “other” refers to other excited state levels. Initially, (0} other) = 0
and increases at a rate proportional to I't. At short times then {020} other) 18 smaller
than (020} qeak) by an amount proportional to I't, and the evolution of {07 cow) Will
be dominated by the clock transition. Thus, if imperfections in the Ramsey pulse
constitute the major source of shift, the multiple excited states will contribute an
additional source of shift that is first order in Tt. If decay of the clock excited state
constitutes the major source, the multiple excited states will contribute a shift that

is of order T2,

7.5 Analysis of results

Eq. (7.23) or Egs. (7.37) and (7.39) can be evaluated numerically for a given
lattice configuration and number of atoms. To extract the salient features of the shift,
we note that the zeroth-order shift in ¢ in Eq. (7.23) essentially consists of adding
together the classical dipole interaction energies Upox — Re(dg Ef(r,)). For a generic

configuration of atoms, the phases of the dipole fields incident on a given dipole a tend



Chapter 7 Controlling frequency shifts in an optical-lattice based atomic clock 171

to interfere. For certain configurations though, it is possible that the fields will add
constructively along some direction of propagation k. Near these configurations one
will expect large shifts to result. The condition for constructive interference between
radiated dipole fields is similar to that of Bragg scattering in a crystal, and is readily
found to occur @'h@ﬂ

1G] = ko, (7.40)
where G = (Gy — ko, Gy, G.) and G is a reciprocal lattice vector. This condition can
be rewritten 4s
Numerical results indicate that peaks in the line shift do indeed occur when condition
(7.41) is nearly satisfied.

One can easily derive the scaling laws for the line shift in these resonant con-
figurations. Define a dimensionless parameter 3 related to the density of atoms by
n = 1/(3\)% J characterizes the spacing between neighbors in the lattice. In a res-
onant configuration, the electric fields add constructively, and the total electric field

experienced by an atom is approximately

\ L . 2
. on nro L7
E~ #L~/#ﬂ~——ﬁ 7.42

/£ T Jo % k(GN)* (7.42)

[ . . K 7o N Ay A7l/3
where [ is the Hnear size of the system. For N total atoms, L ~ AANYS Then

5;‘ A_.«"?. /3 _
ool 7 48
I (749

Experimentally, one has freedom to choose the orientation of the trapping lasers.
The control parameters can be parameterized by a set of variables {}, which will also

determine the reciprocal lattice vectors G({a}). One can then find solutions {a}
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of Eq. (7.41) corresponding to configurations with large line shifts. In the parameter
space between two sets of solutions {cto}, one can numerically find configurations

where the shift is significantly reduced.

S

7.6 Numerical example

As an illustration of our results, we consider ¥ Sr atowms trapped in a lattice formed
by six intexégering beams, as shown in Fig. 7.1. For ¥"Sr, the magic wavelength of the
trapping lasers is roughly Ap = 1.0TAg [49], and one can vary the angle & between
the propagation vectors of the trapping beams. The resulting lattice is tetragonal,
with lattice constants of a, = 7/kpsin@, ay = w/kycosf, and a, = 7 /ky along the
x, y, and z, respectively. The lattice constants are plotted in Fig. 7.2. The basis of
the reciprocal lattice then has lengths G, = 2k sin, G, = 2k cos 8, a_,nd G, = 2k;.
We have ignored the effect of atomic back-action [36, 174] on the trapping fields,
whereby scattering of light by the atoms introduces phases that might modify the
lattice constants. Such effects are expected to be more severe in red-detuned lattices,
where atoms lie in the antinodes of the potential, and with increasing atomic density.
Taking into account this back-action does not modify our results, except that now
the lattice constants must be solved self-consistently.

Using Eq. (7.41) we can find values of § where constructive interference causes the
shifts to be large. We focus on two specific solutions, /7 = 0.116 and fp/7 = 0.180.
For our system we take (N} = 10° atoms and a uniform filling factor of P = p(r)V =

0.05 for r < 7, and zero density for » > rg. The critical value rg is determined by
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Figure 7.1: The lattice studied in our numerical example is formed by the interference
of six laser beams. Four beams are oriented along the z-y plane, each making an angle
+f with the y-axis and polarized along z. Two additional beams run parallel to z
and are polarized along . '
the equation

(7.44)

Fig. 7.3 gives the quantity 2(d,)/T cos(207) as a function of §. Peaks in the
shift are clearly visible at the points fp that were calculated analytically. One also
finds that there is a value of @ in between those two peaks where the average shift )
vanishes, which occurs around @/7 = 0.125. At this good point, one can use Eq. (7.39)
to calculate the variance in the expected shift. For large numbers of atoms, Eq. (7.39)
cannot be evaluated exactly without extensive computational resources. With a small
filing factor pl <1, however, we can estimate that the major contribution to the
variance results from the o? terms, while the p® terms remain negligible. With this
approximation, we find that the variance

Ad,

1
r 2

cos(207)x 3.1 107> (7.45)



Chapter 7. Controlling frequency shifts in an optical-lattice based atomic clock 174

o
< 1 AN ‘ :
P S -
\\’\‘{xl
.- - \\\__

S o1 oz 03 04 05
Bin

Figure 7.2: The lattice constants for the six-bearmn lattice are plotted in units of Ag
a5 functions of 6, We assume that the ratio of the resonant wavevector to that of the
trapping lasers is ko/ky = 1.07, consistent with the magic wavelength of 87Sr. The

solid line represents the lattice constant along r, the dashed line along v, and the

constant dotted line along 2.
Experimentally, there will be additional sources of error that result from not knowing
p{r) perfectly, errors in the configuration of the trapping lasers, and from the effects
of atomic back-action on the lattice constants. Nonetheless, it appears that the error
due to dipole-dipole interactions can be made quite small by appropriately designing
the lattice.

It should also be noted that the line shift can be very large in the constructive
interference configurations. This is perhaps a surprising result, and occurs because

the spatial ordering of the atoms allows the interactions to behave constructively. In

¢ as a function of 8, for a system

that it is possible to achieve shifts of order (d,)~10T at one of the bad coufigurations.
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Figure 7.3; The calculated shifts for the six-beam lattice as a function of §. The
system consists of (V) = 10° atoms with a filling factor of 0.05.

For extended interrogation times, one expects this line shift to become much larger,
since the constructive interference also leads to superradiant decay, and thus a large

contribution to the shift that is first order in £.

7.7 Conclusion

We have derived an equation for the line shift measured in Ramsey spectroscopy
due to dipole-dipole interactions. We find that the lattice geometry strongly affects
the magnitude of the shift, and is peaked in lattice configurations where the in‘tera;ci-
rions between atoms add constructively. Because of the spatial ordering in the lattice,
the shift can be quite large in these resonant configurations. By tuning the lattice
hetween two of these configurations, one can significantly reduce the errors due to

nteractions.
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Figure 7.4: The calculated shifts for the six-beam lattice as a function of §. The

While the resonant configurations might be bad for clock applications, it might be
worthwhile to study these configurations further. The strong, constructive interac-
tions and the possibility of dynamically tuning the lattice geometry might be useful

for other applications such as quantum information processing.
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Appendix A
Elect rém,ag'.neti'c ‘mo des O:f a { v |

cut offs |

A.1 Derivation of mode equation

The solution for the electromametic modes-of a Cylind'er has been known for quite e
sorne time [54, ] but for future use is bneﬂv deuved here

We (()nslde,r a cylmder of rcxchus R of dnnenswnless elecfz ic pernntt;wty 59, cen- =i

tered along the z-axis and suuoundod bv a sec’ond dlelectmc medmm €. F01 non
magnetic mezha the electric and magnetm ﬁeld.s m frequency 5pace satxsfy the \&a,vv i

equation -

190
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The solutions to Eq. (A.1) are perhaps most easily derived by first finding scalar s0-
lutions of the equation and then constructing vector solUt,ions. Working in .cylir‘lcviriéal‘ v
czoordinates, scalar solutions of Eq. (A1) sailsfvmg the nece&sarv boundarv c*ondl‘ i
tions take the form 1o Hp (k1ip) € 7"”‘@““‘*ll“* and U)ocJ (lw | p) e”“‘*’”’“"z Qutsuie mxd"}.;; .

inside the cvhndel respectively.- Here I and H are’ Beqsel 1‘un< tlons and Ha,nkcl

functions of the ﬁrst kind. resp@c‘tively While k,i 1 -:" \/ kf — k‘z and‘ ]w = w\/- €/ . J S

s MH behaved at p = 0, while’ H m( ) o for large T sahsﬁes outgomg—wave conch—

_tmm It % 0353 to \'enfy thafr, fwo mdepcndent \zwtor solumons to Eq (f& l) are gwenv' S
by vi =gV x{( %) and w; = =V x < v;. The curl 1elcxt10ns of Ma:acwell 5 Equatxons e |

then 1mp1y ’Lhat E 'md H must take tho form

E,(:I) = VQ,iAV,‘(I')‘ + blwl(r), -

H) = ook (el b)),

where @, b; are constant cc}efﬁcients. Expand'mgbut these expressions in detail, =

- PRI Y
E'i(r) = [(Z”;a Pz m(}‘h- ) ;"’2 b 'F;'m( 1—‘—/)>> p+
( ;; a Fy o (e ,0) pb i ol Al p)) 12 b Flm(,l%. p) -«ji 6 »d’ ku e
o : ik e
HAI') ':‘ ._-(/U'/?.LU ”“i [( } E] Hm(k A, b 'Fl “t(k“ p)) p—— :
mhy. kg , k | |
(_:amuz?—r-zk“.’:} : ' : : : : G o o (AQ) ':v .

where Fy m(2)=Hp(z) and Fyp(0)=Jn(2).
Up to this point a;,b; are arbitrary coefficients, whose xtélationé‘liip becomes ﬁ'xedf

by imposing boundary conditions between the cylinder and surrounding dielectric.
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Requiring that the tangential components Ey, E,, Hy, H, of the fields be continuous
at the boundary results in a linear system of four equations, which we write in ab-

breviated matrix form as M(ay ag by by)T = 0. It can be verified that the boundary -

condifion -@qua't:-i()ns for the perpendicular field components E,, H, are redundant with '

:those !:01 the parailcl ﬁold Component‘; AL- n()n—triviai 'qulutioﬁ for the ﬁelds :reqﬁireé

that det M =0, Whmh after some: \wrk sunpllﬁos to the mode equatlon _grven m} &

Eq. (2.1).

- One #pecial case of interest is tl“ia,t‘of aTM riio’de Withbno ‘%&fiﬁdmb‘ (m =O) The o

componen’r of H along 2 z by deﬁmtlou vamsheb wluch 1mphe<; that ‘(he cociﬁcmnts ca1 ‘

in Eq (AL 4) -va.msh '1 he condltlon dct M = O 1s then mgmﬁczm v easmr to evaluate o

in. l}hlb satuahon In partlcular ay ; :

mm&h and contmmtv of the xemammg r‘rangcnh&l ﬁeld compo’ onts B

bou'nda.ry requires 'i:ha,t

R

-%Hg’(lc-u}%) 5 .ID(J;Z,R) V[ b

m Hy (ki R) ~«mf,;JO(ka) bg'

coefficients by » must be given by Eq.‘(2,4);

A.2 Derivation of cutoff for higher-—‘ordé’f modes

In this section we show that toa very good approximation, & na'anireﬂeSsént.’xa,ﬂy o

, (As) o

supports a single, fundamental surface plasmon mode with winding numberm=0.In

particular, for all higher-order plasmon modes |m|>2 a cutoff wire size Rt €xists
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below which such modes cannot exist, while the |m| = 1 surface plasmon mades
exhibit an e_xponenudl growth in their mode volumes as B—0. Fc)r sunphmtv we wﬂl

assume in ‘(hls section that we are dealing with a lossless sys’(em (Im €g = O)

A.2.1 Bvehévior' of [mlzz ‘r'n"odérs.,

We are interested hem in the behavwr of the lm[>2 lTlOdEb near cutoﬁ Whlch{ iy

is chmaccen?tﬂd bv a small dewatlon of the burfa,ce plasmon Wavevector ki[ ,»fr,omf

Jeaw/c. ng% Fig. 2.3). To sunphfv (ngebrd in the d81 Wcmon of Rcutoff, fmm thm pomt;j

. foz uczrd we make fhe mode equaf;zozl (2 1) dlmenszon {%S bv seftmg w /c =

will cLSSLIIllC that . 18 posltlve (the ca.se Where m is negatwe follows t:hls deriva on‘"

with a few m’i’nor ilele iﬁ(‘a‘mon%) mehermore 1t is us*eful to dcﬁne a small quanm'

§ = ky - Ve, where we.: spemhca,ll\f conslder Lhe pomtwe ku solutlon On p

grounds, an) modc with posmvc ].J[ must sa,tlsf"y <5>0 because 1f k;; < \/'" the ﬁelds .

outside of the wire would be 1ad1atwc in nature cmd Would 1mp1y that the S\’btﬁﬂl';' :

is 'contimua,llv radiating’ energy out to inﬁn‘ity”wi‘thout .'a"-source.- It "followsvzthattb HV,

value of R where § =0 becomes a solutmn to Eq (2 1) for aome m ’GhLHVCOI’I‘GSpOlldS._‘ -
to & Llltl(}dl pomL in behavior, and spcuﬁcaﬂy is & cutoff bevond W’hlch modes ceasetj',
to exist. To find this R = Run off, WE expa,nd the EWO 51des of Eq (2 1) in. 6 kBoth?_:"“
sides have contributions to these expan'ﬁons ‘(ha‘c are dlvergent ab 5 = G (terms that,}:{:

behave like 5"’?, where n > 0}, and we will show that, for zm22, therg. exists 'or._le v a_lue"' i

of R that equates these two divergent contributions; i.e., § = 0 satisfies the mode -
equation at this particular value R = Reypof-

It is s;rai.gl'it‘for‘waxd to show that the divergent-contribution to the expéfnsién of
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the left-hand side of Eq. (2.1) is given by

m? m?(3€; + €)

I8 IRa(e —e)d

+ O(%). | (AB)
To expand the right-hand side, we first ﬂoﬁe "c}ia{t’ the quant’itv

(1/kar) Ty (ko s R) [ Ton(Bio s R) = (1/\152 - Fl)Jm(v o= 615’) + 0(51 j; (A*T)

is iwell—vbeha,vet_l near & = 0. Here we have deﬁned o (r) = ( / Jm(r) Then;
ﬂl(—.‘.»id@ﬁ’[ﬁt}éﬁ |

k 9 :
Hm (7'3:) SRR m ($)

Kole) = -—--—““i“”* (3) e—-—“”i'; ) (—2-) o) <m22>

2 T 2 \ T

. / 53/2 L Sl
ki o= ( 20\/61 }— _§_ 0(03/2)) e
= iK1, ‘ ‘ ' o

it is tedious but straightforward to expand the eXpresvsiof; S
(1/1»14_)([{’ (kpi )/Hm(kl R)) L i_(g‘x;;z)gz-;_

as well. Per forming these expdﬂc;mns and snnphf) mg one. ﬁnds tha,t :

m? m? ~ m\/el L 1m(61 +- GQ)J (1/62 is) . L
TR TIRJed T am 15 0 ) ( 3)

RHS =

Comparing Eqgs. (A.6) and (A.13), wesee that 6 = Oisa soluhon proxrided tha,t these’ o

expressions are equal to O(§™1), e,

me e Rey ie + EV)JTR(V €2~ Flp) E (A 14) ‘
Res—e, m—1 Ve — € s
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The solution R = Ry t0 Eq. (A.14) gives thelcutoﬁ" wire size belcw which the
mode m cannot exist. In the regime of interest (e, > 069 < 0,67 + €3 < 0); the first

and second terms are positive while the third term is-a-negative funcﬁt‘i‘on (for R > O) =
that behaves like -—l /R for small R and apprcachm a constant for 1@1’6@ R. It um bc
seen then ﬂlat a Solutlon exists for dnv 'm>2, whlch estabhsheb thcmt the_sc modos a,le

indeed -cu.t~-3‘0ff in the nanowire hmm

A.2.2 &ehévio_r of |m| = 1 modé

For simplicity we will assume that m = l, as the case of m. "——l follo\&

de‘riy&tion»closeh The case of m --rl must be studled Sepa,ratelv because the

In par ticular we w ﬂl show tha‘r t:lue mode does uo\‘ stnctlv have Cutoﬁ 31ze but that L : =

ky — & exponenhalh/ in the limit R—*O In turn, the macrmtude of ka becomes'k’:.'" -
exponennaﬂ} Small which cor I‘LE:pOlldb to an exponenmc\,l growth in (hc Spmtxa,l m:tent‘

or mode volumfa.

Again deﬁﬁing §=Fky— 1, we arc interested mﬁndmg anappro:umatesolutxol
to Eq. (2.1) in the limit of small 4. We prococd bv e:xpandmg both bldE‘S of the; -
equation as a series in the small parameter. The expressmn for the 1eft—hand sade
given by Eq. (A.6) remains valid for m = 1. For the righff'hand _Sid,6-> we aﬂmpafte, :
that bOﬁh the quantities k;; K and &; ; Wil‘l- be Smajﬂ as R0 (ﬁhese :éSsﬁIﬁptiénﬁ ca,n ‘

be checked for consistency at the end of the calculation), and we thus expand around
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kii B =0 the term

1 Hy(kR) 1 Hi(@siR) o -
fiij__;_ H1(&1_R} TRy Hl(u»l H) ;‘ :
R) g R

_ 1 T o K1
= o (f\;uR 7 ( Y +log 5 e

where 7~0.577 is Euler’s constant. “Here we have used Eq (!& 8) to commt H,,L(zm) o

to h,, (z) and the expansion

ﬁ% K =5 (5 = __?g o ;;;)T O»,(_xz) e

ki ( R) USEN v<f\1 R “‘LL lOé 2 ) - . (A 18) S

'Turtheunore hawng a@sumed uha,t I 14 (and bv cxt;ensmn m i) is a smaﬂ quarmfy,’ e

we Can now expand the expression czbove in terms of 5 usmff Eqs (-’& 10) :md (A ll
Making this substitution, and after a blt of aloebra, one hnds thdt the expansmn of 'f': -
the right-hand s;de of Eq. (2.1) is given bv '

& + 36y — 7R er (e —Q)log (5H \/—/2)

RS~ g+ S R em

~ Finally, equating the lof‘( and urrht hand 51df>s to 0(5“ ) gwes the solumon o L
92 2(61+€g) N g e
=) pl. . SR A o SLA20)
Rjg o F ( R (e .—r;q) e | ( g ‘

It follows that in the nanowire limit,.

~ (28/a)Y =
i~ 2 €1 =+ €9 ’: {ii. : :::.
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Eqs. (A.20) and (A.23) indicate that the m = 1 surface plasm;m mode doeé
not have a cutoff in the nanowire limit, but instead that its longitudinal wavevector
approaches /€7 exponentially, with a correépoﬁdmg expoﬁen.tial i11cr§ase in its trans-
verse extent (~1/#1.) and mode volume. It is thefeforeviw%ei‘lv-_justiﬁcd tosay that _‘tﬁl‘x‘is;._ : .

mode is effectively cut off, as the coupling strength to this mode ‘be¢c$me5 sﬁroﬁgl_y i

suppressed as R—0.




App‘e_ndix B

‘Spontaneous emission rates near a

nanowire and nanotip

B.1 Radiative and non-radiative decay rates near

a nanotip

'Here we derive more -t*arefnﬂy .‘r.he extpbréssi(‘ms*given in Eqs, '(,L;ci 5) and (2 46) for .

the r \dmtlva &Ild non—mdlautlw spont&nmub emlssmn 1a,teb near a nanoup

¥ L}\ponen’maﬂv. :

T() calculate the radmmw rate, we cons*xdcx our: cxpxessxon for <I> in Eq

the fa,r—ﬁeld (la,rge ) hmlt W here the K, (qu) terms’ in <I> dt

Because of this exponential dependence at lalge U, ta aood a“pplommdtlon lt suf:ﬁc:e;
to expand the terms a,(q), m(qu) m’((ﬂ)) alound q 0 The only ot trivial .

expansions oceur for the terms am{q) and are- gncn bx

aplg) =

l\')}!—-—-‘l

198
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161 (o3 y
alg) = 30 v5+O(gY), -+ (B.2)

These expansions allow for exact evaluations of the integral. It can be verified that
the dipole contributions to ®, originate from the m = 0,1 terms in the sum, which

are readily found to be

- ‘ Lo 4({)_; . ) s e
(I)(m_O) Y e ‘ 20 9. Fon (_f) . (B3Y)
Y dreger 0 (1 e1> (u2 -+ U2) U’ +6 ( ) ()

e —eviu 8uv

e; +é 'z;’, (112 —Hﬂ) e

3! ”’”“1)(1” )~ cos(¢ _'@)

47?69 €1

Hem c)(f} is a LOIILphC ated funcmon bui most- 1mp01 tamls f"ontéuus .uo dependence on

Recalhno that the pseudopctentmls derived aboxe corlﬁspond to a pomt chargévv

source, we -can 1mmed1a,telv' btam the potentla,ls '-duc t0 a r:hpolc: pge”"“' @t r b}

applyuw the . opelator (po V’) to thesc expmssmns In pa.ra,

gr ddlent Opu ator is 51\76‘11 bS

and for a dipole located on the z-axis (v =0), we ﬁndthat '

o0 ~ (1-=)
P dmegey /-

(f)(m—l) 1 e —evg(po—0(po-0)) -
T dmeger €5 + €a 02 o7

the nanotip,

€ -+ € U2

» e € L - - : ,,: - E :
5p - -—Upo ng (1 - ﬁ) . A (po “ Z) L (B,S) .
e L S
dp = dpp——2U (pg L 3) o (B8

'dlic"*codr}dina;t‘eé' the.

Sl )il @8
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and arrive at the radiative decay rates given in Eq. (2.45).
The leading term for the non- mda&txve decay rate is fOund b\/ calculating the

dl\craenro in the reflected field E.(r',1') as ¢/ ——mg The Ieﬂeafed heid B, = ~‘§7(p0

v’ )<I> isin ﬂenmra,l difficult to evaluate, but snnphﬁes conSIdara.bly for a chpo e 1ocated it

Qn—a-xis (' = O) due to the presence of the Ln(qu) tum m <I>r, Vcn m bq _(2 40)

The operaﬁon V’ causes tcrrm like 'm(O) and J’ t(O) to cmppom in E \a;hxcl

NON-ZEro onh/ when m = 0 cLIld m = 1 reapcctlvdv Thls 1mmech%tely 1ea,ds' to theﬂ:- v b

EXpressions
po Err) = — 2 [ do Jealo >K (m el
. 4 E(’El Q : o
| -‘:_po; E,r(-r )= - / dq (q)h (qv ) (ol 2

9’(‘6061 O
which were given in Bq. (24 4). Examming further 'thé sbl‘uti.orls“t;o ao it , it can easil

be shown Thdt their asymptotic. &xpanmons in the hnut q’uo > 1 mke the form ‘

Cko 1(&’)"’—

1C1 czeng
S Cl'% C :

: (q@¢>'>.1>* L

At nhe same hmo; m the limit guv’ > l Lhe behcmol of K (qv is g

A / 2qv' )6‘2"" ,and t;hu% aﬁ v g, Lhc mtcgrands of Eq (B 10)

3ex111b1t verv long ta ls

due to the presence of terms ~e “‘7(1 “‘0) at largo q The La;l is the ori rin of 'Lh» e

divergence that we expect on phy sical rrmunds Usmg, theae expansmns as WBH as the’, .
fact that the decay rate is proportlcn’ni to Im (.pg . E) the mtegraib can: be Uvalua,’red

macﬂv and yield the non-r adutwe decay rates given in Eq (2 46)
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B.2 Decay rates near a nanowire: full electrody- =
namic calculation

In this section we derive the exact spontaneous emission rates for an atom near a

nanowire by solving the full vector Maxweﬂ’s ,equagt;icms[

The approach is snmlm to that used m Chapter but W 1’rhout rwortmg to..the :
qmm sw,tlc a)pmmmatmn ,[n pm*twular We spht AUp ’fhe ﬁeld ou’mde* the w1‘

vnoted region 1) into free and scattered »contmbutlons, e

» Euétd;- = Eo_f}'f Eséa :

dltlons are sa,usﬁed at the wire edge Smnhu deﬁmtlons hold for the mfxg,nem(, ﬁel d

H. For non-'ma_)gne‘tlc:.medm these fields ‘saftisfy

v T b8l Thao o BI3)

where j = z sc and €; is the com’espondin efrriittiﬁtv in regiﬁn
g J

In our pxoblem of interest the free field is due Lo an Obc,lﬁatmg chpo]e pge ‘*“,t :

located at 1/, which has a free vector potential given by

y ke &
‘A - - €. . . : B:l‘i L
olr) 4w99p-ﬁ;r - (B4

From this pomt forward we will not exphcxﬂv write out the harmonic tm]e depen— o

dence of all t-etms. We can conveniently write the free vector potent‘i&l in cyﬁndr‘jcai i




o
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Guided
| macﬁe

|Radiative
~|emission -~

Figure B.1: Contour of mfegramon fc>1 evaluatmfr tho 111teg1a1 ‘repre%ntatmn of thi
free—fspace Green s function. The reglon in red, located betWeeh By = —o/E /8

= Jaw/c, corresponds to radiative. ermsslon while' the contnbutlon from poles (
bhlﬁ) yields emission Iates into g;ulded modes s

coordinates by using the integral represenﬁation [59]

€ik1\r-r'{

e

o m——oo

; o Z f dh[i f;m?@S @)—Hh] (z—2" Jm(hl_L,O>H (h:u_p)

sion one can readﬂy find the ﬁree mavnetlc and electuc ﬁelds uamd thc relcmonshlp% -

1

Hy = L9 x4 s
, B, = ——VUxH. (Bl'f')
o Wep€y : DRSSP Salae i

For dipoles in omentamons 0,2, ci) re%pectlvelv the. t&ngentml components of these

fields (which will be used in enforcmg boundary conditions at the mterface) are glven_ %
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by
i %f ny Y emoernc ’{fn( () Hn@) | i) g
| o S L v Sl
4 ,mhf,J ( ) H. (x)‘:’y . N N : | (Blg)
E(;’; - a;::sq/ ',,E; ﬂ,?w (‘“T”“’("”K gl ﬁ,’n{z’)Jm(a:) o
| zm/ul v

H ( ) m )) éf'(i’]’lﬂh*l.l_ﬂn’z"(f;)‘]m(i)éjl 3 v'

H(%_} ’2@@:_1‘)__[_)9 / dhi[ Z sz(g)-,p )—Hh‘ (z— ’)h _LH (1 )J (z )

M=—00 ; ) S .
: *{‘2"‘ » : ,'I;p() - ‘%G‘ ;ﬂl(é’— ih (z— ;) ﬂ?h“f},_1~ : 2
B = B gy S eimledies Hm< V(23
o 8aeper Jo et e T :

12y Hole! )] (:z-);s],,

G R “jp() ‘ md: '-r'd -z )nh’ﬁ
Hop = 5 /Cd’?l ? s K . ()

dH,. b} i

dJm
d,[‘ ) hlljm( )

| : ; h? m“ s
Eg“”!‘) = ipo /dh, Z thn(é—@)ﬂ-khll(z z) I:( f!“ ’ m(L m(w)

87 TEGE] e
h

mw (z >>(b m< § <>].  o <B’3>

mh“ H )
(ﬂ\

Here we hcm, dcﬁmd T = hyL P and al = hl o

We proc eed to. hnd the scattcmd ﬁe]ds a,nd ﬁelds umde, the wire: bv ex:pandmcr them' S

in a similar basis to that used fcn expresﬂng the h‘@e ﬁeids ‘As shovy n n Eq A ’}L)x

. there are only two mdependent components mal«.xng up these fields, Whlc:h we can: set e

to be E, and H,. Thus, we write

}: / dh;elm@ """ v ”‘*"< =) H (o )t (),

=00
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€€
Hyo = ’ff‘ — / dhy €™M0 H L (B )b (),
0 TR e O o

Ey. = u’h Mo d’l)“h"(z'z)J haip)em(hy {
© i I

Tz O
e ' e
Hfz,z — £ptl Z / dhf! 631:’!71(#)‘“@’)'1‘1111,;[{\&—” )J (hf‘} ! ﬂ}d (I{lﬂ (BQ-’{) e ;
Ho " /T o
si'hcre Ly U dm are codﬁaents that will be detel mmed b'y enfor(mv the COIltl-

nuity of the tangem;ml electrlc and magnctlc ﬁelds The other held wmponents fa,re

related to, Ez and H. through Eq. »(A..zl) ” The contmmw e,qua’uons are’ tedlous
solve, but Zyield'

g = i [Hu -
‘ (Hm("cl)”]m 3‘]) ]771(1’1) m(‘rl)
h§ 3 hy ,R?\/”‘H' (' ¢
‘_ RIS v
'(hU_Hm»(zl)Jyln(zﬁ) h” 'm('TE) m('rl})
hy(R2, — h2 h m /_ \ .
MG Sl P e mmu)ﬁ’ @),

€1

htmzR\/—Hm(x} m )

(h]_[_tfg;] ( )J ’k(;iv(’fg?)»——’hmEljm(l))-],” L

’TEggm) (hy)
(1) Hyp (1) — Hm(”l 1) (3"1))

\/-hl,hj,mf Hylz )(hu@f{ (.l’l)J (Z:)—]’LO_LEI (fl"z)H’

b)(v[:) = —pg.;ig— l: 2V hl' h’z_i_ (h'l’ ‘ h%,_)hﬁ'mR ‘rn("l‘ n(ﬂg) X

(hl,i.Jm(ml m(ﬂig ‘“‘hz_LJm(SCQ) (IJ))

+ oy (bl = ) hie H(n) In(n) Ji(mgﬂmﬁfc’ﬂ -

; pokt i
a? = —l)——o(z?——— [ihs 2im Hun(2') X
87?606‘7'1‘/'(&{[ ) ’
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(hl_ $993 J‘l) (17)" 24 771(11)]m(~5”))x
(}11 £94 m(Jﬂ m(T‘o)—holEl (IJ)] ( )

il R (R — hos 2 Hon0) H(2) (@) T3 (@2)] o (B2T)

aif,’f = ;@;-?—-— [wnhla hot h,a 1:1:27, 61(111*:@ — hn | rz)x Lo
. -&7’60(;,,, (hy) e T

.Jm(,Ll}f (1) = m(a:l)J’ (:1"1))J2 u;) (.L |
~ihis hymaizs. .m(m') (h’]LHm(Z’I (xv buH K'Ei)éfni.(mz.)_-) ><

b (hl)_ﬁ?clm(xlj‘j'v»(( )M IIZ-LEJJm(:F])J (T‘i)

‘ -H'h].xh im’sz(‘T m('rl) ] (3’1 ,”(-'132) (hl e A ]19 : Iz) ] ,.

CpE = ——LO(-%-— [hl hl mz\/— (:r:)(izL?:;»— hm_:rz)x Rt
» » ; bT’E(}\m ('1 ]) » : L ‘ £
{I’Hm I‘)Im(ll) ( )(h1 7 - hz 3°) e

| +huI1Isz( )(Ln(ﬁll)Hr)1<xl) m(-’Ll)Jl (J:l))}

;zmxlxza; ' JEH, mmh (31)1 xo)-h,o J’(,m)Jm(m)x

(hrsesHo(e) Ly (22) = haserH m) mua))] e <B 29)"
r(rfn(h'll) = R, thR 2H? ’1‘1) ZE'))'\,/—\P(}H;N j, : (B 30)7-"_ .
&) = hi«hf‘iR“‘exﬂi(n) )If(h;o <B n)
| GOy = ww ¢e1H51<x1)Jﬂ,<m»)\ﬂ<h<;> e <B ’3'”,?}: o

w1 | I 1 H(m)
Do ™y !
\P(hf“ . 2 (hzl hl ) ’ <h2 ,] .Tg) hl__ an(ﬂ}1)) e

f’bf)_}_ Jm (:L‘f).) hl | H’m(xl)
Here we haxe defined 77 = hy B and 2o = hoy R, and nhe quperscnpts (,0 (z ) (¢) '

denote the solutions for a dipole in these omentatlons. The remamm-g c}oe:fﬁments

(BQS) o

(EQ I o M) | .» o : (B‘SS)
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Bon, s G, that are not explicitly given do not show up in the spontaneous exxiiééion

rate of the dipole and need not be considered further heré! | T
The total spontfmeou% emission rate is lelated tcx the field in quaduﬁule at the ,

emit‘ter position, Classically, chm quantm is mlm;ed to the tnnc—avemged powex’b

cichvrled from the oscdlatmg dxpoie to the held The axact rclatlunshlp is gwen b}

‘I‘toi 1 __»1:’ 67'50 Im(po w(r ))

a rad-iaully omented .chpole,

e

r v Bme “ 'Lh e
total S, Uopprg
—2 = 14— 1h H (B
T - TR év-_;/ g, (7 Jom )
mky Mo e o
e Hol Y () e (BU36)
iy “’”} e e

Geuerallv these emission 1ate expl €s510ns are not eablly to- Eleuthe? even &pplO’»

mately, e\cept m ccrtam hnntmg cases such as a small na,nomre v(where ‘rhc quam- .

static approximation holds). However, the'» are stmlo”htfmwa,rd o sclve numenc,ally
The total emission rate can be split up mto ra,dlamve guided and 11011-ra,d1at1
trlbumons as foIic;ws First, the radiative ernission is due to the com:rlbu‘non ). ‘7
.mtegra,l in Eq. (B.35) from the region |/L[1} < \/_ u)/ c, Where all componentg of‘.theix 5 ’

scattered field wavevector are real (see Flg, B‘l) Sccond the ermssxon ra.te mto the”f
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guided modes can be found by evaluating the contribution to Eq. (B.35) from the
poles in the integrand, as shown in Fig. B.1. Beca11s¢ these are guided modes, their
wavevectors must satisfy [hy| > Eaw/e. F 'mally, an'y non-radia,tive emission (eg,
into heatmg) can be found by evaluating non-resonant contnbumons to the mtegral ;

from regions |hy| > \/&w/c. If there are no mhexent kzsses 111 the Svstem (Im € '—— O) :

then this cohtribution is zero: Gene’raﬂv Wh.en IOSSes a;re gpresent,“the: d"

tweern crulded emission and non- racha‘ave cxms&mn ig not pufcctly Well—deﬁned smce e

the gﬁﬁd?d emission cdso dcc S ad‘tcr sorme pxopaﬁatlon ieugth but the twa c*an bel

Sepcu ated bv some w&sonabie (but nonetheless arbltra,ry) prescrlptlon




Appendix C

‘boundary element method

Our numeric al nnplement&non of the boundary element méthoa (BEM)

‘tromacnetlc sunulafnons 1s b‘xbed upon che 111ethod gwen in R,ef [64]

We *xssume that éur S}f ste*m coutamq & set of Lnown time—l' rmomc seu
and cmrcuts Poxtrlext m the prefwnce of some scattemng dlelectmc Jodvf .iuhose sur-

- face is dendf;ed S ( ithough we' dlSCLISS one bodj) hae, BEM 15 easlly-genelcxhza,blei -

to treat mulhpl@ qcattcxelb) In the Case of mtel est ,presents the urta( ev of a!}“f

metallic nrmotip mhllf, the @ctemal source corresponda a,n z)scﬂla,tmg omt dlpole; i

poe~ " at some location r'. For Slmphmt\/ we. a,lso e.asmne tha,t we are workmg Wlth’
non-magnetic media, and we denote bw £5 ( ] =1, ‘7) the dlmensmnless electrw permlt-l
tivities outside-and inside S reczpectlvely The underlvmﬂ prmuple behmd BEM s

that the sca,lar and ved tor poteritials ¢;(r) and Aj (r) in each xegmn can be ertten (m” 5

| ]
o
(€3]
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the Lorenz gauge) in the form

, Ll ' |
o) = — [ Gyl - mﬁr+—/$8erU C1)
- e
Ay = ,Uu/ dr' G,(x —Y)Jekt(r)+,(m/ ds G, (r-—s )iy (s) S (c2)
c z}",r B o R Hana S . :

AT

NG (w /() Phyc;mall\” the equatlonq a,bove ‘state that the ﬁeid% m 1egmn ] c(;m be

e .
de»cnbed as a 1wult of the combmamon of rhe EK‘CE‘I nal smm es. fmd some dfectm: E

various boundary condltlons for the scalax and vector po’renha,le a’( S

In pmtzcular we enforce ?he follownw condltlons cxt pom‘cs r E c:

. Céntirmiﬁy of ¢:
[ 5 (G = s)eu(e) = Galr = sels)) = <@a@ bealr)), o

where we have defined a “free” scalar potential

o.lﬁsxt(r)z:/dr Gl(r_r>p93~'t<r ) = (Cﬁ)

For simple forms of sources ( e.g.,. point dlpoleb) cx,nahftmal e\pres:,lons for the : 

free potwtlada can be easﬂv found MSO it should be noted tha,f the Green s
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function G;(r) has a divergence at v = 0; however, this divergence is integrable

so Eq. (C.4) remains well-behaved.

¢ Continuity of A:

/sd'b (Gl(r —s)hy(s) — Go(r = S)hz( 5)) = (Al eM(r | Azm(r)) . (Cé)
.wltxé.re we 1'1&§erdeﬁnéd 4 “free” \}egtcjr 5 (;t ent;iéfl’_' : o e
. C()nthm&it—y of D |

The normal compcment of the Plectnc dlsplmemezlt Dx = EE 4 s gwen m “the_”;

.Lormu (rauge by D, = (en.; : (zu,l& Vd))) Here ‘ns dPHO:éﬁ the mward- :

pomtmr‘ (ﬁom region 1 to ‘?) noxmcd xe'ctm Y\ ﬁmt defme the nmmal derwa—

: t-ives of the free 'Green's ﬁmc:tlons\,
Hy = #y ViGylr —s). T - (CB)
Continuity -of D can then be written in th'e ..formj

—fut (Clﬂs . A-Lext - EQﬁ;sAﬁ,ﬂxt) + (€1TL3 vd’l jext T 6277/& V(ﬁﬁ' ext)

= wm : [Sds (zelC?f(i —s)hy(s ) —«QG’Q(r — S)hg( ))

— /ClS (61}‘[1(1‘ — S)O’l(S) - Eg.Hg(r —S)Ug(s)) - (09) e

Like with G, the function H;{(r) has an integrable divergence at r =10,

¢ ‘Continuity of Hy:
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Consider some point r€S, and let us define an orthonormal coordinate systeni
u,v,w at this point such that 1 is normal to the interface here. Then the

tangential magnetic field is related tQ the ifecto: potential A by

by (O OAN i+ 04, DAY
= ( o Bw Ow | rji@u? '

To fauhta te numeric cﬂ wluhonn we would hke to re Wmte such cﬂl expressmn in- ke

tenns of the alr ('dd) dcﬁncd quantmes G’ and- H To do. thls We ﬁrSt note th o
’ tlggf.: tfmgenual dcuvatn, e of A, EJA/ 61‘1‘ is (‘le(n h contmuous at the 1nterfwce

and thus continuity of Hy implies tha,t the norma] derivatlve of &;, or dA-{/ c)u'

is. contnmous as well. lelaliv con’rmmty of GAH / 8w anc

Tlns can be written-as.
~ (s V) (Aron ~ Agon) + iwtois (16100 — 2fnen) =
(/ds Hy(r = s)hi( ) Ha(l - s)lu(s))

-—pr(,m(/ s elGl(r - s}o*-l(” s) i ngo(r - s)orz (s)) ; (Cll)

Eqgs. (C.4), {C.8), (C9), and (C ll) can be written meohcally

@m:t = Glal *Gzam

Ai = Gihy = Gshy,

Dexe = eHyop — eHaop —dwhs - (61Gily "I€2C’_2h2‘) )

Gew = Hiby — Hyhy = twpoh, (G101 — Gho), (C‘sl2)}‘f' :
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where

i
Dext

Ae.)::&

Llexy,

It is btrrughtfoz ward to invert qu (C 19) to get solutxons for fhe effectwe charge . '

g
and: cuncnt chstubuhom aj, h : [64], _

o = C?Li’lj,\f”'l {Dm 53/.& zé?m—Hu,ns \ [(61 ——Q) (cx+1,ugunseﬂcbm o
- (62:31 — E1‘52) Aext}} ‘

hy = G Al a - Zl\ Am - L&)[J(()fls (61610'1 = Cancro)}

where

d:lld §=1 (2) mhen j= 2 (l)
~To calculate the surface charge and current dlstnbutlons muneucallv 1f the’: bound-‘. s
ary S is 'hm'te; ‘one can mesh up ‘the -s»ur.fa;cemto a ﬁmte nximber of gr-.ld ’pomts, as-

suming that all quantities (Green’s funcuonq, surrace c,ha,rge dwnmbutxons etc ) a,rei_ o

= @‘2,(»& - @I,exi-y _ : ‘ : . (CIS) V

= Age — Atexts ' - 8 :Z CM) .

= /Wffb : (f‘:lA—L,exi;:_ 52—‘4\2,99&) (Flns v@l ext T 62”’9 VG)2 c‘ct) (O ]-5)

= (s V) Aoy + iwpiofs '(‘€1¢1,em.“52@2,'ex¢)~ = L 1(@}.15.: S

A= EGHE, L e  ?}(<119)

A = A=Ay | ‘.}(Gao)

X = gl —-Eﬁgﬁg + /mw? {er — 63)‘3(?37 A'lﬁs) o ) = _'(C 21\_:_:‘

constant over a bxntrk grid peint. \Tote that thc nght hand §1des of Eq. (C 18) depend .

only on the external sources and free G: een’s functlons W hl(’h are cLITCchV knowu émd ,




Appendiz C: Electromagnetic simulations using boundary element method 213

with a finite mesh turn into simple products of matrices and vectors. Thus Eq. (ClB)

can be numerically solved to find oj; Ii; at each grid point. Once these d_isﬁribiiﬁorxs :

are known, the potentials ¢, A and then the ﬁelds E, H can be {‘alc*uia,tcmd ’
In our problern of mterezt we assume that the chpolc is locatcd on thc a:;us

and orzented a,lonv %z, while the na110t1p is- desgmbed bv a pflmbolmd of revolu’mon-

’ amund th@ Z-axis. Due to. The amal s*vmmetxy of the sy ste:m BE\/I 611’1’1111&th11 are.

8 i\antageou: beca,use one only ﬂeeds to ca,lcula,te the unknown (hs,trlbut ons ‘along

one dm@mmn msh:cxd of over the entue two—dlmemlonal smface S fxt the sa,me tlm .

the soul celisa dlpok oscﬂlatmv at con‘stcmt ﬁvequencv7 emd t,hus thc extemal chaa ges"

3 'amd eurr ents are calmﬂai ed qu1te ea,sﬂv : In BE’\I ( at least m the ycurrent fermula,t on)

any ter mmatmn can 1csuh in some ba,ck~reﬁecmon of t;he o uldcd sm face plasmo

this 1equlr§ in some smal] OSCIH&UOH“: of the ﬁelds due to mtm ference vnth the Iorward~ o

propagating sulface )lasmom as bar e]y seen, €. g in I‘1g 2 6 In our sxmulatz ns“the

1eﬁe<‘taed amphtudc is Lept to within a few perceut Very ﬁne meahes wer ,,used to:‘ o

ensmo accura xcs, in most Of our 51111111%10118 for c‘{ample‘; the spacmg betwee ‘pomtsf :

in ‘the IC&lOllS of con»tant n(m()mp radlus was approumately ,\pl /400



Appeﬁndix D

Derivation of coupled-mode

‘equations.

“In this section we derive thevéquéfcfiéns of evélﬁtioﬁi for two electromagnet

coupled sy stcms bclbt?d on Lorent7 reczprocnt}

First we dc,mfe ’che Lmentz remprout\r equcutlon genemﬂy Assummg, nan—m&guet:t ;

'medla suppose Lhat {E (r), Hy( r) el(r)} and {E (r) 2(1‘) 62(1“)} separaﬁdvbsa,hsﬁ
\’Id)va@H s Bquaﬁcxonb At this pomt the qystems 1 2 emd thclr ﬁeld »olutlons aae nGt i

nccebsanlv related to each other at al} In the follownm we rlb *ume that aﬂ ﬁelds S

E(_rgt) (I‘)F it H(r t) = H(r)e"’“" have harmomc tmle dependence bsm

vector 'idenmty

‘7 (axb) b- (an)-—a (Vxh)

and the curl relations of Maxwell’s Equatlons we can write
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= H3 (lwpeH;) — Ey - (iwepes E3), (D.2)
and similarly

Vo(E;x H,) = H,-(VxE3)—E; (VxH)

= H;- (*iw#ng ~E (—mef]E ) (D3) S

Adding up vKsf (DZ) midﬁ (D’{) yields the éqjuatiqnﬂ‘fo:'f»;Léi‘éintz;é:‘é:i‘fprocit}lf,:

e V. (E ><H2+Ef, H)—M'foE E(fl()‘:‘~

remprm 11:3 eq uahon a,bove ThlS derwa,tlon doaely follov;

be written as

ET(r Z Cy (z JE (r)

u._a b

with -a similar -expression fox H. 'Ihai is, We absume tha.t the total ﬁeld can be o
written as a linear super pocnt,lon of the unpertmbcd modes of svstems a b For the; ’
case where systems a, b each ha,xe one allowed mode the mdex v refers to fhes@

unpermrbed modea In genmal when a, b have J\v b a,llowed unperturbed modes, -
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is understood to be an index that covers all of these modes. We can derive exact
equations of motion for C,(z) bV using Eq. (D.4). Speciﬁcaﬂv we Wili let the invdex
1=T1in E,q (D.4) refer to thc total ﬁelds ET(r) HT( r) a,nd Lho dlelec tm proﬁle of

the combnmd 53 stcm €7 ( r), w hlle we will lot the mdf,x 2 = ,u’rcfm to &Il} on(‘ oi thqnf‘: o

lowed unper turbed modes of ﬂystems a.b. Substltutmﬂ thls mto Eq (D '—fl)‘ y;lgld‘s.f.g | "

V(B R EL E; x H 2 mOET eT(r) »;e:“lf(‘r)_j), oD

or . ‘@

7_Tv( 2)E, >H”+C’()E*%H) ;Qegz-Zc()E E*(gT(r)

 w=gb : . o S =l

Applying the divergence theorem to this result (and assuming that the surface terms-

vanish at infinity) ‘gives

w=u,b

L dweg Z C,,(z)/ a"pE E

v=a,b

The left- hemd <31de can be further %unph.ﬁed

LHS = = 2 - / d*p (C, (z)E < H C(,, xH) (Dq)
rr*ab b

- dec (/ dp(E xH*‘—LE*xH) z> | l

v=g.b

+Cu(z aﬁ(d‘, / &*p (B, XH*+E* xH) ) (D:lllo);"

- Z‘ZC’U &p (B, x H; +E*$<H )

r=a,b

+C’V(Zj <?W1€O/ d p E E*(E 6;;<r) ) : ’ (D 11)
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where we have applied the divergence theorem on Eq. (D.4) to get the last line.
Substituting Eq. (D.11) back into Eq. (D.8) yields a set of N, + N, coupled;
first-order differential equations that constitute the ’c}oup}edfmode‘equa,tit)ns:v

dC, ; - o Sy

We emphasize that these coupled-mode equations are exact within the ansatz given

by Eq. (D.5). ‘




s (t— ‘-O{O):\) = D({nké*”’“})}vac ]g) where the dlsplacemont operator D({cxk

1)

= D({oe Y 10),
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so that the initial state is transformed into |t(t— — 00)) = |vac)| g) In the H.eisén—
berg pxctule (and for a fleld initially propagating to the right), the rlgh‘f -going ﬁeldl
: opelator transfomm as Frlz, .)—7Ep( 5 {z, t) 'where the e\tunal ﬁeld a;mphu L

Ctude is £ (& Z) (1/ \/ 2r) [ dk ake‘k"ﬁ“ﬁ The traanmmatmn thm ma,ps the 1n1t1a1.', o

cohelem state to & Cl&b%l{ al R&bl ﬁequcncv (gwen bv Q \/ ‘:rgé’ ) m ﬂle mt' bactlon' Lo

one. ﬁﬂdb that

O e =~ + il — (0w — o) Fullh,

~T0pe —

‘?;Qgg_ga }+ mﬂeﬁ fggt(:t)", " |

are delm-conelated nmse opemtom a,ssocm ed WLth the dm&pahmn wha

: 'sfpeciﬁb,

formc are not of importance hele Note Lha,t in theqe aquamons the dismpamve termf ik

in the eﬁ‘ecmve H&mﬂmman of Eq. (4 1) dlld the quantum Jump pmture are nOW’ o
ngjoroush 1ep}<1c ed by dlszxpatlon and ﬂuctuaﬁon (fz e, nome) opera,tarq thdt 111ﬂuence -
evolution of the atomic opezaffora [107}

In the two-branch approximation,v.the»Heisenberg equation of motion for the right-




[N}
L]
Nl
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going field is given by

(_(i)_ + __?_) ER,(Z,Y';) \/_;TI,J qc(f;) ( Za)s » | (EB)

8z

whicli can be formally integrated, giving

/2mi : »ﬁ . S
et (= 20O — ). (B

E}r(Z t) = Ep free(2 W‘) -

~ where @(z) is \thve step function. Similarly,

- e | 27TL
. %L(za E«’L ,\-,L@(Z'{ bt) Y JJ

"E.2 Field correlations
s Under the ;iréméforrriatioﬁ :gixkén__-'b}f Eq. (El},the ,‘
for the right-geing field is given by |

Bl zt) = Bz, t) + ng t))(ng(z‘?r

which upon ev aluatmg at z > z, yields f’lie vav'éracr’e trafnsnii-ttéd' intensity. Similarly,

the first-or dcr corre ﬁlauon func’non f(}r the left-gomlT ﬁeld
GP(z,1) = (E‘L (z 1) EL(z t))

To evaluate the above ex rneeslcms we pr ocecd bv substl _tmg Eq (E ‘i) and (E 5) i

into Eq. (E.6) and (E.7), mspwuvohf Because the 1mma,1 phot,omc state is vacuum‘
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following the transformation, the operators Ep(r) free have no effect and thus calcula- -
tion of G reduces to calculating expectation values of atomic opera.tdrs Which can
easily be found via the Lanﬂ”u in-Bloch equations. In parngular er & 5ﬁeady-state'

colierent mpnt field, Lhe steady-state tr dnsnutcﬁd and rc‘ﬁected m\“enbltles aie glven

by

o -
{])(,o > 40,) — gf _~ 4
O
G (z <zp) = 2 '(088)7 S

'tcm()n miues from Eq (E 2),

Cwf

f“’?‘” T
T 'E-.;r*wm Lol

Subbtnutmg theso sulutlons mto Eq (E 8) ‘ra,kmg ‘(he resona,nt case. 5 = O, and

identifying P = rpl/ I and Q. \/27515 VlGld% the reﬁectance and transml‘ftance;.f ‘

values found in Eq (4 8).
Calculation of g“)( ) (see Lq (4 9)) proceeds ina smnlar manner bv usmg q :g(E 4) ‘ :

to cxpmm 1(2)(75) m terms of two—txme atomlc con elamoncs Spemﬁcaﬂv fo

ary prowbx the (un Silels mahzed) second order cmrelaimn func ion ‘for Che tranbmlt ved -

ﬁcld following the coherent- qtat:e tmnsfmmahon is glven by
GOz > 2,,1) = (B (m +& )(E (z) + &, )(ER( + 56)(5‘3(0) +e. >> ~..(Eeli2)f.;

where the fields are all undcrstood to be ev aJuated at a common pomt in space (2>

z,). For sunphmty let us take £. to be 1eal Then expandmg out the (33&]31‘6‘8:»1011;
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above with Eq. (E4) and simplifying, we find that

GO 501) = & - 4\/5.“7?%53 (Im (o))
T | | |
{ o . S
'5“‘1177%555 ((ee) + RG(@@@)%E(O» Re(%@( ggf’(“)))
2 (\/&F‘) £ hnu%(z)agﬁ(o)> 4 (o0 O)Gge(f)o‘qe(())))

252 S e '
+ @%) <<feg‘(0)%e'<f_)"’96(0)>' . : £ '  |

@ Mt A Rl

%‘(O'i‘(t)?k(oj)) = 7\&,(@(5)@(0)} + ,\ <0’A(O))

L

;%@@MM%m>=Aammmw%m»+uﬂﬂ%wb

féﬁw

Itis 't@did\iébtlf sira;lcfl'liforwa)rd to .sokre:?’r,he ‘abo‘x s 1ﬁel entml equa. on :
Laplace Lmnsformamou and the demﬂq are not 1ep10duced hma I‘or_‘ lovs mput»
intensities, however, ’fhe final Iesult is gwen in Eq (4 10)

A more detculcd unders‘»andmg of the fcafures m the second—ozdﬁr cmrelat

fummon g(z'( 2 for ‘rhe transmit fed field (Eq (’L 10) ) ca.n e gamed}from a quant 11' . e

jump plcture descnbmg the sy snem s ev olutlon follownw the de’rectlon of dIl mztlal .

photon {111].  Specifically, the chcmge in fhe wave functlon followmg detectlon ISV:;; =

described by the application of a Jump opnrator fo the S)rstem gwen in thxs case by : ; .
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the transmitted field operator, By = Eﬁ,, free + &+ \/2—77'29095 Jv (cf. Eq. (E.4)). The
density matrix following detection is given by fjump = Ez-»pssﬁ’;/ (E}EI) o Where g
is the steady-state density matrix and (), denotes the average of quantities in steady
state.,‘

For large P, Ep is strongly influenced by its atomic component. This is responsible
for, e.g., the low transmittance 7=~(1+ P)~2 in steady-state, as the field scattered by
the emitter destructively interferes with the incoming field. Because multiple incident
photorgincrease the transmission probability, the detection of a photon enhances the
conditional probability that another photon is present in the system. In the quantum
jump picture this translates into a sudden enhancement of the coherence {og.) by 2
factor of 1+ P over us steady-state value, (0ge) = (1+ PY{0ge),, = 2i82,/T". The
destructive interference between the incoming and scattered flelds is subsequently
lost, and the jump CRLISES a sudden enhancement in the field amplitude (£r), as
(Er) ump! <Eﬂ‘>_.es =1-P% Nc}té also that for P > 1 the jump results in a 7m-phase
shift of the field relative to its equilibrium value. The initial enhancement in (Er)
gives rise to bunching. Then, the 7-phase shift m’xdksubsequent relaxation back to.
equilibrium causes (Br) to pésg through zero at time ¢y = (41og P)/T', which yields the

subsequent anti-bunching and reflects the cancellation of the incoming and scattered

fields. For P = 1, this cancellation happeus exactly at t = 0 such that g (0) = 0.

E.3 Single-photon storage

As discussed in Sec. 4.5, the optimal efficiency for storage of a single photon can

be derived fram time-reversal symmetry arguments and is found to be ~1 — 1/P for
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large P. For the three-level emitter considered, we can derive this result explicitly by
solving for the dynamics of the total wave function of the system.
Specifically, we consider the general time-dependent wave function for a system

containing one excitation,
[y = / dk <(:R‘k{'t)&kk + c:L_,.k(t:)&,LWQ lg, vac) +c.(t)|e, vac) + ¢ (t)|s, vac). (E.17)

For simplicity we will set the position of the emitter to be z, = 0. Under the Hamilto-
nian given in Eq. (4.1), the state amplitudes for the field evolve (in a rotating frame)

.
according to

crilt) = ;‘iékC'R.k(:t_) +igc(t), | (E.18)
bpk(t) = —idreL k(1) + igee(t). (E.19)
where &, = vk — we,. These equations can be formally integrated to yield
ity (t) = Crnr,—tg(—00)e ™ + ig / f dt' e (t)e =), (E.20)
_ —oo

Physically, the first term on the right-hand side can be identified with the incident
single photon pulse, while the second term corresponds to the field scastered from the
emitter. Eq. (E.20) can then be substituted into the equation of motion for ¢,(%),

lt) = — () + 1QDe(t) + g / dk (erult) + coi(8)). (E.21)

which vields an integro-differential equation involving c,(t). In & manner analogous to
the calculation of spontaneous emission rates via Wigner-Weisskopf [107], the integral
over [ dk [ dt' can be evaluated to yield the following equations for the atomic state
amplitudes,

l—‘pl -+ I7
9

4

Ce(t) = 79([)65({)—' Ce(t)'{'
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Varmig (Efl(z = 0,1) + Effl(z =0, 8), (E.22)
ety = S (t)e.(t), . (E.23)

where E}Efféj(z._t) = (1/V2r){vacl [ dk i) k™" [(—00)) are the incoming or
“free” single-photon wavefunctions (in a _rc;ta:ting frame). Here we have identified
Tp = dmg? /v as the spontaneous emission rate into the SP modes. Based on the
time-reversal argument, it is evident that optimal storage is obtained by not having
the photcéi} incident from one direction, but rather for the photon to be split into two
symmetric pulses, which are simultameopsly injected into the left- and right-moving
modes, ie., Ef(0.t) = Ef,e(0,1). ‘We can also impose a reasonable constraint
that the photon storage process results in no outgoing field at the end, such that
CRiL.—ky(oc) = 0. which in turn immediately implies the relationship Eﬁeﬁ((],t) =
EL..(0t) = - /2mige.(t)/v. Applying these constraints to Egs. (E.22) and (E.23)

vields an implicit expression for the required pulse shape Q(t) and the following

equation relating the population in state |s) to the incident intensity:
d, o 20,0 [ L : T =T r 2
E,E}(-:S(t)lg = _1)2/(2_7[,92) (c_lEfree(" 1t)l - T'Eﬁee<0‘rt)[ . <E24)

Assuming that the incoming field vanishes at ¢ = Fo00, and enforcing the normalize-

tion [ dt|ER (2, £)12 = 1/(2v). Eq. (E.24) can be integrated over ¢ = %00 t0 yield
ics(oo))? = L —1/P, which physically corresponds to the probability for successful

photon storage and spin flip.




Appendix F

Appendices to Chapter 5

F.1 Derivation of NLSE for photons

The Hamiltonian corresponding to the system described in Fig. 5.1 is given in &

rotating frame by

H = '77""1;2-/ dZ[A()Ubb + Apaclcl + Om( {opa + Ud;)(E+€ikoz -+ E--e‘“‘ﬂtoz) + h'c‘)
+((Q (t)ete + QO (e oy + h.c.)], ' (F.1)

where B. = E‘:( z,t) are slowly-varying operators describing the quantum fields, and
0y = 0i5(z, 1) are collective, continuous operators describing the average of [1)(j] over
atoms in a small but macroscopic region around z. For simplicity, we have assumed
equal transition matrix elements gy = Jae = ¢ between_ the quantum fields E; and
the transitions Ja)-|b) and |c)-|d), where g~ (| v/ wiz/ ﬁeerﬁ-. Note that we have
also included a one-photon detuning Ag between the quantum fields and transitien
|a)-|b) (while maintaining two-photon resonance), whose purpose 15 to provide a group

velocity dispersion or “effective mass” term in the field evolution equations. Defining

220
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slowly varying operators cop = Gap €02+ 05p %07 and oog = Cod £ €07 0oy e H0Z,

the Maxwell-Bloch equations describing evolution of the fields under H are given by

19 g\ - .V 2migng
—— o (2 Y = — % + z. 1 [+
('U ai :t 82’) —’I( 1 ) " (O—(lb,z‘}:( 3 t) ch,i( k) f)) 5 (F 2)

while the usual Langevin-Bloch equations describing evolution of oy can be derived
following the methods of Refs. [113, 123, 124]. Following these references, we define
polariton operators V.. to des‘cribe. the collective excitations of fleld and spin—ivaverco-
herencegec that result from coupling with the control fields, which in the relevant limit
that the excitations are mostly in spin-wave form are given by ¥y = g-\/%jﬁ:i /e
To proceed fl;rther! we adiabatically eliminate the Langevin-Bloch equations for
the fast-decaying atomic operators (e. 9. ab and oqq), and slowly-varying operators
are solved in terms of Wy, discarding higher time derivatives in the slowly-varying
limit. Plugging these results back into Eq. (F.2), and specializing to the case where

0. (1) = Q. we obtain eveolution equations for the polaritons alone,
={ ; p

1, 2mig?
-3, ~ __.__L_g__.__
g v(248, + i)
drg*n, 2rig?
vl — 2idy) v(24, + il

(2070 + ATA) U + noise,  (F.3)

i

1
;&f W+ 0. A

1
Z9 A+ B,V U A + noise. (F.4)
v

Here we have defined the symmetric and anti-symmetric combinations ¥ = (V4 +
U_)/2and A= (¥~ ¥_)/2 and a group velocity v,~v$2%/(mg*n.) under which the
pulses would .pl‘opaga,te were they not trapped. The total spontaneous emission rates
I (which include decay into channels other than the guided fiber modes) from states
[b). |y are assumed to be identical for simplicity. We note that there are also noise
operators, which are associated with the dissipative terms in the equations above.

Because we are primarily interested in the regime where losses are not significant, the -
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specific form of these operators is not important here. With sufficient optical depth,

A can be adiabatically eliminated,
A=(2iAg — Tu(8,0)/(4mg’n, ), A (F.5)

where we have assumed that the nonlinear contribution ~W1¥ 4 is small. Physically,

~

this result corresponds to & pulse matching phenomenon [176] between the quantum
and control fields, whereby any imbalance between ¥, and W_ rapidly goes to zero.
Substituting the expression for A back into Eq. (F.3), and considering the relevant

%»:v
case where v,<v vields the NLSE with complex effective mass and two-body iuter-

action strength, -

\f?‘/—\o + 'iF,)'Ug'U A2 : 47['92’ng
drgPn, 7 v(d,+140/2)

100 = U1 + noise. (F.6)

Identifying I'yp = 4mg?/v and ignoring the loss terms reproduces the ideal NLSE
given in Eq. (5.1).

We now consider carefully the limits under which Eq. (5.1) well approximates
the complete dynamics of the field. First, one requires that the ac Stark shift of
lc) due to the nonlinear interaction fits within the frequency range where EIT is
efficient (i.e., within the transparency window), which is conservatively satisfled when
T/ 1K AL/IT = 2iAg]. In addition, requiring that higher-order derivatives of the
field be negligible compared to those appearing in Eq. (5.1) places a restriction on
the rmaximum wavevector k. of the spin-wave excitation. In the TG regime, for
example, kmaz~Tiyn and one consequently finds that np /n, <Tip/12A¢ 44T Finally,
as discussed further in Sec. F.4, one must also ensure that the loss terms in Eq. (F.6)
do not cause the dissipation of too many photons, which sets & maximum allowed

evolution time 1,4, for the system.
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F.2 Density-density correlations in one-dimensional

system of bosons

Evaluation of the density-density correlation function in the ground state is chal-
lenging even though the Hamiltonian in Eq. (5.3) is exactly solvable. Howaever, in
the regime of interest wheljé ~ ig large, one can obtain an analytic expression [129]
(we assume that translational invaliemcé is present and therefore P (21, t; 20, t2) =

g(z;](ZJ sy = Azt — Ty = Af)),

gHAz A = / / e cos(gs — g2)2V/K] x
47 TL Jgr]>rnpn lq2l<‘fnph
. q \"ph i -
T 2 / - i (F.7)
(i Tph ds 1 Gs — 4o

where A =1+ 4/7. Note that g decays as 17! for a range ol t > 0.

For arbitrary interaction strength one can use the exact solution to numerically
evaluate ¢ [129, 130, 131). On the other hand this numerical solution [130, 131] as
well as a number of other arguments [132, 177] suggests that an effective description
of a one-dimensional gas of bosons, the Luttinger liquid theory, provides very good
long-distance, long-time behavior. Using this theory, one can demonstrate that the
density-density correlation function in the ground state exhibits a po\we.r-law decay
of correlations and 2kr Friedel oscillations,

K (Az2)? = (gyAt)? Bcos(Zk; A z)

,)""T'L ph KA ) (U Af} ] 'AZ +17) AHJK (F8)

gD Az Aty =1+

)h
where B is a non-universal constant. The interaction pararneter K, or Luttinger
parameter [132, 177}, can be numerically extracted from the exact solution. In the

limit of strong interactions, K = 14 4/ and tends to 1 in the TG regime. Here
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ke = mngy is an emergent Fermi momentum.

In the cage of sudden switch-on of the interaction, one can use the completeness
of the Bethe-Ansatz wavefunctions and expand the initial state over this basis. Since
the matrix elements of the density operator in the Bethe states are known [178],
computation of the density-density correlation function starting from an arbitrary

initial state can in principle be performed [179].

F.¥ Expansion of the pulse

We consider the expansion of the optical pulse during stages i) and n) introduced
in Sec. 5.4. In regime i), the interaction energy of particles can be neglected in
cm;rlp;::u'i.son with the kinetic energy as long as §(f)n, is smaller than the kinetic
energy 1/meygzi. The time £y at which these energies become comparable satisfies toc—

¥

log(N

' ,}fh o), and thus if one chooses parameters such that Nﬁh_ﬂm > 1 free expansion can
be ignored (for large photon number one can simultaneously satisfy v<1 such that
the system is initially non-interacting). Regime ii); which is valid until y(¢ = 1) =1,

can be analyzed using the usual hydrodynamic equations (see, e.g., Refs. [139, 140]).

Tk
Nalf30

From the equation of motion for the flow velocity, we find t) ~ g(t), and from
the couservation of particle number, A(t) ~ %’é’—v('t). Assuming that the change in
density at the center of the pulse is small, these equations can be integrated to yield
a relative change of density Ang,/np~1/87Ng,.

Next we consider the expansion in the strongly interacting regime. Recent work

[137, 138] demonstrated that spreading of a pulse of hard core bosons enhances the

“fermionic” character of the wavefunction [137]. While generally this problem requires
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numerical simulations, the solution turns out to be extremely simple for an initial
pulse density of the form ngn(z) = no(1 — 2%/22)1/%, which corresponds to hard core
bosons released from a parabolic potential [138]. In this case the structure of the
density correlations is preserved and there is only a rescaling of length scales [138].
An explicit caleulation of g for this system is shown in Fig. 52.. Another signature
of fermionization of an expanding pulse of hard core bosons can be observed in the
momentum distribution function n(k) (density at wavevector k), corresponding to
the Fositier transform of the first order correlation function gz, 2") = ((2)d1(2)).
After sufficiently long expansion it approaches a Fe;rmi distribution [137, 138]. We
ém;plmsize that the qualitative features of our results remain valid for various shapes
of the initial pulse, including Gaussian and parabolic pulses, although numerical

analysis is needed to obtain precise answers,

F.4 Photon losses

In Sec. 5.4, we considered the system dynamics when the interacﬁion parameter
(1) = g{tymess/npn (see main text for definitions of § and mes,) has the following
exponentially increasing time dependence, v(t) = yefr!. After sufficient time, the
gystem can enter the strongly interacting regime where 7{,(t)>>1. The maximum value
7 = mee achievable in owr optical system is determined b'y digsipation of photons

via linear and nonlinear losses, whose effects we now analyze more carefully. For

concreteness, we will assume that the time dependence of (¢) is cornpletely contained
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in the interaction strength § = Tiprg/A,(t) via a time-dependent detuning
Meffl 1DV,
=B (F.9)

P dngyyoetert’

It is comfe.mént to first define a single-atom cooperativity = I'ip /T, which describes
the ratio of emission into the waveguide to total ez/nission, and an optical depth
© 0D = nn.zg. Here T is the total spontaneous emission rate of the excited states
of the atom, 7. is the density of atoms coupled to the waveguide, and z is the
('l"sara‘ctgristic length of the system. We also recall that the nonlinear Schrodinger
equation for the slowly-varying polariton operator T, including losses, is given by
Eq. (F.6).

The linear losses are a result of the ﬁnitg bandwidth of the EIT transparency

window, and their contribution to the total field evolution in Eq. (F.6) are given by

o Ty, O\

Ef_.NI‘w'n,} 0z? ' (FlO)

In the Tonks regime, the largest spatial components of the system are given by
Az~1/Ak~zg/Nyy, where Ny, is the total number of photons in the system. Then,
requiring that the number of photons dissipated is small compared to the initial

number of photons yields the following limit on the evolution time of the system,

vt  OD
"« o (F.11)
20 J\’ph

As described in the main text, the dissipation rate of photons due to nonlinear

losses is given in the strongly interacting regime by

iy ~ 'E;“"F | (F.12)
3 -~
I‘Lph 1o eﬁu}p't. (F.IB)

7
Mg ;7
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The total losses ate obtained by integrating Dioss(t).

¢
Pla&s = / dt'l Plass<'tc). (FIQ)
0

and we require that Fl..,<1 so the system retains most of the photons that were

initially present. Simplifying this inequality yields the following limnit on £,

vt OD T <OD By T )
dg—r——log| —— | . .15
zp b 5]\% |2 Non o |Ao (F.15)

Tn addition to the limit on ¢ imposed by losses and requiring that the majority of the
initial ;iotoms are retainec, there are additional requirements in order for Eq. (5.1)
to be valid. In particular, one must ensure that A,(t) > T in order for adiabatic
elirination of state |d) to be valid, which physically corresponds to this state having
no 3ig11{ﬁ_<;axlt. effect beyond ‘i—ts contribution to an ac Stark shift. In addition, for the
adiabatic elimination of the operator A (the anti-symmetric combination of left- and
right-propagating polaritons; see Eq. (F.5)) to be valid, leading up to the derivation

of Eq. (5.1), one requires that

Ilﬂh_« ‘Ap(t)l
ny 0= 28|

(F.16)
However, one can show that the limitations on ¢ due to linear and nonlinear losses are
more stringent and thus these additional inequalities will 1ot be considered further.

Substituting the maximum time fmae allowed by linear and nonlinear losses back

~into the expression y(t) = voe?#rt and simplifying yields

Frowr ™ min (70 £xXp (@) 3 776‘_&%1‘%) s (F‘17)
ph

where the first and second terms on the right correspond to linear and nonlinear losses,

respectively (Note: defining ¢ =T OD/|Ao|Npn, the limits on ¢ imposed by requiring
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-

Ap»T and validity of the adiabatic elimination of A yield Ymaz~n¢ and Yimaz~C2
which are larger than the term 53¢ appearing in Eq. (F.17) if one reaches the strongly
interacting regime). Fixing all other parameters, the value of Vmee can be maximized

by choosing an optimal detuning {Ag|.

@



Appendix G

Derivation of band structure

equation for optical lattice

G.1 The KKR method

N

The methods for calculating the photonic band structure in an optical lattice
have been discussed in detail in Refs. [155, 156, 157], and the derivation here closely
follows these techniques. We assume that the lattice is made up of point-like atoms
with isotropic polarizability and uniform occupation at each lattice site. The electric
field in the lattice satisfies the equation
KZ—? + H‘) —(VxVx) - V(w,r)} E=0, (G.1)
where

V(v r)=— (w/c)ep Z §r— R)®I. (G.2)
R

[hv}
(oW
o
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Appendiz G: Derivation of band structure equation for optical lattice

Here the tensor p’rodﬁct separates spatial degrees of freedom and the polarization
degrees of freedom, and the sum on R runs over all lattice sites. From this point the
tensor product separating the degrees of freedom will be suppressed. ag is a bare
polarizability that we will relate to physical quantities in further discussions.

Omne can find the dispersion relation inside the lattice through a means similar to
the KKR method in solid-state physics. Mathematically, we can write Eq. (G.1) in
the form

(B—A-7)) =0 (G.3)

We are interested in finding the eigenvalues E of the equation. The solution can be

“

formally written in terms of the free Green’s function Go=(E — Hy- 1

!’l‘iJ) = GoV['{j)),OI‘ (G}l)
- ey = D (rIGalr )l Vi) (ral). | (G.5)

Suppose furthermore that V is diagonal and periodic in space, i.e.

Vir) = qu(r —R), ‘ “ (G.6)

R
where v is defined inside one unit cell and zero everywhere else. Then, we write the

eigenstates [¢) in the form of Bloch solutions with Bloch vector k,

() = /dr] Z Golr — r1. wk))v(ry — R)dk(ry) (G.7)
: R
= Z /dﬁrgG(,(r —ry - R, w(k))e(ro)du(r: + R),
=
where ro =1 — R, (G.8)

= Z/drgG’o(r — 1y — Ry w(k))u(re) g (r )™, (G.9)
R
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where we have used Bloch’s theorem to write % (re + R) = v(rz)e™™ in the last
line. With the potential of Eq. (G.2), the dispersion relation w(k) is obtained through

the determinantal candition

}{.(w(k) Je)Pos} I+ ZGO(R,w(k»e—“"ﬂ =0 (G.10)
R

" Use of Bq. (G.10) is made slightly more complicated by the fact that one must regu-
larize Gg in order to cancel the divergence at r = 0.

&

G.2 Regularization of Green’s function
The free Green'’s function Gy satisfies the equation
{(f—; +716> -V >< VX} Golw, T — 1) =6(r—1)]. (G.11)
¢

It is straightforward to find the solutions in either momentwm or real space [157):

. 1 1
(), p) A, + =DP G.12
Gole. p) it —p? e Pt ia"'pp (G.12)
= Gl{w p)+G§lw p), (G.13)
I—3FF e
Golw, 1) [-m - I (P(ikr)] + Q(ikr _)1r)} +
I-3tF 6(r)

i B WAy : G.14
{477/:27'3 + 3k2 } : ( )
= GT(w,r) + Gwr), ' (G.18)

where k=w/c and A, = I —Pp is the operator that pro jects onto the subspace orthog-
onal to p. Here we have separated out the transverse (GT) and longitudinal (GE)
components of the Green's function in momentum space. The transverse and lon-

gitudinal functions in real space are then defined as the Fourier transforms of the
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respective components in momentum space. The functions P and @ are defined to
be
P(z) = 1-z"'+37%,  (G.16)

Qz) = —-1+3271=3272 (G.17)

That Gp must be regularized can be seen by considering the problem of a single point

scatterer, whose Green’s function satisfies

[("—) + ie) — V{w,r)—Vx Vx] Glw,r =) =d(r—1)I , (G.18)
Viw,r)=— (w/c)apd(r)]. (G.19)

The solution to G can be expressed in terms of Gy through the Lippmann-Schwinger

equation [35]

Glw) = Golw) + Golw)T(w)Golw), (G.20)
T(w) = Viw)+Vw)Cow)V(w)+ - (G.21)
= Hw)s(r)], (G.22)

where the matrix element ¢ is easily calculated to be

og

2 . (G.2
T+ ol FasColo,r = 0) (6:28)

tw) = —(w/c)

One can see that t depends on the free Green's function at 7 = 0. If Gg is not reg-
warized, then its divergence at r = 0 causes the matrix elernent to be zero, i.e., no
scattering occurs. It is evident that this unphysical result comes from the large p be-
havior of Gp in momentum space, which can be modified by introducing appropriate

cutoffs. Plysically, the cutoffs are necessary to reconcile the treatment of scatterers
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idealized by point particles with the fact that Maxwell's Equations represent some
macroscopic theory [157). The cutoff parameters can be subsequently related to phys-
ical quantities related to the microscopic properties of the scatterer such as resonance
frequency and linewidth,

We introduce the cutoffs [157]

A%

Glw,p) — C¥lw, e (G.24
, .
" Gi(w,p) — Gflw,p)x Y\Tfiﬁ - (G.25)

where A7, A7' are much smaller than the length scales of interest. Thus the behavior
of Gy in real space is unaffected except near the origin. With the cutoff parameters,

Gy now becomes finite, as

. A k '
.’,Iu,)“:.\ = - —T———',-— .
Gglw,r=10) <67r f16W>I, (G.26)
AJS ‘
Gélw,r=0) = ————67(_{2]. (G.27)
The matrix element ¢ then becomes
: (w/c)?
1 = — - G.28
@) agt + AL /6m — (w/c)?Ar /6T — i(w/c)d/6m ( )
¥

(G.29)

= —(w/c) ay— e —.
(w/e) 002 — w? — (Do /w})

¢ evidently corresponds to the dynamic polarizability of a simple scatterer with a
single resonance (e.g., a two-level atom), as the ba.re}polari‘za.bility ap and the cutoff
pararmeters Ay, Ar can be 1'él£ttecl to the physical quantities ayg,wo, Io. The value of
g is fixed by requiring that the total scattering cross section, Gipm (w) = —Im t{w)/k,

be equal to the scattering cross section, Toe(w) = t(w)|?/(67), which ensures that any
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extinetion in transmitted light due to the particle is due entirely to scattering. This
requirernent determines that og = (67)/ (Qwp/c)?), where @ = wo/To.

Using Bq. (G.10) and the regularized Green’s function, the band structure equa-

tion can be simplified to

Z e RG (W, R) — ™ Hw) || = 0, ((G.30)

R#0

Tt is convenient to solve this determinantal condition in reciprocal space rather than

real space. This conversion can easily be made by noting that

1 1
02 W - k- GPhus

=5 e Gow, R). (G.31)
= \

Here O denotes the volume of a unit cell. In reciprocal space, one must again remove

the divergences. Writing

L 1
ZG: (W/cPl — Jk — GPBce ; {(w/C)2 — |k~ GPAK"G

+ (w/e)™? (k/—\é> <1{/—~\G>} , (G32)

we see that there arve two divergences, which we identify as

1 1 1 .2 Ap
2SS SAe=zy ol = (G.33)
0 Pl G2 Q & 3G2 67
1 o1 1 A3
G el

Subtracting out the divergences, one can ultimately write the equation for the dis-

persion relation in dimensionless form as given in Eq. (6.2).



Appendix H

Magster equation for dipole-dipole

interacting atoms

Here we derive a master equation for atérns interacting with each other via com-
mon electromagnetic field modes. The field modes are effectively eliminated using the
Born-Markov approximation to yield an equation that describes dipole-dipole inter-
actions of the atoms. In the following derivation we follow cloéely the notation and
conventions of Ref. [159].

The Hamiltonian & for the entire system of atoms and field can be written in

terms of an unperturbed and an atom-field interaction Hamiltonian,

H = Ho + Has, (H.1)
where
Hy = Huoms + Hroid (H.2)
- 5\: (hwoerd,) + ) e (a;#ak,# + %) . (H.3)
=1 iu

241



Appendiz H: Master equation for dipole-dipole interacting atoms 242

The atomic operators ¥ are defined as

.

o*{;e = o-~;£g.0‘g,e, : (H.4)
; C o '
Oe = (ody) (H.5)

1
ol = > aigla)é, (H.6)
q=-1
Uﬁ;g((l) = Z (JgﬂLg,lq|.]377-113\)lJe'/.,.z.e)j(Jg'rrLglj, (H.7)
ey

while the polarization vectors are defined as

g6

. I oy o s

€] = $7,§ (Xi?b’) €p =2 (H.8)
Here 7 is an index for the atoms, ¢ and g denote excited and ground states, respec-

tively, m, and m, the magnetic quantum numbers of the excited and ground states,
and ¢ the polarization of the transition. u denotes the two possible polarization vec-
tors associated with each field wave vector k. The operators di,, annihilate a photon
in mode k. 4. ﬂ

We now consider the evolution of the atom/field system in the interaction picture.

The transformation between the full density matrix pur in the Schrodinger picture

and Jur in the interaction picture is given by

Bag = €0t/ p o= HOI/N, (L.9)
where fr evolves according to

aﬁar 17~ -

ot = E {Ht‘f(t):paf] y (HlO)

Holt) = eHothH e o/, (FL11)
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The interaction Hamiltorian between the atoms and the field, in the interaction

picture, is given by

N
Hy = Z N gy (0 0t + e - (‘cz-kw.ék,ue"‘k'”‘i“’“ +he). (H.12)

j=1 kg

The atom-field coupling constant is

Cf-ey Wy,

G = 5T 71\ 2heV’

(H.13)

wherg deg is the dipole transition matrix element for each atom.
We can formally integrate Eq. (H.10) once and substitute the result back into
itself to obtain an integro-differential equation. We then trace out the field degrees

of freedom to obtain an evolution equation for the atomic density matrix p = Trt far

alone:
el 't - hrdlN - .
00— [ ar [, [Autt = 7). st )] (H14)
o
To make the above equation more useful, we make the Born-Markov approximation,

replacing fac(t — 7) with A(£) & [0)<0. Physically, this amounts to assuming that
cor‘rela..tions in the field are negligible and that the field can always be approximated
by a vacuwm state, and that the correlation time of the atom-field system is much
shorter than any atomic time scales. We can then consistently also extend.the time

integral to infinity, such that

% T / " ar [, [Bu - D0 @00 ()

Explicitly writing out Hae(t) and Hu(¥), where t' =t — 7, gives

Bult) = =Y B (oL@ + ohee™)

PR
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(a_k‘/‘téklyezk-r]‘—Lu.zk,i + a{(yé;‘ye—zkfj-;——-wkt) ) (}116)
Hhi(t} — E : Tigy (UJ e“‘“t + 0’] iwoi,>.
3k
™ O YR ) ! {
(Cbk' u”’k’ fezk T =t t ‘r‘air‘ue(‘_iz.”re ik ry-n.uyt) ) (le‘v)

When we substitute the expansions above into Eq. (H.15) and perform the trace,
thie only non-zero terms will be those associated with a.kfy_ai,l“_,}()) {0}, (LL A0){Olarer
uL 0 (0}a,,. and 10 (O] arger u’”’k ,where k = K and p = . Making these simplifi-

catigns and replacing the sum on k by an integral gives

ap V
—5%- = _————-———(2’_"‘(‘\)3 de J)A Z Qk / T
Jgtae "

Ireik"zj’”':(w‘-‘*mo)"_ (O-iq . ék.y) (Uéle ‘ éf{;,&t) Z)(t)

Lpthryjr —ilwy Fwo)T (o'{lc ék.#) (U{g ‘ éi#) At)

__e—ilurjj;-f—i{wr?"’—"l))‘r ( EL " p(t ( Ek #)
t) (o

(J-—ﬂr s+ i —wn)T (O‘“J}p 6k,;t> ( - fx )J) -} hC] . (ng)

Here we have omitted all fast-oscillating (or energy non-conserving) terms such as
i od =%t and have also defined rog =T, — I
o) .oh.e” >, and have also defined ryy =1y — vy
The time integral can be evaluated using the formula

et L . 1
/ dr e~ T = 1wy F wy ) HIP——— (H.19)
0 ‘

wo F wg’
where P denotes the principal value, while the angular integral is straightforward but

tedious to evaluate. One then finds that

95 1 (i i\ L e
Fril —h<Heﬁ‘P“f—’Heﬁ> + Lipl, (H.20)
N
Al v ﬁf . .
Hgp = —io ) 0k DZ Nice(korjz) + Blkorsy)] - 0o (H.21)

=

J=1 J#§



Appendiz H: Master equation for dipole-dipole interacting atoms

i

where g = kjd2,/[3meph(2]e + 1)] is the spontaneous emission rate of a single atom.

The tensors o and 3 are given by

3, ,.snp 3, . [cosp sinp .
= (I -pp) Lt 5 - . H2
alp) = U -pp)—-+35U 30/3)( 7 ) (1:23)
. 3 ... cosp 3 ... {sinp cosp .
= U~ ~ S - + : H.24
Blp) 5 pp) p n 3pp)< 7 = > (H.24)

@




Appendix I

Raoughness and
temperature-dependent surface

plasmon propagation losses

This appendix contains details of the caleulations presented in Sec. 2.6 of SP

propagation losses as functions of surface roughness and temperature.

I.1 Radiative scattering

Suppose that in the presence of ro ughness, the first-order scattered field £, is given
by Bq. (2.63). Using the expressions derived in Bq. (2.3) for the unperturbed, incident
SP field, and letting kj denote the ul’lpertur'bed SP wavevector, the total (incident
plus scattered) fields to first order in p are given by

" ikpky g , 0 & thylhyl .. L .
E?U“‘ﬂ = (L iy, Hi(kyop)e™* +p / dhy ——-iké—]—H(l)(fllu_p)e,"‘ll”A(h”)) p

)

1

tde =)

246
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s "J
[+

ki oo R?,
( / b]H{} }q /))C’ = +p / (UM} ]‘2 Ho(h;_l_[)) i ‘l(hv[))
Y1

Feykay ' Ly b C s
By = (l L= by Sy (s p) e +p/ dhy —r5— e —5—Jo(hay f))@m“zB(hi!D 17

. k3

>
tdtv

Jc?,i h2
+ ( b Jolkoi ) +p / dhy =2 = L Jo(haop)e™? B(ml))
5 o %
l o dha < i z
HmmJ = e [1’]&1 by HY(kypp)e™ -+ p / dhy 'LhuHo(hu/))e"‘“”/l(h")}
0 S =
tOi al . 1 ihy 2 zh
Hyy ™ = o ik Jo(ka />)b>e i +p dhn ihoy Jy(harp)e™ B(hy)| . (L1)
0

’IQLIC boundary condition equations in Eq. (2.64) can be solved by plugging in the
fields above, carefully expanding the equations as a power series in p, and then solving

for each order of p, utilizing the expansions

. N ac .
i = 2+ pf;p + O(p%),

Fi,'m(k:‘i.l.pfl) Fl m.('l"l LR -+ [)CI"I‘_ ¢nm(ki.‘_'R) + O(pz)‘

ng‘rl. (h'fi.ljol) = -Pl ‘m(hl ! R) + p(;hﬂ. Lrn(hi.LR) + O(pz)s (IQ)
where F p(x) = Hp () and Fym(z) = Jm(m)‘. The resulting O(p?) equations are

trivially satisfied by the SP fields of a smooth nanowire, while the O(p) equations are

found to be

/.- . dh’] [%—*f{[;(fn R)A(hn) — %—?—L‘]Q(hg_;_}?)B(h“ )} e'ihll‘z =
= 1 2

ke d¢
1C{2) Hy (kL R) + ‘;;‘LZA (;Jn(k'z_!R)

{1\2']' bog(: ](,(A 94 R\)

C ik kya ik
B AL /1-—H0(A1. R) e‘k“‘“
K

/ (i/?:glK [h-]_:_H()(IM_LR)AULH) - hg_[_v,]é(hg_&_R)B(hu)] t’;‘ih“z =

(K2, baC (=) Ty (ks R) — K1 i G (2) Hy (k1 R)] €07, - (1.3)
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Here we asswme that the metal inherently has no losses, i.e., Imey = 0, such that ky
is purely real. Then, by plugging in the Fourier transform of {(z) given in Eq. (2.65),
the equations above become purely algebraic. It is tedious but straightforward to
show that the solutions ave given by Eq. (2.66), with the coefficients f(hy) and g(hy)

defined via

f(}l= V= h-gj_l‘\"v‘](y(h«g_l_ﬂ)‘ - lxéf\’f(h,“) Jé(hz_l_R)
P = T R T (har R)h1 kg — Hy(haiR)Jo(har RYhoi
] (h ) . }le_NHo(hlz_R) ——k%!\f(hn)ﬂé(hu_ﬂ)
ST H (i Ry Jglhas )b ik — Hy(hay R)Jo(hay R)ho s kY
S kykry(hy — Ky ,
M(hy) = ( - li—%—‘-——”) by H) (kL R)
1 1

(RS ke (hy — Ky ‘
Y T _'*_:;(_._2‘_,.‘_')> A
;\i lﬂz .

N = bk? HI(k R) — bok3, Ji (kny R). (1.4)

To evaluate the expression for Dyad roush 12 Eq. (2.73), we first normalize the fields

' 1=}
such that the denominator takes the value fiw/4L. For concreteness, we assume that
the conducting nanowire exhibits a Drude-like behavior and that we are operating
)2

well below the plasma frequency, such that € (w) = 1= wg Jw

~ —w?fw?. In this case
the dispersive term in the denominator is positive and given by L (wea(w)) = lealw)].

In the nanowire limit, normalization of the integral is straightforward and yields a

coefficient blz\/ Fuwkie R? JepVC* L. Here V is a dimensionless parameter given by

%
LIV <o) N 1 e ) "
! :;C—% (m/(; dez (I (.’L’)+I§(m))+—6~l‘/c dez (Ki(z)+ Kg(x)) | -
(L5)

Then, using the relationships ky=C/R. ki ~iC'/ R one can calculate the leading terms

of f(hy) as H—0,
hyi b (C/R)o

f(\hu) ~ Qiki?hg_!_/ﬂ'hl_LR: (16)
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where we have defined ¢=(bo/by)JI(iC) — HY(iC). In the equation above we have
explicitly given the leading terms of the numerator and denominator of f(hy). The
ratio by /b is given in Eq. (2.4), which in the nanowire limit results in the simplification
of & given in Eq. (2.75).

We now consider the limits of validity of our pertu.rba,ﬂve -approach to calcu-
lating radiative scattering, specifically considering the expansions made in Eq. (1.2)
that are necessary for the perturbative method used here. The first of these ex-
pansioms requires that |d¢ /dz|<1, which can be re-written as a condition on the
slope, s« 1. Physically this requirement states that the typical length of ‘a rough '
patch be much larger than its typical height. The second line of Eq. (1.2) requires
that |k ¢|<l. In the nanowire regime this requirement is equivalent to 6 Ay,
which states that the height of a rough patch must be much smaller than the SP
wavelength. Finally, the third line of Eq. (1.2) requires |his C |« 1, within the range
of i that are appreciably scattered mto. From Egs. (2.66) and (2.68), we see
that the velevant range for the parallel component of the wavevector is given by

< < . .
by — 1/a ~ hy ~ ky + 1/a, and thus the largest relevant transverse wavevector 18

(hig e o> max- <o<1 | /eilw/c) — (By -+ §/a)?|. In the nanowire regime, ky=C/R,

there are two limiting cases. The first is when the correlation length a is much larger

than R. o> R, in which case- iy max|~C/R and |1 ¢ |1 reduces to 6K Ap). In
the other limiting case, R>»a, one finds that {his max|~1/a and the corresponding

requiremeut is given by s < 1.
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1.2 Non-radiative scattering

The elements of the matrices M; and vectors v; appearing in the matrix integral

equation of Eq. (2.85) in the presence of surface roughness are given by

\ En(hR)  —Ln(hR)
i\ﬁ[@(’l-) = '
\ he K (RR) - he:Im(hR')'
| ¢Ki(qR) —ql(qR) | ., ..
M(h.q) = 0%,
& M (h,q) MP(h.q)

MP(hq) = e(®KLqR) +glh - ¢)Kn(gR)),

MP(h.q) = —eld®IL(gR) +q(h — 9)Inl{gR)),

CERNGR) —SINGR) L,
j\ff_;(h,(])q’) = " 2o eh—a)7

MB(h,q,¢) MP(hgq,d)

’ -
M3 (h.q,q) = ( 5 Z"” qR) + (qg + _g_;]_) (h—g— g’)[(&(qR)) ,
#n s, 9d
M (ha.q) = 7fm(f1ff)* ¢+ ) (h—g= )R
\ ARG Y: R R
V()(h.) = — ; [&m(h/}'>,
hIl (hR)

C]f’ ((_{R) ~ i(h—a)z’
vi(hg) = - " Eon(ap)e ™07,

@I (gR) + g(h ~ ) Tm(aR)

z(h q)-

Vg(h,[]‘(]/) = - f m((Jﬂ)

2 C13 T (]Cj/ g ™
heg ) = SIneR)+ (¢ + 5 ) (h—a—)n(ef). (1.7
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1.3 Temperature-dependent electron-phonon scat-

tering
1.3.1 Derivation of electron-phonon interaction Hamiltonian
First, we recall that the phonon Hamiltonian and the displacement operator R,

of ion n are given by

@ Hpn Z Fewqiil g, (1.8)
. g ok . ,
Ry, = WZ i R g \ m(aq-'ralq). (1.9)

Here, fiwq and éq are the energy and polarization of phonon mode g, M is the ion
mass, NV is the total number of ions, and &g is the annihilation operator for mode q.
The eubecnpf q appearing in the summations above and in wq, Gq are understood to
cover the polarization degrees of freedom as well. The electron-phonon Hamiltonian
to lowest order is obtained by expanding the electron-ion interaction Hamiltonian,
Homion = / dr' S BL(r)da(r)Va(x — B, (1.10)
ne B
to first order around the ion equilibrium positions R(;,O). Here wg(r) anpihilates an
electron of spin o at position r. Performing this expansion, and simultaneously ex-
pressing the operator olr) = (1/VN) T Bio®ic(r) In terms of the Bloch functions
¢ and their annihilation operators Cue, OLE arrives at

Hﬂfl—Ph = dr Z (‘L’ Cle@k (r)qsk( )(‘anX/O) ’ Ran":._:Réﬁ?' (111)
rkida
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One can simplify the above expression by utilizing Bloch's Theorem to apply a shift

to the states ¢, and oy,

H, - L Z /I(T + Al Ji(a=letk ) RY
eb-ph N nkk’qcr\/ MNwg - a) Bl .
[ ardtels = RO G Vo) ol ~ RO (122
=3 T AT (a +ab )ak (L.13)
A5 v Z\’:{j\[u}? q+G, o) Y gt G q q o)

where G i a reciprocal lattice vector and

Qi = (dw|VaVo(r — R)|r=oldk). | ) (1.14)

For simplicity we will consider only normal scattering events, where only the G =0
term contributes, and ignore umklapp processes, which leads to the electron-phonon

interaction Hamiltonian given in Eq. (2.98).

1.3.2 Derivation of electron-field Hamiltonian

The electron-field interaction Hamiltonian is given in first quantized form by

Ho-fictd = 7~ ij A(r;) + Alry) - B, (L15)
where p; is the canonical momentum operator of electron j, and A is the vector
potent"x&l, In the following we will assume the electrons ave interacting with a uniform
classical plane-wave field,

BE=E (" +cc). (1.16)

Irt this case, the interaction Hamiltonian becomes

e E Vi inr; o ey Vi) i
Het-fivla = 75— mu : Z —;,ie“”’ + et r*"—;i e™ 4+ h.e (L17)
j < &
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eEo I :
—V(h)e ™" + h.c. ;
e Vv(h)e™* + h.c., (I.18)

where we have defined

h . :
vb) = o— (Z Vet 4 elh"fv]) : (1.19)
J

We can simplify the interaction Hamiltonian somewhat by considering the action of

the operator
h : -
Vh=— (Ve + ™'V 1.20
"= 2im ( gL ) W8
on any%loch state Px_ns2. We first write ¢y_p/2(r) = =Ry, /2(r) in terms of
a plane wave and a periodic function u that has the same periodicity as the underlying

lattice. Then
> i e
Vh¢k—h/2 = %6 {ettay2) (Zkuk_h/2 “p VUk_h/Q) 2 (1.21)

It can be seen that the matrix element

(K|[9uk —h/2) = / dr 6 (£) I ndren/a(r) (1.22)
Jiee sy
o / dr %ez(k—k +h/2)~ru;=(/ (I‘) %
(Kuge—ny2(r) + Vire_n2(r)) (1.23)

vanishes unless k = k + h/2, since the periodic functions v have non-vanishing
Fourier components only at reciprocal lattice vectors G. Furthermore, assuming that
the functions uy+n/o(r) are just small perturbations to the function uy(r), to lowest
order we can make the replacements uy+n/2 = ux in the equation above. In making
this assumption, we also implicitly assume that only intraband electronic transitions

occur. Now,

&+ B2k — b =~ % / dr i (r) (iku(r) + Va(r)  (124)
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= v, (1.25)

where viex Vi £ (k) /N is the electron velocity n state k. With these simplifications,
the electron-field Hamiltonian in second quantized form immediately follows, as given

in Eq. (2.100).





