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Abstract

The current frontier of our understanding of the physical universe is dominated
by quantum phenomena. Uncovering the prospects and limitations of acquiring and
processing information using quantum effects is an outstanding challenge in physical
science. This thesis presents an analysis of several new model systems and applications
for quantum information processing and metrology.

First, we analyze quantum optomechanical systems exhibiting quantum phenom-
ena in both optical and mechanical degrees of freedom. We investigate the strength of
non-classical correlations in a model system of two optical and one mechanical mode.
We propose and analyze experimental protocols that exploit these correlations for
quantum computation.

We then turn our attention to atom-cavity systems involving strong coupling of
atoms with optical photons, and investigate the possibility of using them to store
information robustly and as relay nodes. We present a scheme for a robust two-qubit
quantum gate with inherent error-detection capabilities. We consider several remote
entanglement protocols employing this robust gate, and we use these systems to study

the performance of the gate in practical applications.
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Abstract

Finally, we present a new protocol for running multiple, remote atomic clocks in
quantum unison. We show that by creating a cascade of independent Greenberger-
Horne-Zeilinger states distributed across the network, the scheme asymptotically
reaches the Heisenberg limit, the fundamental limit of measurement accuracy. We
propose an experimental realization of such a network consisting of neutral atom

clocks, and analyze the practical performance of such a system.
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Chapter 1

Introduction and Motivation

1.1 Overview and Structure

The field of quantum science aims to answer conceptual and practical questions
about the fundamental behavior, controllability and applicability of systems governed
by quantum physics. Such systems arise whenever a few degrees of freedom of a
physical system become isolated from their environment.

Realizing and maintaining the required isolation is a formidable task. The inter-
action within the isolated components needs to be much stronger than the collective
coupling to modes of the environment. Once achieved, the system starts to explore
an expanded set of states: Its dynamics are not constrained to a countable number of
pointer (or “classical”) states anymore, originally selected by the environment, rather
it moves around smoothly in the entire Hilbert space, with its motion governed by
a Hamilton operator. Internal components of such a system are said to be “strongly

coupled”, and their dynamics to be “coherent”.
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The variety of (“quantum”) states in the Hilbert space gives rise to counter-
intuitive phenomena such as superposition, tunneling and entanglement. Besides
being academically exciting, these phenomena hold the promise that future devices
and protocols relying on them will perform better than any conceivable scheme based
solely on classical dynamics.

The discovery of efficient quantum algorithms for problems that are conjectured
to not be efficiently computable fueled the field of Quantum Computing. In Chapters
2 and 3, we analyze the capabilities of nano-scale optomechanical systems to perform
coherent logical operations, the elemental steps of quantum computation.

Protocols that rely on entanglement to distribute secret keys between distant
parties are the main focus of Quantum Communication. Their security is based
on fundamental physical limitations, rather than practical limitations arising from
computational complexity. In Chapters 4 and 5, we describe how a system consisting
of a few atoms isolated in an optical cavity can be used to realize a quantum gate with
integrated error detection, and we analyze its usefulness in a quantum communication
setup.

The idea of preparing a detector in a quantum superposition in order to focus its
sensitivity to the quantity of interest is the central topic of Quantum Metrology. In
Chapters 6, 7 and 8, we present a protocol for operating a network of atomic clocks,
which combines local and remote entanglement to surpass the accuracy of classical
protocols and asymptotically reach the fundamental quantum limit of precision, the

Heisenberg limit.
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1.2 Optomechanical Systems

The current fabrication technology allows the creation of integrated devices with
nanometer-scale features such as waveguides [148], photonic band-gap materials [88],
non-linear inductive elements [139], antenna arrays [241], optical cavities [165], and
mechanical resonators of various shapes and sizes [10].

Coupling components with different physical properties can give rise to devices
which incorporate the best characteristics of each component. Optical components
are fast (~ 100 — 1000 THz) and fairly isolated, but making them strongly interact
with each other is challenging [45]. Mechanical components, on the other hand, are
much slower (~ 0.01 — 10 GHz), but are usually much more sensitive to changes in
their surroundings [10]. One successful application is using mechanical elements as
transducers between two optical degrees of freedom for efficient filtering and frequency
conversion [79], while driven by classical light.

The interaction between a light field and a mechanical surface originates mainly
from the light-pressure displacing the mechanics. This gives rise to a non-linear
parametric coupling between light intensity and mechanical motion [150]. In Chapter
2, we analyze a quantum model of two optical cavities and a mechanical oscillator
interacting through this coupling. We find that if the system is driven by a weak
laser pulse (accurately described by a Poisson-process of photon arrivals), the output
light exhibits super- and sub-Poissonian characteristics. We find that if the system
is properly tuned, and is sufficiently cooled down, then it can be used for coherent
quantum operations. If the energy difference between the two optical modes is bridged

by the mechanical mode, then we can use the photons leaving the output port with
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the lower frequency to herald the creation of a single mechanical excitation.

Using oscillators as quantum registers in a future quantum computer requires them
to be anharmonic [138]. This is because consecutive levels of an anharmonic oscillator
are separated by unequal frequency intervals, which makes it possible to address
transitions independently. The inherent non-linearity of the optomechanical coupling
holds the promise of rendering the coupled oscillator system sufficiently anharmonic
for computational tasks. In Chapter 3, we propose a quantum logic architecture
based on coupled optomechanical components. We find that, under sufficiently strong
cooling, the system exhibits non-classical behavior and is able to store information

and perform logic gates on the qubits.

1.3 Atom-Cavity Systems

Coupling individual atoms to optical cavities is one of the most effective ways to
realize a well-controllable and manifestly quantum system [137, 231]. The first model,
named after E. Jaynes and F. Cummings [111, 204], describes the coherent dynamics
of a single transition between two levels of an atom and a single, confined optical
mode. This model is exactly solvable and serves as a great source of intuition.

As the physical size of an optical cavity is decreased, the zero-point electric field
corresponding to the ground state of its modes increases. As a result, individual
atoms placed inside such a cavity, coupled through their electric dipole moment,
start to interact strongly with the optical modes. Omnce this interaction becomes
much stronger than the coupling of the atoms to the radiation environment outside

of the cavity, the system becomes strongly coupled, and their states hybridize. From
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a spectroscopic point of view, this results in a resolvable splitting of the optical
resonances.

Optical cavities built on photonic crystal waveguides [220] have high zero-point
electric fields, and produce couplings to atoms larger than their spontaneous emission
rate. Their observed lifetime is then considerably decreased [81]; an effect called
Purcell-enhancement. Once such strong interaction is demonstrated, the prospect
of using these systems for coherent quantum logic operations becomes realistic. In
Chapter 4, we consider a model of three atoms placed inside and coupled by a single
optical cavity. We show that with tailored driving pulses and a proper choice of atomic
levels this system can perform a controlled-NOT operation on two of the atoms and
can be made tolerant to the dominating error, caused by the loss of a photon, by

post-selecting on the state of the third atom.

1.4 Quantum Repeaters

Creating quantum entanglement between systems separated by large distances is
the most important prerequisite of quantum communication protocols. Experimen-
tal realizations rely on exchanging weak light pulses via carefully monitored optical
fibers [167]. The reliability of direct transmission of photon pulses is limited by the
fiber attenuation length, the maximum of which (~ 20km) is achieved at telecom
wavelength (~ 1.5 um).

Classical communication solves the attenuation problem by incorporating fiber
segments which amplify the signal. Conceptually, this classical amplification relies on

detecting some of the signal photons and emitting more in synchrony. Unfortunately,
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such a process fails for quantum channels using single-photon pulses, because the
detection event can measure the photon only once, therefore it necessarily discards
essential information about its quantum state.

Overcoming the attenuation problem in quantum channels requires using more
resources. The scheme of quantum repeaters consists of repeater stations placed be-
tween the sender and the receiver [17, 18, 70]. These stations, instead of relaying the
information forward, create pairwise entanglement with their neighbors using direct
photon transmission via fibers, which are much shorter than the total length. Once
all entangled pairs are heralded, each station performs a local quantum logic oper-
ation between the two pairs that they have access to. This is called entanglement
connection, resulting in entanglement between the two outermost parties. An alter-
native solution encodes the information in states of a many-photon pulse, and applies
periodic quantum error-correction along its way [155].

The transmission rate and reliability of such a quantum repeater protocol de-
pends strongly on the fidelity of the entanglement connection step. In Chapter 5,
we show that the atom-cavity system described in Chapter 4 would serve as a great
quantum entanglement connection gate, and achieve outstanding quantum repeater

performance for total distances of ~ 100 — 1000 km.

1.5 Atomic Clocks and Quantum Metrology

Currently, atomic clocks are the best time-keeping devices. They are used to
create and broadcast a precise time and frequency standard. The workings of atomic

clocks rely on two main components: the reference oscillator, realized by an isolated,
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narrow-linewidth electromagnetic transition of an atomic species [60], and the slaved
oscillator, the microwave or optical source of a strong, coherent field. The clock keeps
time by periodically interrogating the atoms with the field of the slaved oscillator
(laser), and measuring the deviation of their frequencies. The measurement result is
then used to correct the frequency of the laser. This closes the feedback loop, and
results in an actively stabilized laser field, which serves as the clock signal [62].

The accuracy of an atomic clock, characterized by the average fractional frequency
deviation, the Allan-deviation [4, 186], is determined by several factors. Employing
higher atomic reference frequency, longer interrogation cycles, longer averaging time
and more atoms improve the overall accuracy. Consequently, there are many inde-
pendent ways to improve the accuracy: Choosing an atomic transition with optical
frequency, instead of microwave, boosts the performance of the clock by five orders
of magnitude. The central frequencies of the current record-holder atomic clocks are
all in the optical domain [131]. The optimal length of the interrogation cycle usually
falls slightly above the coherence time of the laser, and in any case, increasing it fails
to help beyond the atomic coherence time even in schemes that eliminate the limiting
effect of the laser [27, 183]. The maximal total averaging time is usually determined
by the refresh rate of the clock signal required by the application, or by other noises
such as frequency flicker noise [13].

The precision of a clock depends on the total number of interrogated atoms. This
is a true quantum phenomenon, which is due to the fundamental limit on the maximal
information a single measurement can obtain about the atoms. When N atoms are

1/2

measured independently, the Allan-deviation scales as o« N~/ and is limited by
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projection noise. This limit is called the “Standard Quantum Limit”. It originates
from the inherent uncertainty of a single two-level system prepared in superposition
[194].

The Standard Quantum Limit describes the limit of precision if all atoms are
prepared and measured independently, or as an uncorrelated ensemble. Although it
is accurate in most cases, it gives a higher bound than the fundamental quantum
limit, which is due to Heisenberg uncertainty. The latter predicts o< N~! scaling
of the precision with atom number N [102]. The gap between the two limits, and
proposals trying to close it, is the main focus of Quantum Metrology [95, 82].

By preparing the collection of atoms in an entangled state, the subsequent mea-
surement will have lower uncertainty and will provide more information about the
detuning of the laser frequency from the atomic reference. States such as squeezed
states [6, 28], Greenberger-Horne-Zeilinger (GHZ) states [237, 24], and optimally en-
tangled states [38, 21], all promise a significant improvement, and some even reach the
Heisenberg limit for large N. In Chapter 6, we calculate a limit on the best achievable
performance using a cascade of GHZ states, and compare it with other algorithms.
We find that for total averaging times shorter than the atomic coherence time, the
precision of our scheme surpasses the precision of the best classical protocol.

Once we establish that entangling the available atoms is beneficial, finding the
optimal protocol for a network of atomic clocks becomes an important problem. In
Chapter 7, we assume that a large number of identical atomic clocks are joined to-
gether in a quantum network using a quantum communication scheme. We show that

this network can be operated in a way that every clock atom is entangled with all
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atoms in the network, forming a global, multi-party GHZ state. We characterize the
enhancement of the overall precision and compare it with precisions of schemes using

only local or no entanglement.

1.6 Rydberg Blockade

In most cases, interactions between atoms in cold ensembles are accurately mod-
eled by short-range or contact interactions [51]. They can be neglected if the gas is not
too dense, and the duration of the phenomena under investigation is short compared
to the inverse of average collision rate. This breaks down when a few atoms acquire
significant magnetic or electric dipole moments and, as a result, start interacting via
dipole-dipole interaction, whose strength scales as o R~ with separation R.

One way to induce a strong electric dipole moment in an atom is to optically excite
the outermost electron to a level with high principle quantum number (n > 30), a
Rydberg level. Rydberg levels have small energy spacing (o< n™3), long spontaneous
lifetimes (o< n?), and strong transition dipole moments (o< n?) [190]. These properties
make Rydberg atoms a promising tool to realize fast and reliable quantum logic
operations [135].

Blockade between Rydberg atoms is an especially strong and promising phe-
nomenon. When one atom gets excited into a Rydberg state, the long-range in-
teraction originating from its (transition) electric dipole moment shifts the Rydberg
levels of all other atoms out of resonance, and prevents them from being excited
[226]. This effect creates an exceptionally strong non-linearity: it limits the number

of Rydberg excitations in the cloud to zero and one, allowing the cloud to be used
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as a qubit. In Chapter 8, we present and analyze a quantum protocol that relies on
strong Rydberg blockade to perform fast, high-fidelity operations between different
quantum registers. We propose to use different delocalized spin-waves of the atomic
cloud to store information, and employing the Rydberg blockade to mediate interac-
tions between them. We show that even after taking the physical imperfections into
account, our scheme provides a feasible way to prepare the network-wide global GHZ

state required by the quantum clock network of Chapter 7.
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Chapter 2

Single-photon nonlinearities in

two-mode optomechanics

2.1 Introduction

Optomechanical systems (OMSs) involve the interaction between optical and me-
chanical modes arising from radiation pressure force, canonically in an optical cavity
with a movable mirror [118, 142, 11, 90, 84]. Recent progress in optomechanical (OM)
cooling techniques has been rapid [149, 92, 9, 119, 56, 198, 219, 235], and experiments
have now demonstrated cooling to the mechanical ground state [162, 217, 42], OM in-
duced transparency [234, 187], and coherent photon-phonon conversion [86, 230, 106].
These developments have attracted significant interest, and motivated proposals for
applications exploiting OM interactions at the quantum level, ranging from quantum
transducers [212, 188, 175, 215] and mechanical storage of light [242, 2, 44] to single-

photon sources [171] and OM quantum information processing [211, 199]. Significant
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advantages of OM platforms for these applications are the possibility for mass pro-
duction and on-chip integration using nanofabrication technologies, wide tuneability
and the versatility of mechanical oscillators to couple to a wide variety of quantum
systems [200].

The force exerted by a single photon on a macroscopic object is typically weak;
consequently, experiments have so far focused on the regime of strong optical driv-
ing, where the OM interaction is strongly enhanced but effectively linear [99, 216]
However, recent progress in the design of nanoscale OMSs [42, 79, 40, 63] and OM
experiments in cold atomic systems [101, 32] suggests that the regime of single-photon
strong coupling, where the OM coupling strength g exceeds the optical cavity decay
rate k, is within reach of the next generation of OM experiments. In this regime, the
inherently nonlinear OM interaction is significant at the level of single photons and
phonons [143, 132, 171, 161]. For example, the presence of a single photon can—via
the mechanical mode—strongly influence or even block the transmission of a second
photon, leading to photon blockade. This single-photon nonlinearity was recently an-
alyzed for canonical OMSs consisting of a single optical mode coupled to a mechanical
mode [171, 122, 129]. However, with a single optical mode, the OM coupling is highly
off-resonant, leading to a suppression of effective photon-photon interactions by the
large mechanical frequency w,, > ¢ [171].

In this chapter we develop a quantum theory of a weakly driven two-mode OMS
[151, 211, 133, 14] in which two optical modes are coupled to a mechanical mode.
The key advantage of this approach is that photons in the two optical modes can be

resonantly exchanged by absorbing or emitting a phonon via three-mode mixing. We

12
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extend our earlier results [211], where we discussed possible applications of resonant
optomechanics such as single-photon sources and quantum gates, by exploring one-
time and two-time photon correlations of both optical modes. Specifically, we find
that the photon-photon correlation function of the undriven optical mode exhibits
delayed bunching for long delay times, arising from a heralded single mechanical ex-
citation after detection of a photon in the undriven mode. Finally, we compare the
two-mode OMS to the canonical atomic cavity QED system with a similar low-energy
level spectrum [39, 31]. Despite several similarities we find that, in stark contrast to
the atom-cavity system, the OMS studied here does not exhibit nonclassical correla-
tions unless the strict strong coupling condition g > x is met. Our results serve as a
guideline for OM experiments nearing the regime of single-photon nonlinearity, and
for potential quantum information processing applications with photons and phonons.

The remainder of this chapter is organized as follows. In Sec. 2.2, we introduce
the system and details of the model. In Sec. 2.3, we calculate the equal-time intensity
correlation functions of both transmitted and reflected photons, and discuss signatures
of nonclassical photon statistics. In Sec. 2.4, we investigate two-time correlation
functions of the transmitted photons, and discuss delayed coincidence correlations
that indicate the heralded preparation of a single phonon state. Finally, we provide
a brief outlook on the feasibility of strong OM coupling in Sec. 2.5, and conclude in
Sec. 2.6 with a summary of our results. Appendix A.2 contains details of our analytic

model used to derive several results discussed in this chapter.
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Figure 2.1: Optomechanical system consisting of two tunnel-coupled optical cavity
modes ¢; and ¢o, and a mechanical oscillator b coupled to one of the cavity modes by
radiation pressure. The coupled optical modes are diagonalized in terms of symmetric
and antisymmetric modes, ¢, and c,.

2.2 Multimode optomechanics

We consider the setup shown schematically in Fig. 2.1, consisting of two optical
cavities separated by a semitransparent mirror. The cavity modes are coupled by
photons tunneling through the fixed mirror in the middle, and the mode on the right
couples to the motion of a vibrating endmirror oscillator through radiation pressure.

The Hamiltonian describing the system is (h = 1)

Hy = wo(cicl + 0302) — J(CJ{CQ + C.{Cz)
(2.1)
+ Wb — g(bT + b)ches + Har(t),

where ¢; 5 are annihilation operators for the two cavity modes, which we assume to
be degenerate with frequency wp, and J is the photon tunneling amplitude through
the central mirror. The motion of the endmirror on the right is described by a single
mechanical mode with annihilation operator b and frequency w,,, and the parametric
coupling strength g corresponds to the shift of the cavity frequency due to a single
mechanical phonon. Finally, Ha.(t) = Y., , (Qicie™** + h.c.) describes two coherent

driving fields of amplitudes §2; and frequency wy, which are applied to the left and

right cavities.
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We are interested in a three-mode resonant interaction in which the two optical
modes exchange a photon by absorbing or emitting a phonon in the mechanical mode.
We begin by diagonalizing the optical part of Hy in the first line of Eq. 2.1 in terms of
the symmetric and antisymmetric combinations of the optical modes, ¢; = \%(cl +c2)
and ¢, = \%(cl — ¢2), with eigenfrequencies w, s = wp £ J. In the frame rotating at

the laser frequency w; we obtain

H = — Aclcy — (A +2J)cleg + w,,b'h

g (2.2)
—l—é(clcs—kclca b—i—bT Z Q,( +c,7

n=s,a
where A = wy, —w, is the laser detuning from the ¢, mode, and Q,, = (2, + Q2)/V2.
Next, we focus on the case of three-mode resonance, w,, = 2.J, and assume w,, >
g,]A[, ;. The third inequality here corresponds to a weak optical drive, the relevant
limit for studying single-photon nonlinear effects in this work. This allows us to make
a rotating wave approximation with respect to the remaining large frequency scale
W, and in the frame defined by the transformation U = exp[—iw,,t(b'b — clc,)], the

Hamiltonian H' simplifies to

H=—A(cleq + cley) + %(Clcsb +bfetcs) + Qalcl + ca). (2.3)

This is the starting point for our analysis discussed below. Note that the assumptions
made in deriving Eq. (2.3) are fulfilled in most experimental systems of interest [100,
243], and H represents a generic description for resonant two-mode optomechanics
[151, 65, 47, 133].

The nonlinear terms proportional to g in Eq. (2.3) describe coherent photon

exchange between the two optical modes mediated by absorption or emission of a
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Figure 2.2: Level diagram showing the relevant zero-, one- and two-photon states at
zero temperature and under the three-mode resonance condition wy, —w, = w,,. States
are labeled by |n,nsn,) denoting the number n, (ny) of antisymmetric (symmetric)
photons and the number of phonons n;,. The optomechanical coupling g splits the
degeneracy of states |n,nsny) and |ng, — 1,ns + 1,n5 + 1).

phonon. The resulting low energy level diagram is shown in Fig. 2.2, where |n,nsny)
represents a state with n, and n, photons in the ¢, and ¢, modes, and n; phonons in

the mechanical mode. In the absence of a drive we diagonalize H in this few-photon

subspace, yielding the eigenstates

0) = ]000), (2.4)

1) = = (1100) & o1 (25)
1

2.) = %(|200>i\/§|111>+\/§|022)), (2.6)
1

20) = %(\/5]200>—\022>>. (2.7)

Note that in the diagonal basis the weak driving field couples all states with photon
number differing by one. In the following sections we use this low energy Hilbert

space to understand photon correlations in the system.
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In addition to the coherent evolution modeled by the Hamiltonian H, we describe
optical and mechanical dissipation using a master equation for the system density

operator p,

p = —i[H, p]+ KDlcdp + KD[cs]p (2.8)

+2 (Naw + 1)Dlblp + L Na Db, (2.9)

where H is given by Eq. 2.3, 2k and 7 are energy decay rates for the optical and
mechanical modes, respectively, Ny, is the thermal phonon population and D|[6|p =
20p0" — 06'6p — poTo. Below we study nonlinear effects at the level of single photons,
both numerically and analytically, by solving Eq. 2.8 approximately in the limit of

weak optical driving, 2 = (), < k.

2.3 Equal-time correlations

2.3.1 Average transmission and reflection

Before focusing on photon-photon correlations, we first study the average trans-
mission through the cavity, which is proportional to the mean intracavity photon
number. In Fig. 2.3 and 2.4 we show the intracavity photon number of the two

optical modes,
Ay = <cjci>, (2.10)
where i = a, s, and angle brackets denote the steady state average. At A/g = :I:%,

both transmission curves exhibit a maximum, indicating that the driving field is

in resonance with an eigenmode of the system. The position of these peaks can
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Figure 2.3:  Normalized average photon number (green “+”) and photon-photon

[P

correlation function (blue “o”) for driven mode ¢, as a function of laser detuning at
zero temperature. Solid lines are calculated from analytic model (see Egs. (2.19-2.24))
and points show full numerical calculation. The average photon number is normalized
by no = (Q/k)?. (g/k =20 and v/k = 0.2)

be understood from the level diagram shown in Fig. 2.2, which at finite g shows a
splitting of the lowest photonic states into a doublet, [11) = (|100) + |011))/+/2.

In addition to the transmission, we plot the mean reflected photon number in
Fig. 2.5. As discussed below, the reflected photon statistics can also exhibit signatures
of nonlinearity. We calculate properties of the reflected light using the annihilation
operator cg = ca+i%, obtained from standard input-output relations for a symmetric
two-sided cavity (see Appendix A.l). The mean reflected photon number np =
<CJI[;{CR> is plotted in Fig. 2.5. At A/g = :I:%, the average reflection has a minimum
where the average transmission has a maximum. Note that in contrast to a single

cavity, even on resonance the transmission probability is less than unity and the

reflection probability remains finite.
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0
Alg
Figure 2.4: Normalized average photon number (green “+7) and photon-photon
correlation function (blue “o”) for the undriven mode ¢, as a function of laser detuning
at zero temperature. Solid lines are calculated from analytic model (see Egs. (2.19-

2.24)) and points show full numerical calculation. The average photon number is
normalized by ng = (Q/k)?. (g/k =20 and v/k = 0.2)

nR/no

Figure 2.5: Normalized average photon number (green “+”) and photon-photon cor-
relation function (blue “0”) for the reflected field cg, as a function of laser detuning at
zero temperature. Solid lines are calculated from analytic model (see Eqgs. (2.19-2.24))
and points show full numerical calculation. The average photon number is normalized
by ng = (Q/k)?%. The small discrepancy between the analytic and numerical results
is due to the approximation g/k > 1 to simplify the expressions in Eqs. (2.19-2.24)
(9/k =20 and v/k = 0.2)
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2.3.2 Intensity correlations

To characterize nonclassical photon statistics in the light transmitted through the

OMS, we study the equal-time photon-photon correlation functions,

@ (0) = —<Cjczcici> (2.11)

Gii 2 s
(cles)

where all operators are evaluated at the same time and ¢ = a,s, R. A normalized
correlation of 91(12 )(0) < 1 indicates photon anti-bunching, and the limit gz(f 1(0) = 0
corresponds to the complete photon blockade regime in which two photons never
occupy the cavity at the same time. The solid curves show g(ﬁ)(O) in Fig. 2.3, gg)(())
in Fig. 2.4 and gg}%(O) Fig. 2.5 as a function of the laser detuning and in the limit of

weak driving 2/k < 1. The most pronounced features of these correlation functions

occur at |Al/g =0, \/ig, Land¥0

5 +» as marked by dots A, B, C and D, respectively. As

we explain in detail in the following analysis, we find that the photon bunching at A
and anti-bunching at B are the result of destructive quantum interference, while the
features at points C and D arise from one- and two-photon resonances.

To gain insight into the two photon correlation functions shown in Fig. 2.3, 2.4
and 2.5, we develop an approximate analytic model for the system by considering
only the six levels shown in Fig. 2.2. Assuming that the system is initially prepared
in |000), these are the only levels significantly populated by weakly driving the ¢,

mode. We make the ansatz [39]

|¢> = A000’000> + A100’100> + A011’011>
(2.12)
+ A200[200) + Ay11|[111) + Ag2]022),

and describe the dynamics by evolving |¢) under the action of the non-Hermitian
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Hamiltonian, H = H — i [/{Clca + kclegs + %bTb}. This approach allows us to evaluate
intensities up to order 22 and two-point correlation up to order Q*, since the neglected
quantum jumps lead to higher order corrections. By neglecting the typically small

mechanical decay rate 7 < k, the amplitudes in Eq. 2.12 then satisfy

Ago = 0, (2.13)

A = —ingn — 1QAp0 — KA100, (2.14)

A = =i5 Ao — RAou, (2.15)
: . g . -

Agge = —i—2=Aj — iV2QA100 — 27 Asgo, 2.16
200 G 111 100 200 ( )
: . g . . -

A = —1—=As0 — igAg2e — 1Q2Ap11 — 2K A 111, 2.17
111 \/5 200 G022 011 111 ( )

A022 = —igAin — 2RApe, (2-18)

where & = k — iA. It is straightforward to solve Eqs. (2.13-2.18) for the steady
state amplitudes (see Appendix A.2). To lowest order in /x the mean occupation
numbers are n, = |Aig|?, N = |Ao11|? and fg = |Ajg + iQ/k[?, where A denote

steady state amplitudes. We obtain

Z—; _ 411/{(2)’ (2.20)
Z_f; N [S;/z((;ﬁl, (2.21)

where Ry (w) = [K? + (A —w)?] [K% + (A + w)?] and ng = (2/k)?. From the factors
Rk (w) in the denominators (numerators) in these expressions, we obtain the positions

of the resonances (antiresonances) in the average intracavity photon numbers, in
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Figure 2.6: Ilustration of the origin of the features marked with A;B,C and D on
Fig. 2.3, 2.4 and 2.5 as explained in the text. Suppression (enhancement) of the
steady state population of a specific level is indicated by a red X (green circle).

excellent agreement with the numerical results shown in Fig. 2.3, 2.4 and 2.5. Our

six-level model also provides the equal-time correlations (see Appendix A.2),

R (%) B (3)

g2(0) = ROF, (\/Tg ) (2.22)
g2(0) = %, (2.23)

R (8) Puswrs (4 — %)
[Rogz (9))°

Again, these expressions are in agreement with the features seen in the numerical

(2.24)

results in Fig. 2.3, 2.4 and 2.5. The positions of maxima and minima are seen di-
rectly by the arguments of the factors Ri(w). Note that we assumed g/k > 1 to
obtain the simplified expressions in Egs. (2.22-2.24), but we retained the shift of order
g(x/g)? in the argument in Eq. 2.24 because this shift is larger than the width of the
antiresonance.

We now discuss each feature in Fig. 2.3, 2.4 and 2.5 in terms of our six-level model

together with the diagonal basis in Eqgs. (2.4-2.7). First, at detuning A = 0 (point
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A in Fig. 2.3) we see g{2(0) > 1, indicating bunching. This is due to destructive

interference that suppresses the population in |100) (panel A in Fig. 2.6), and can
be understood as the system being driven into a dark state, |d) o< ¢|000) — ©]011),
similar to electromagnetically induced transparency (EIT) [134, 234]. In the dark
state, |011) remains populated, allowing transitions to [111) which in turn is strongly
coupled to [200). The net result is a relative suppression of the probability to have one
photon compared to two photons in the driven mode, leading to bunching at A = 0.
Second, at detuning A = ¢g/+/8 (point B), mode ¢, shows anti-bunching due to a
suppressed two-photon probability. Again, this is due to destructive interference, or
the presence of a dark state in which |200) remains unpopulated (panel B). Third, at
detuning A = £ (point C), all modes show anti-bunching. This is due to a one-photon
resonant transition |0) — |14) (panel C). Finally, at detuning A = \/Tag (point D),
both ¢, and ¢y show bunching due to a two-photon resonant transition [0) — |2.)

(panel D).

2.3.3 Absence of two-photon resonance at A =0

At first glance, the level diagram in Fig. 2.2 together with bunching in Fig. 2.3
suggest a two-photon resonance at zero detuning A = 0, where the energy of the
eigenstate |2p) is equal to the energy of two drive photons. However, as discussed
above, the bunching at A = 0 arises entirely from the suppression of a one-photon
population; further, we find that the expected two-photon resonance is cancelled by
interference. This can be seen from a second order perturbative calculation of the

two-photon Rabi frequency Qé?%o for the transition |0) — |2¢). The two-photon state
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20) can be populated by the drive Hy, = Q(c! +c,) from state |0) via two intermediate
one-photon eigenstates, |1.) given by Eq. 2.5, with energies w;, = —A £ ¢ in the

rotating frame. The resulting Rabi frequency is

20| Hge|n) (n|Hyg.|0
0l = 3 (20| Har|n) (n] d!>’ (2.25)

n=1_,11 Wn
which vanishes at A = 0 as a consequence of destructive interference between the two
amplitudes. The exact cancellation is lifted by including finite dissipation and the
full spectrum; nonetheless this simple argument shows that the expected two-photon
resonance at A = 0 is strongly suppressed.

Further evidence of the absence of a two-photon resonance at A = 0 is the lack of
bunching in the undriven mode in Fig. 2.4. If there were a two-photon resonance, one
would expect that bunching should also occur in the undriven mode, since the state
|20) involves both ¢, and ¢, modes. This is indeed the case at detuning A = \/Tég
(see point D in Fig. 2.4), where both modes show bunching as a result of two-photon
resonance. In contrast, we see no bunching in the undriven mode at A = 0. This
supports our conclusion that the observed bunching at A = 0 arises from suppression
of population in |100) due to interference, as discussed in Section 2.3.2, and not
from two-photon resonance. As discussed above, this interference does not suppress
population in |011), so we do not expect bunching in the ¢; mode from this effect.

Finally, to confirm our intuitive picture we plot the intensity correlation function,
ggt)(O) = (Ngot (Mot — 1)) / <nt0t>2, of the total photon number, ny = n, + ng, in the
coupled OM system in Fig. 2.7. The probability to find one photon in the combined

cavity is maximal at A/g = j:% due to one-photon resonance. Similarly, we observe

antibunching at point C and bunching at point D, due to interference and two-photon
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i 205 0 05 1

Figure 2.7:  Average number (green dashed) and intensity correlation (blue solid)
of total photon number in the coupled OM system. Parameters are the same as in
Fig. 2.3, and dots mark the same detunings. One- and two-photon resonances are
seen at C and D, but we see no bunching in the total photon number at A = 0 (point
A). This reflects the lack of two-photon resonance due to destructive interference (see
Eq. 2.25).

resonance respectively, as discussed in Section 2.3.2. However, we find neither bunch-

ing nor antibunching at A = 0, demonstrating the absence of a two-photon resonance

despite the fact that |2¢) lies at twice the drive frequency.

2.3.4 Finite temperature

So far in our analysis we have focused on the case where the mechanical system is
prepared in its vibrational ground state, |0,,). This condition can be achieved using
high frequency resonators operated at cryogenic temperatures [162], and in the limit
of weak driving 2/k < 1 such that optical heating of the mechanical mode can be
neglected. The mechanical ground state could also be prepared using OM cooling
(149, 92, 9, 119, 56, 198, 219, 235, 162, 217, 42], using an optical mode far-detuned

from the ones we consider here for nonlinear interactions [211]. Nonetheless, in the
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Figure 2.8: Level diagram showing the six states populated by the drive from level
|0,0,n) (left), and the associated eigenmodes (right) with n-dependent splittings.
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Figure 2.9: Driven mode correlation function g2 (0) for thermal mechanical occu-
pation Ny, = 0,1,2. Solid lines show the analytic calculation with v — 0, and dots
show the full numerical results for Ny, = 2 only. The inset shows the minimal g((l,?l)(O)
as a function of Ny, for several coupling strengths. Parameters are g/x = 20, and
(for numerics) v/k = 1073.
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10

a3 (0)

Figure 2.10:  Undriven mode correlation function ggg)(O) for thermal mechanical

occupation Ny, = 0,1,2. Solid lines show the analytic calculation with v — 0, and
dots show the full numerical results for Ny, = 2 only. The inset shows the minimal

g§§>(0) as a function of Ny, for several coupling strengths. Parameters are g/x = 20,

and (for numerics) v/ = 1077.
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following we extend our analytic treatment to the case of finite temperature, and
show that many of the nonclassical features are robust even in the presence of small
but finite thermal occupation of the mechanical mode.

To generalize our previous results we now consider a finite equilibrium occupation
number Ny, > 0 of the mechanical mode, but still assume that v(Ny, + 1) < &, g.
Within this approximation we proceed as above, and make a similar six-level ansatz

as in Eq. (2.12) for each phonon number n,

V) = A00n,]0,0,n) + A1 9,]1,0,n)
+ Ag1n1]0, 1,1+ 1) + Ag0,]2,0,7) (2.26)
+ A1l Ln+ 1) + Ag2n2(0,2,n + 2),
where [1,) includes states up to two photons that are connected by the weak drive
and coupling g, starting from the state |00n). As shown in Fig. 2.8 the coupling
between the states within each six-level subspace depends explicitly on the phonon

number n. Following the same approach as above, the amplitudes in Eq. (2.26) evolve

according to

Aoon = 0, (2.27)
Ao, = —z—\/n +1A0 1041 — QA 00, — KA1 0, (2.28)
Aprmpr = —z—vn—i— 1A1 00 — FAo 111, (2.29)

: . In + 1
Azop = —igy At — 1V2QA1 0, — 2R A0, (2.30)

. In + 2
Ay 1nt+l = —1g AQ 0,n Ao 2n+2 — ZQAO 1,n+1 — QKAl 1,n+1, (2 31)

Ao,z,n+2 = —29\/ 2 A1 Lt — 2R Aganpa. (2.32)
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We solve for the steady state amplitudes within each subspace n and average the
result over the initial thermal phonon distribution, assuming no coupling between
subspaces due to the small phonon relaxation rate. We obtain the average photon

numbers

Ng = ZCn|A1,O,n %, ns = Z ColAo1mi)?, (2.33)

where ¢, = e Phwmn(1 — e=Phem) and 87! = kgT. Similarly, the gg)((}) functions are

given by
92(0) =2 " Cul Agg.al*/72, (2.34)
g2(0) =2 (ol Ao nsal’/2. (2.35)

We provide the expressions for the steady state amplitudes Ag,, and Ags, 12 in the
Appendix A.2.

We plot the correlation functions, gc(fl)(O) in Fig. 2.9 and gg)(O) in Fig. 2.10 for
different thermal phonon numbers, Ny,. Solid lines were calculated from the above
analytic approach with v — 0, and we find excellent agreement with the full nu-
merical results including small but finite v (dots, shown only for thermal occupation
Ny = 2). We see that the zero temperature features such as antibunching survive
at finite temperature for sufficiently strong coupling [211]. In the insets we plot the
minimum antibunching as a function of thermal occupation number for several ratios
g/k. Antibunching remains visible up to a critical thermal phonon number, set by

g/kK, beyond which the contributions from different phonon numbers smear out the

effect and antibunching vanishes. In addition, for detunings |A| > g/2, a series of
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new resonances appear in the correlation functions, and for small but finite occupa-
tion numbers we find new antibunching features that are absent for Ny, = 0. These
new features can be understood from the n-dependent splitting of the one- and two-
photon manifolds as indicated in Fig. 2.8. For higher temperatures the individual
resonances start to overlap, and we observe an overall increase over a broad region of
large positive and negative detunings due to the cumulative effect of different phonon

numbers.

2.4 Delayed coincidence and single phonon states

In addition to the equal-time correlations discussed above, quantum signatures can
also be manifested in photon intensity correlations with a finite time delay. We now
turn to a discussion of delayed coincidence characterized by the two-time intensity

correlations functions,

CTOCTTCiTCiO
O ()l (r)ei(r) <>>7 i

2
(cle)

for both driven and undriven modes, ¢ = a,s. Expressing this correlation in terms

of a classical light intensity I, ¢ (r) = (I(7)I(0))/(I)?, and using the Schwarz

inequality, we obtain the inequalities [39, 31],
9@ (r) < g®0), (2.37)
9% (r) — 1] < |g®(0) — 1. (2.38)

Similar to the classical inequality ¢(®(0) > 1 at zero delay, violation of either of these

inequalities at finite delay is a signature of quantum light. We calculate the delayed
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coincidence correlation functions for both the driven and undriven modes.

2.4.1 Driven mode

The correlation function g% (1) is shown in Fig. 2.11(a) for two values of the

detuning A. The most striking feature is the apparent vanishing of gc(fl) (1) at several
values of 7 when the detuning is A = 0 (curve A in Fig. 2.11(a)). These are due to
Rabi oscillations at frequency ¢/2 following the detection of a photon. This vanishing
of the finite delay correlation function is reminiscent of wavefunction collapse that
occurs in a cavity containing an atomic ensemble [39], and while its origins are similar,
there are important differences as we now discuss.

We can understand the finite delay intensity correlations in terms of the simple
six-level model discussed in the previous section. We extend this model to describe
finite delay correlations by considering the effect of photodetection on the steady state
of the system. Detection of a photon in the driven mode projects the system onto

the conditional state [89],

o clt)
V= e (2:39)

where [1) is given by Eq. 2.12 with steady state amplitudes and ||- || denotes normal-
ization after the jump. The conditional state |1)*) has an increased amplitude Ajgg
after the jump (see jump at 7 = 0 in Fig. 2.11 (b)). Following this initial photode-
tection, the amplitude A;qg subsequently undergoes Rabi oscillations with frequency
g/2, and decays back to its steady state at rate 2k. For sufficiently large bunching at
zero delay and strong coupling g > &, the Rabi oscillations of the amplitude Ajgo(7)

can cause it to cross zero several times before it decays back to steady state. As the
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probability to detect a second photon is dominated by Ajqg, its zeros are responsible
for the zeros in the correlation function g((fz) (T) zero at these delay times.

The zeros in ¢ (7) appear similar to those exhibited in a cavity strongly coupled
to an atomic ensemble [39, 179, 31] or a single atom [45]. However, in stark contrast to
the atomic case, the zeros in Fig. 2.11(a) are the result of Rabi oscillations following
the initial quantum jump. This is qualitatively different from the atomic case, where
the change in sign of the relevant amplitude (the analogy of Ajg) occurs immediately
after the jump itself, and the amplitude is damped back to steady state at the atomic
decay rate I', without Rabi oscillation. As a consequence, the vanishing correlation
function in the atomic case occurs at a delay set by 7 ~ v !InC, requiring only
strong cooperativity C' = ¢g?/kvy > 1 to be visible. On the other hand, the zeros in
Fig. 2.11(a) occur at delay times set by 7 ~ 1/g, requiring strictly strong coupling
g > K.

Before moving on to correlations of the undriven mode, we briefly discuss the
correlations of the driven mode at the other value of detuning shown in Fig. 2.11(a).

g

At detuning A = S (curve E), which shows bunching at zero time, g[(fz)(O) 21,

increases above its initial value at finite delay. This is a violation of the classical
inequality in Eq. 2.37, and is an example of “delayed bunching,” or an increased
probability to detect a second photon at a finite delay time. A similar effect was
recently studied in a single mode OMS [122]. However, like the Rabi oscillations,
the increased correlation function decays back to its steady state value of 1 on the

timescale of k1.
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Figure 2.11: (a) Finite time delay intensity correlation function gffl) (1) for detunings

A/g=0(A) and \%(E) Detuning for curve A is the same as marked in Fig. 2.3, while
E shows a new effect not seen at equal times. Thin dashed line indicates the classical
bound (see Eq. 2.37) for curve E. (b) Evolution of amplitude Ajpo (normalized by
its steady state value) at detuning A, A/g = 0, after detecting a driven ¢, photon
at 7 = 0. Vertical dash-dotted lines mark delay times (77, 75) where this amplitude
vanishes resulting in the vanishing of ¢'2 (1) in (a). Parameters are g/xk = 8 and v/k

= 0.02.
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2.4.2 Heralded single phonon states

We now turn to a discussion of the delayed coincidence correlations of the undriven
mode ¢,. We note that correlations of the driven and undriven modes can be mea-
sured separately provided sufficient frequency resolution, smaller than the mechanical
frequency. The correlation function g{2 (1) of the undriven mode is shown in Fig. 2.12
for several values of detuning. Similar to the driven mode, the correlation function of
the undriven mode exhibits Rabi oscillations that decay on the short optical timescale
1/k. For detuning A =0 and A /g = \/Té (curves A and D in Fig. 2.12), the correlation

gg)(T) is described by our previous six-level model of Egs. (2.13-2.18). However, at

detuning A = \% (curve E), we see that gg) (7) has a long tail that decays on the
much longer mechanical timescale 1/+. This is due to the heralded preparation of a
single phonon by detection of a photon in the undriven mode, as we now discuss.
The increase in delayed coincidence can be understood by extending the above
analytic six-level model to account for the conditional state of the system after de-

tection of a photon in the undriven mode. To do this, we simply add three additional

states to the six-level ansatz in Eq. 2.12,
’w> =+ A001|001> + A101|101> + A012|012>, (240)

since these are the states populated by detection of a ¢, photon from the original six

states (see Fig. 2.13). Using the same approach as before, we obtain the following
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— A A/g:.()
e  -- D: A/g=+/6/4]
E ---E: AJg=1/V2

—~ e
34,',7,’_'________________________ZZ
C/\l\gg !
N~— Q_ ___________________________
> PP

oD

0 20 40 60 80 100

Figure 2.12: Finite time delay intensity correlation function gg)(T) for detunings

A/g = 0(A),+/6/4(D) and %(E) Thin dashed lines indicate the classical bounds
(see Eq. 2.37). Labels A, D, E correspond to the same detunings marked in Fig. 2.3
and Fig. 2.11. Parameters are g/x = 8, and v/k = 0.02.

equations for the amplitudes,

A001 ~ _%AOOh (2-41>
A1o1 = —i%Aom —i1QAp01 — KAio1, (2.42)
Aom = —@'114101 — KApi2, (2'43)

V2
where we used v < k and kept the leading term in Eq. 2.41. We obtain gg)(T) by
solving these equations for initial conditions determined by the conditional state [¢)®)

after a quantum jump,

s\ __ CS|¢>
)= Teolr (244

which is a superposition of states |001),]101),]012) (see Appendix A.2 for details),
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but in the limit of weak driving consist mainly of |001).

Detection of a photon in the undriven mode implies that the three-wave mixing
interaction converted a photon from the driven mode into the undriven mode by
simultaneously adding a phonon. The relevant three-level subspace after the jump
(see Fig. 2.13) has a similar structure as in the steady state, but the presence of an
extra phonon modifies the splitting of the one-photon states |1.) = (|101)4|012))/v/2

to % (instead of g/2 without a phonon). This changes the one-photon resonance

S

2. .
— “  ¢,- photon
&}—Zﬁeﬁe% dsetfction

S (1) 0

0 phonon decay - === mm—
steady state conditional state
(off-resonant) (resonant)

Figure 2.13: Effect of detection of a ¢ photon at detuning E (A/g = \/Li) In steady
state (gray region on left), the drive is far off-resonant. However, after detection of
a cs photon the system jumps into the conditional subspace (pink region on right).
Due to the presence of an extra phonon in this subspace, the drive is resonant and
the probability to detect a second photon is much higher than in steady state. This
increased probability persists as long as the extra phonon, which decays slowly at

rate .

condition for the drive to A = \%. Therefore, at this value of the detuning, the
process of exciting the system and emitting a single ¢, photon is off-resonant; while
after the detection of a first ¢; photon the system is prepared in |001), bringing it

into resonance with the drive. This enhances the probability for subsequent excitation

and emission of a second ¢, photon, increasing the correlation function at finite delay.
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The maximum delayed coincidence occurs after a delay of 7 ~ 1/k, when the photons
have reached the metastable steady state in the conditional subspace with one extra
phonon. Eventually, the delayed coincidence returns to its true steady state value of
one on the timescale 7 ~ 1/7, which is the mechanical decay time of the state [001).
The long tails observed for other values of detuning (curves A and D) are also due to
the presence of an extra phonon, but in these cases the system remains off-resonant
after the initial ¢, photon and the effect is less pronounced. Note that the probability
to detect a photon from the driven mode also increases in the conditional state, so
a similar effect is seen in the delayed cross-correlation function gg) (1), where the

photon in the undriven mode is detected first.

2.5 Reaching strong coupling

The nonclassical correlations predicted in this chapter require strong optomechan-
ical coupling, g > k, as well as sideband resolution, w,, > k,~. While the combina-
tion of these conditions has not yet been demonstrated, several experimental efforts
are currently directed at reaching this regime. By using micro- and nano-fabricated
OMSs such as microtoroids or photonic crystal beams, high frequency mechanical
systems with w,, ~ 50 MHz - 5 GHz can be combined with low loss optical modes,
such that the condition w,, > k > ~ is satisfied [188, 198, 79]. At the same time
the mechanical system can already be prepared close to the quantum ground state
by working at cryogenic temperatures. In micro-fabricated OMSs, single-photon cou-
plings of about ¢g/x = 0.001 have been demonstrated [79, 63, 230] The largest value

to date of g/k &~ 0.007 has been reached in photonic crystal beam resonators [43],
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where colocalized optical and vibrational resonances are highly confined to maximize
coupling while the surrounding structure is engineered to minimize loss. Conversely,
in cold atomic experiments the effective strong OM coupling regime has been reached
[170], while sideband resolution remains a challenge [210].

There are several existing proposals for how to meet the challenge of g/x > 1 in the
photonic crystal beam setup. First, the single-photon optomechanical coupling can
be increased by making use of nanoslots in the structure [182, 58] to further localize
the electric field at the position of the mechanical mode. This could improve g by a
factor of 10 [133]. Second, numerical studies suggest that x can be further decreased
by fine tuning the size and position of the slots in the photonic crystals [160, 213].
Finally, new materials are currently being tested for an overall improvement of the
OM properties of nano-fabricated devices [239]. Thus by using these ultrahigh @
photonic crystals or similar designs, an increase of g/k by a factor of ~ 100 is realistic.
Note that once the strong coupling condition has been achieved, the implementation
of two or multimode OMSs with adjustable tunneling 2J ~ w,, can be realized via
evanescent field coupling, as has already been demonstrated in the weak coupling

regime [188, 79, 100].

2.6 Conclusions

We have studied nonclassical intensity correlations in a driven, near-resonant op-
tomechanical system with one mechanical and two optical modes. In the regime of
strong coupling g > k, this system allows for nonlinear quantum optics through a

resonant three-mode interaction in which the exchange of two photons is mediated by
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a phonon. We have identified several different processes that can lead to nonclassical
antibunching and delayed bunching, and we have derived a simple analytic model
that allows us to describe and interpret photon-photon correlations in this system
both at zero and at finite temperature. Our findings will be important as experi-
ments approach the regime of strong OM coupling, and for potential applications of
OMSs for quantum information processing. In particular, the long-lived correlation
found for the undriven mode raises the intriguing possibility to exploit such a setup
as a quantum memory. The generation of heralded single phonons on detection of
a photon from the undriven mode may have implications for building OM quantum

repeaters and quantum communication devices.

39



Chapter 3

Optomechanical quantum

information processing

3.1 Introduction

Optomechanics describes the radiation pressure interaction between an optical
cavity mode and the motion of a macroscopic mechanical object, as it appears, for
example, in a Fabry-Pérot cavity with a moveable mirror [118, 142, 11]. First demon-
strations of optomechanical (OM) laser cooling [149, 92, 9, 119, 56, 219, 198, 235]
have recently attracted significant interest and led to tremendous progress in the
development of new fabrication methods and experimental techniques for controlling
OM interactions at the quantum level. Apart from ground-state cooling [217, 42], this
includes the demonstration of slow light [234, 187], and the coherent interconversion
of optical and mechanical excitations [86, 230]. These achievements pave the way for

a new type of quantum light-matter interface and give rise to interesting perspec-
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tives for novel OM-based quantum technologies. As a solid-state approach, such an
all-OM platform would benefit directly from advanced nanofabrication and scalable
integrated photonic circuit techniques. At the same time, long mechanical lifetimes
comparable to those of atomic systems allow us to combine optical nonlinearities with
a stationary quantum memory for light.

In this work we study strong OM coupling effects in multimode OM systems
(OMSs) and describe how resonant or near-resonant interactions in this setting allow
us to exploit the intrinsic nonlinearity of radiation pressure in an optimal way. Our
approach is based on the resonant exchange of photons between two optical modes
mediated by a single phonon. This resonance induces much stronger nonlinearities
than achievable in single-mode OMSs, where nonlinear effects are suppressed by a
large mechanical frequency [143, 132, 171, 161]. Consequently, multimode OMSs
provide a promising route for accessing the single-photon strong-coupling regime,
where the coupling gq as well as the mechanical frequency w,, exceeds the cavity decay
rate x [171]. This regime is within reach of state-of-the-art nanoscale OM devices [42,
79, 40, 63] or analogous cold atom OMSs [101, 32], and here we discuss how strong
OM interactions in a multimode setup can be used to generate single photons and to
perform controlled gate operations between photonic or mechanical qubits. Combined
with very recently developed photon-phonon interfaces and quantum memories based
on linearized OM couplings [86, 230, 188], our results provide a basis for efficient OM
classical and quantum information processing with applications ranging from photon

transistors to quantum repeaters and networks.
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Figure 3.1: a) Setup of two tunnel-coupled OM crystal cavities (see Ref. [79, 42] for
more details). b) Level diagram showing the lowest mechanical and optical excitations
in a two mode OMS. Resonant coupling (§ = 0) occurs when the tunnel splitting 2./
between the optical modes is comparable to the mechanical frequency wy,. c¢) Different
sets of strongly and weakly coupled optical modes and control laser fields can be used
for nonlinear interactions (ws, w,,wy) and purely linear photon storage and retrieval
operations (w.,,w?).

3.2 Model

We consider a setup of two tunnel-coupled OMSs [151, 100, 65, 188, 47] as schemat-
ically shown in Fig. 3.1, focusing on the OM crystal design [79, 42] as a specific ex-
ample. Each OMS 7 = 1,2 is represented by an optical mode of frequency w. and a
bosonic operator ¢;, which is coupled via optical gradient forces to the motion of an
isolated mechanical mode b; with vibrational frequency w?,. The Hamiltonian for this
system is (h = 1)

H = wfﬂbgbi + wchci + ggcjci(bi + bj)
i=1,2

— J(cley + ered) + Z Qi(cie™tt + H.e.),

i=1,2

(3.1)
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where J is the tunneling amplitude between the optical modes and gy denotes the
single-photon OM coupling; €2; are the local amplitudes of external control laser
fields of frequency wy. Below we also consider an additional set of cavity modes and
driving fields with frequencies v/, and w’, respectively. As indicated in Fig. 3.1(c), we
assume these modes to be separated in frequency and used for cooling the mechanical
modes [236, 141], and linear photon storage and retrieval operations [86, 230, 242, 2]
only.

Apart from the coherent dynamics described by Eq. (3.1), we include dissipation
through cavity decay and mechanical damping and model the evolution of the system

density operator p by a master equation (ME)
p=—ilH, pl+> rDlc]p+ Lyp, (3.2)

where D[c|p = 2cpct — {clc, p}1, and L, = >, (N + 1)D[b;] + %Nth'D[sz]. Here, x
is the optical field decay rate, v = w,,/Q the mechanical damping rate for a quality
factor ) and Ny, = (em"m/ k5T — 1)~1 the mechanical equilibrium occupation num-
ber for temperature 7. Below we identify I';, = 2(3Nw + %) as the characteristic

decoherence rate for mechanical qubit states!.

3.3 Resonant strong-coupling optomechanics

We focus on the strong coupling regime w,,, g0 > k,I',,, and our main goal is
to show how the multimode OMS described by Eq. (3.1) can be used for imple-

menting controlled interactions between qubits encoded in photonic or phononic de-

IT,,, corresponds to the initial decoherence rate of a phonon superposition (|0,,) + [1,,))/v/2.
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0

Figure 3.2: a) Energy level diagram of a resonantly coupled OMS, 6 = 2J — w,, = 0,
and for a single mechanical mode in the ground state. b) Excitation spectrum and
g (0) for a weak coherent field exciting the ¢, mode, where go/k = 8 and ng = Q2 /k%.
c¢) Minimal value of ¢®(0) as a function of the OM coupling strength gy and for
different values of Ny,. The analytical results (solid lines) given in the text are in
good agreement with exact numerics (circles). The dashed line shows the asymptotic
scaling ~ 8k?/g2 at zero temperature.

44



Chapter 3: Optomechanical quantum information processing

grees of freedom. To illustrate this we first consider a single mechanical resonator,
b = b, wp, = w). We introduce symmetric and antisymmetric optical modes
Csa = (c1Ec2)/ V2 with eigenfrequencies ws,q split by 2J. Further, we assume that
Wi ~ 2J > go, K, |0], where § = 2J — w,,, (see Fig. 3.1(b)). This condition can be
achieved in nanoscale OMSs where w,, ~ GHz [79, 42, 40, 63] and a matching tunnel
splitting can be designed by appropriately adjusting the spacing between the cavi-
ties [79, 100]. In this regime we can make a rotating wave approximation with respect
to the large frequency scale w,, ~ 2.J and after changing into a frame rotating with

wy, we obtain [100]
H = —Asc;fcs — Aaclca + wyb'b + %(cacibT + clcsb) + Hq(t). (3.3)

Here A, , = wr, — ws 4 are the detunings of the driving field from the ¢, and ¢, mode,

respectively, and Hq(t) = > Q,(t)c, + H.c.) accounts for the external driving

n=s,a (
fields with slowly varying amplitudes €, ,(t) = (Q1(¢) £ Qa(t))/V2.

The two-mode OM coupling in Eq. (3.3) describes photon transitions between the
energetically higher mode ¢, to the lower mode ¢, while simultaneously absorbing or
emitting a phonon. For (A; — A, —w,,) = d = 0, this leads to a resonant interaction
between states |ng, ng, n,) and [n, — 1, ns+ 1, n,, + 1), where n,, ng and n,, label the

occupation numbers of the two optical modes and the mechanical mode, respectively.

In analogy to atomic cavity quantum electrodynamics (QED) [172], the nonlinear

scaling of the corresponding transition amplitudes £ +/n,(n, + 1)(n,, + 1) results in
an anharmonic level diagram as shown in Fig. 3.2(a). If g exceeds the cavity linewidth
k, one and two photon transitions can be spectrally resolved, indicating the onset of

strong single-photon nonlinearities.
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3.4 An OM single-photon source

As a potential first application of the nonlinear OM interaction we discuss the use
of the OMS as a single-photon source, which is characterized by a vanishing equal
time two-photon correlation function g (0). In Fig. 3.2(b) we plot the excitation
spectrum {(cic,) and g (0) = (clclc.ca)/{clca)?, for the case where only the ¢, mode
is weakly driven. Around the single-photon resonances A, = +g¢y/2 we observe strong
anti-bunching 9(2)(0) < 1 as a clear signature of non-classical photon statistics. To
quantify this effect we assume that I',, < &, which allows us to treat subspaces
connected to different |n,,) separately. For weak driving fields 0, < &, the system
dynamics can then be restricted to the six states |04, Os, 2m ), |1a, Os, 2m), [Oa, Ls, 1m +
1), 124, 05, ), |14, 1s, i +1), |04, 25, 1 +2) and we calculate the relevant occupation

probabilities pig.n,, and ps g, to leading order in €, [39]. We obtain

2 2

40,d
, (3.4)

X

Q4(8d” — g)
Xn(2X5 — g5))

Pion =

5 DP2.0n = 8 ‘
(

where d = A, — ik and X,, = d* — g2(n + 1). By taking the appropriate thermal
averages, (na) = S, Gupron and g@(0) = 25, Gupaon/ (na)?, where ¢, = (1 —
e~ Phwm)e=Bhwmn and =1 = kT, the two photon correlation function can be evaluated
for arbitrary temperatures 7.

In Fig. 3.2(c) we plot the minimal value of ¢'®(0) as a function of the coupling
strength g and for different Ny,. As the OM coupling increases we find that for 7= 0
the minimum of the correlation function scales as mina,{g®(0)} ~ 8x%/g3. This
demonstrates an improved scaling over off-resonant photon blockade effects in single-

mode OMSs, where for large w,, only a small reduction ¢®(0) ~ 1 — g2/(kw,,) can be
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Figure 3.3: a) An incoming photon in port (A) passes through the interferometric
setup and leaves through port (A) or (B), depending on the phase shift A¢ acquired
upon reflection from the two-mode OMS. b), ¢) For a mechanical system in state
|0,), the OMS exhibits a single resonance at ws (A¢ = 7), while for state |1,,) the
resonance splits by go > x and the photon does not enter the cavity (A¢ = 0).

obtained [171]. Since the positions of the single and two-photon resonances depend
explicitly on the mechanical state |n,,), finite temperature degrades the quality of
the single-photon source. Nevertheless, with increasing coupling strength the anti-
bunching effect becomes surprisingly robust and when combined with cooling cycles
to achieve (n,,) ~ 1 [42], allows the operation of OM single-photon sources even at

environmental temperatures of a few Kelvin.

3.5 Single-phonon single-photon transistor

Given the ability to generate single photons, Fig. 3.3 illustrates a basic scheme
for using the same resonant OMS to implement a two-qubit gate [69]. First, we as-
sume that the state of a control photon is mapped onto a mechanical superposition
state «|0,,) + B|1,,). This can be achieved with conventional cooling followed by

photon-phonon conversion techniques using linearized OM interactions with an aux-
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iliary mode W’ (see Fig. 3.1(c)). Next, a single target photon of central frequency
~ ws is sent through the interferometric setup as described in Fig. 3.3. If the me-
chanical mode is in the state |0,,), the incoming photon couples to a single resonant
state |04, 15, 0,,) (see Fig. 3.1(b)), such that it enters the cavity and picks up a phase
before being reflected. Instead, if the mechanical resonator is in the state |1,,), the
resonant coupling between [0,, 1, 1,,) and |1,, 0, 0,,) splits the cavity resonance, and

for go > k the photon is reflected without a phase shift. Under ideal conditions, the

final result is an entangled state

[) = Oy L, 0) + Bl L, 0, 1), (3.5)

where A and B are the two ports of the interferometer. This state can be converted
back into an entangled state between the initial control and target photon.
Assuming that the storage and retrieval of the control photon can be achieved with
high fidelity, the error for producing the entangled state (3.5) with a = 8 = 1/v/2 is
approximately given by
4K2 1

I S, 3.6
@ et (30

where 7, is the duration of the single-photon pulse. The individual contributions in

e

Eq. (3.6) arise from an imperfect photon reflection, the finite spectral width of the
photon pulse, and mechanical decoherence, respectively. A minimal error is achieved
for 7,1 &~ /KT, where we obtain € ~ max{4x?/g, 3/T2,/x?}. Assuming an OM
crystal device with w,,/(27) = 4 GHz and @ = 10° as discussed in Ref. [42], but with
an improved OM coupling ¢o/(27) = 50 MHz and a lower decay rate x/(2w) = 5
MHz, we obtain gate errors € ~ (0.1 for environmental temperatures around 7" ~ 100

mK.
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Figure 3.4: a) OM quantum memory, where ‘path-encoded’ photonic qubits are stored
in long-lived mechanical states using tunable linearized OM interactions ~ €(¢). De-
terministic gate operation between stationary qubits are implemented by a controlled
phonon-phonon interaction ~ (24(t) as described in the text. b) The total error €,
for implementing a controlled phase gate between two phononic qubits is minimized
with respect to A, and plotted as a function of x and I, (see text). The parameters
for this plot are go/(27) = 50 MHz, v/(27) =4 kHz, o« = 1 and go/6 = 1/3.

3.6 Phonon-phonon interactions

Finally, we consider the possibility to perform a controlled gate operation be-
tween two qubits stored in long-lived mechanical modes. Our approach is depicted
in Fig. 3.4(a), and combines the long coherence times of an OM quantum mem-
ory [86, 230, 242, 2] with the practical utility of exploiting interactions between sta-
tionary phononic qubits. We focus on the limit I',, < &, and assume that optical
(e.g. ‘path encoded’) qubits are first mapped onto long-lived states |0,,) and |1,,)
of two or more mechanical modes. The OM coupling is then employed to generate
nonlinear interactions between the phonons only.

We consider nonlinear interactions between two mechanical modes b; and by de-
scribed by Eq. (3.1), detuned from resonance such that gy < |(2J — w?,)| and direct

transitions between photons and phonons are suppressed. To obtain the effective
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phonon-phonon interactions, we first diagonalize H to second order in & = go/(2J —
wi,) with the transformation H — ¢ He ™, where S = i(clc,(€b] — &b}) — H.c.).

m

This yields H = Hy + H, + Hq(t), where Hy = —Aqcle, — Aacleq + 32, wi blbs,

H, = % [(ches+1)elea(1+E) + (chea—cle) N3] (3.7)

and we have neglected small corrections to the driving Hamiltonian Hq(¢). The
phonon operator in Eq. (3.7) is given by N}, = flbibl +£2b;b2 —(& +§2)(b§b2 +b§b1)/2.
For simplicity we focus on symmetric detuning, wl? = 2J F 6, where N, = %O(bibl —
bliby). The transformation also modifies the dissipative terms in the Eq. (3.2); most
importantly, we find an optically-induced decay channel for the mechanical modes,
L, — L+ rgs/(46%)Dlcs(br + ba)].

We assume that only the ¢ mode is weakly driven by a slowly-varying control field
Q4(t). In this case the ¢, mode remains unpopulated and we neglect it. Next, we shift
the driven mode, ¢, — a + c,, by the classical amplitude «, yielding an effective ME
for cg, by and by. Finally, we adiabatically eliminate the ¢, mode, valid in the limit
la| ~ O(1) and (g3||/4d) < |As + ix|, to obtain an effective ME for the mechanical
modes (see Appendix B for more details),

pm = — i[Hp + ATy — 05022, pin] + Lo, pm
/ (3.8)
+TyD[(blby — b5ba)]pim + % ZD[bz‘]Pm-
Here, 7/ = k|a|?¢2/(20%), and the phonon-phonon interaction and the phonon de-

phasing rate are given by

_ GolalPA, _ GilaPs
T 1682(A2 + k2) ® 7 1662(A2 + K2)
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The effective Hamiltonian in Eq. (3.8) describes a phonon nonlinearity with a tunable

strength A(t) ~ |a(t)|>. The relevant cross-coupling is given by
Hip ~ 2AbTbybibs, (3.10)

and when acting for a time t, = 7/(2A), this Hamiltonian implements a controlled-
phase gate between two qubits encoded in states |0,,) and |1,,). During this time,
phonons experience intrinsic and optically-induced decoherence as seen in Eq. (3.8).
In Fig. 3.4, we plot the resulting gate error €, = 1 — (Y| pm(t4)|%0) for an initial state
o) = 3(|0m) + |1,))®? optimized with respect to A,. Using the total decoherence
rate of this state, ['qecon = 2"y, + T'y +7//2, we find that €; & I'gecon/A is minimized
for |As| =~ go/2, where €, ox 4(k/go). While this scaling with gy is weaker than for a
gate based on photon reflection (see Eq. (3.6)), the ability to perform a gate between

stationary qubits represents an important advantage of this approach.

3.7 Conclusions

We have described single-photon and single-phonon nonlinear effects in strongly
coupled multimode OMSs. We have shown how induced nonlinearities on or near
resonance can be used for controlled quantum gate operations between flying optical
or stationary phononic qubits. Our results provide a realistic route towards the
quantum nonlinear regime of OMSs, and a framework for future OM information

processing applications.
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Chapter 4

Heralded Quantum Gates with

Integrated Error Detection

4.1 Introduction

Exploiting quantum systems for information processing offers many potential
advantages over classical information processing like highly secure quantum net-
works [54, 117, 70] and powerful quantum computers [124, 203, 85]. One of the
main challenges for the realization of functional quantum computers is to perform
gates with sufficiently high quality so that the remaining errors can be suppressed
by error correction codes, which makes the computation fault tolerant [120]. At the
same time, applications to long distance quantum communication can be enabled by
quantum repeaters, which combine probabilistic entanglement generation over short
distances with subsequent entanglement connection steps [70]. For these protocols,

the probabilistic nature of the entanglement generation is acceptable, but it is essential
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that high fidelity entanglement is achieved conditioned on a heralding measurement.
Experimentally, such high fidelity entanglement is often much easier to implement
and may be realized in situations where it is impossible to perform any quantum
operations deterministically. Here we introduce a similar concept for gate operations
and develop the concept of heralded quantum gates with integrated error detection.
In the resulting gate, the infidelity, which would be present for a deterministic gate
is converted into a failure probability, which is heralded by an auxiliary atom. Once
successful, the resulting gate can have an arbitrarily small error. Such heralded gates
could facilitate fault tolerant quantum computation since detectable errors may be
easier to correct than undetectable errors [98, 173, 229]. Alternatively it can be di-
rectly incorporated into quantum repeater architectures for long distance quantum
communication.

Optical cavities are ideal for conversion between the stationary gate qubits and
flying qubits (photons), which is fundamental for quantum networks [181, 121, 169].
Quantum gates can, in principle, also be directly implemented in optical cavities [168],
but the experimental requirements for this are very challenging due to spontaneous
emission and cavity loss. The essential parameter quantifying this is the coopera-
tivity of the atom-cavity system, C. It has been argued that directly implementing
gates in optical cavities leads to a poor error scaling 1 — F' o 1/ VC, where F is
the fidelity of the gate [115, 208]. However, as a result of the integrated error detec-
tion, the heralded gates that we propose exhibit high fidelities when successful. This
enables efficient entanglement swapping and removes the necessity of intermediate

entanglement purification in quantum repeaters thus increasing the distribution rate
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significantly. Compared to using other deterministic, cavity based gates, an increase
in the rate of up to two orders of magnitude can be achieved for modest cooperativities

(< 100) and a distance of 1000 km [25].

4.2 Heralding gate

The basic idea is to use a heralding auxiliary atom in addition to qubit atoms
in the same cavity. One of the atomic qubit states, e.g., state |1) couples to the
cavity mode while |0) is completely uncoupled (see Fig. 4.1(a)). Such a system has
previously been considered for two-qubit gates [71, 69, 209, 208, 177], multi-qubit
gates [71, 245] and photon routing [220]. If any of the qubit atoms is in state |1)
the cavity resonance is shifted compared to the bare cavity mode, which can be
exploited to make a gate between two or more qubits by reflecting single photons off
the cavity [71]. The efficiency of such schemes, however, is limited by photon losses,
inefficient detectors and non-ideal single photon sources [220, 177]. We circumvent
these problems by introducing an auxiliary atom in the cavity to serve as both an
intra-cavity photon source and a detector. As opposed to previous heralded gates
in optical cavities, which relied on the null detection of photons leaving the cavity
[164, 15, 93], the final heralding measurement on the atom can then be performed
very efficiently.

In our approach, the auxiliary atom has two metastable states |g), | f) which can
be coupled through an excited state |E) (see Fig. 4.1(a)). We assume the |E) <>
|f) transition to be energetically close to the cavity frequency and to be a nearly

closed transition, so that we need to drive the |g) — |E) transition, e.g with a two-
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photon process, (see below). The gate can be understood through the phase evolution
imposed on the atoms. We consider adiabatic excitation of the auxiliary control atom
via Stimulated Raman Adiabatic Passage [196, 123], driven by an external driving
pulse with Rabi frequency €2(¢) and a coupling to the cavity photon g;. In the case
when all the qubit atoms are in the non-coupled states |00..0), an adiabatic excitation
will result in a dark state ~ g¢|0, g) — |1, f) with zero energy and vanishing phase.
Here the number refers to the number of cavity photons. However, the qubit states ¥
with at least one of the qubit atoms in the coupled state, results in a cavity-induced
shift of the state |1, f, ¥), which in turn, causes an AC Stark shift and dynamical
phase to be imprinted into the |g, ¥) state after the driving pulse is turned off. All
states but the completely uncoupled qubit state |00...0) will thus acquire a phase, the
magnitude of which depends on the length of the driving pulse. With an appropriate
pulse length and simple single qubit rotations, we can use this to realize a general
N-qubit Toffoli gate or a control-phase (CZ) gate.

Naively, the gates will be limited by errors originating from cavity decay and
spontaneous emission from the atoms, which carry away information about the qubit
state. These errors are, however, detectable since the auxiliary atom will be trapped
in state |f) if either a cavity excitation or an atomic excitation is lost. Conditioning
on detecting the auxiliary atom in state |g) at the end of the gate thus rules out the
possibility of any dissipative quantum jumps having occurred during the gate. As a
result, the conditional fidelity of the gate is greatly enhanced at the modest cost of a

finite but potentially low failure probability.
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o U

b |g) 5

Figure 4.1: (a) Level structure of the qubit atoms. Only state |1) couples to the cavity
and we assume that the excited level decays to some level |0), possible identical to
|f) or |0). (b) Level structure of the auxiliary atom and the transitions driven by the
weak laser (€2) and the cavity (gr). We assume that |E) <> |f) is a closed transition,
Le. 7, =0.

4.3 Performance

4.3.1 Model

We now analyze the performance of the gates and derive the success probabilities,
gate times and gate errors (see Tab. C.1 in Appendix C.1) The Hamiltonian in a

proper rotating frame is (see Fig. 4.1)

H = AplEYE|+g;GIE)(f| + He) + V + V1

+3 Adeilel + glale)r (1] + Hoe), (4.1)

where & labels the qubit atoms (A = 1), 2V = Q|E)(g| and we have assumed
that all couplings (g,2) are real. We have defined Ap = wp — w, — wy, and
A, = we — wy — wr, + wy — wy, where wy, is the laser frequency and otherwise w,
is the frequency associated with level x. We describe the cavity decay and atomic

spontaneous emission with Lindblad operators so that Lo = V/ka corresponds to the
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cavity decay, ﬁf = /77| [)(E| to the decay of the excited state of the auxiliary atom
and L = V710)(e| describes the decay of the excited qubit states to some arbitrary
ground state |0). The nature of |0) is not important for the dynamics of the gates

and it may or may not coincide with |0) or |1).

4.3.2 Effective Hamiltonian

We assume a weak driving pulse justifying for a perturbative treatment of 1%
using the formalism of Ref. [178]. In the perturbative description we adiabati-
cally eliminate the coupled excited states of the atoms and the cavity (assuming
0?/Ap < Ap and Q < g), which leads to an energy shift of the ground states but
otherwise conserves them since the Hamiltonian cannot connect different unexcited
states without decay. The dynamics are therefore described by an effective Hamilto-

nian, H.; = |g)(g| >, A, P, where

£ ((B=—i/2)i+2nC) } (4.2)

T4
Bn = Re { (2%—2')((2%}3#)@/4%)&2%—@')7@0
and P, projects on the states with n qubits in state |1). For simplicity, we have
assumed that the auxiliary atom is identical to the qubit atoms such that g; = ¢g and
v = v (see Appendix C.1 for a more general treatment) and we have defined the
cooperativity C' = ¢g?/vk. We consider the limit C' > 1 and from Eq. (4.2) we find
that the energy shift, in the case when all qubit atoms are in |0), becomes very small
Ay ~ ApQ?/(167%C?) — 0, i.e., we drive into a zero energy dark state as mentioned
in the description above. On the contrary, for n > 0, the C' in the nominator of
A, reflects that the coupling of the qubit atoms shifts the cavity resonance and as a

result an AC stark shift of ~ Q?/Af is introduced. Furthermore, we find that in the
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effective evolution, errors caused by spontaneous emission or cavity decay (ﬁo, L 1 [A/k)
project the system out of the effective space into orthogonal subspaces, which allows

for an efficient error detection by measuring the ancilla atom.

4.3.3 Success probability

The dynamics described by H.; can be used to implement a Toffoli gate. Assuming
the qubit atoms to be on resonance (A, = 0) and having Ap ~ v/C gives energy
shifts Apsq ~ Q2/(47V/C) while Ag ~ O(Q?/C??). Hence, |00...0) is the only state,
which remains unshifted and we can choose a gate time of t, ~ 47v/Cv/Q? to make
a Toffoli gate. By conditioning on measuring the auxiliary atom in state |g) at the
end of the gate, the detectable errors from cavity decay and spontaneous emission
only reduce the success probability instead of reducing the fidelity. Consequently,
the fidelity becomes limited by more subtle, undetectable errors (see Appendix C.1).
The dominant error originates from the qubit dependent decay rate, I',,, of |g) —
|f). As we demonstrate in Appendix C.1), this leads to a fidelity lower bounded by
1 — F £0.3/C, with a success probability of P, ~ 1 —3/+/C. Thus is a substantial
improvement over the leading error in the case of deterministic cavity-assisted gates.
For generic states, the fidelity can even be markedly higher, and improving with
increasing particle number N, see Appendix C.1.

In the special case of only two qubits, the Toffoli gate is referred to as a CZ-gate,
and in this case, we can even improve the gate to have an arbitrarily small error
by combining it with single qubit rotations. For the general Toffoli gate discussed

above, we needed A, = 0 to ensure the correct phase evolution, but making the single
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qubit transformations |0) — e~*20t/2|0) and [1) — e~*A1720)%/2|0)  at the end of a
driving pulse of length to, = |7/(As — 2A; 4+ Ay)|, ensures the right phase evolution
of the CZ-gate without any constraints on A.. Hence, it is possible to tune A, to
eliminate the detrimental effect of having a qubit dependent decay rate. Choosing
Ap = %\/m and A, = %CWZ/AE ensures 'y = I'y = I'y, and thus removes all
dissipative errors from the heralded gate. The conditional error is then limited only
by non-adiabatic effects, that can in principle be made arbitrarily small by reducing
the driving strength. The success probability is 1 — P, ~ 6/ V/C in the limit C' > 1
(see Fig. 4.2). We thus have a heralded two qubit gate with arbitrarily small error
with a success probability that can approach 1 (it is possible to decrease the scaling
factor of the probability from ~ 6 to ~ 3.4 at the expense of an error scaling as 1/C

by tuning Ag, A,).

4.3.4 Gate time

We now consider the gate time. The gate time of the Toffoli gate is t; ~
4m/Cy/Q? and for the CZ-gate we have to, ~ 15mv/Cv/(202) for C > 1. Since
te;, > tr we focus on te,. The gate time is set by the strength (€2) of the driving
pulse, which is limited by non-adiabatic errors. This is investigated and we also ver-
ify our analytical results numerically in Appendix C.3. Assuming realistic parameters
of k = 100 [218, 220], we find that a driving of = v/Cy/4 keeps the non-adiabatic
error of the gate below 4 x 1075 for C' < 1000. The gate times decreases as 1 / VO
as shown in Fig. 4.2. For a cooperativity of 100 the gate time is ~ 1 us for typical

atomic decay rates.
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Figure 4.2: (a) Failure probability (1 — P - left axis) and gate time (., -right axis) as
a function of the cooperativity (C) for the CZ gate. The gate time is in units of the
inverse linewidth 1/ of the qubit atoms. We have assumed a driving of 2 = VCr /4.
(b) Gate error as a function of the detuning Ags in the two-photon-driven CZ-gate
for C' = 10,20,50, and 100. We have assumed that Q. = 4yC'/* and that v, = .
The gate error decreases as v2/A%, and is independent of C. We have assumed
Q ~ Apy/8 resulting in a gate time ~ 400/7. Solid/dashed lines are analytical
results and symbols are numerical simulations (see Appendix C). For both plots, we
have assumed x = 100~.

4.4 Additional errors

So far, we have assumed a model where there is no decay from |E) — |g). In real
atoms, there will, however, always be some decay |E) — |g) with a decay rate , > 0.
The result of such an undetectable decay is that both the CZ-gate and the Toffoli
gate will have an error ~ 7,/(7v/C). To make this error small, it is thus essential to
suppress the branching ratio v,/7v. Below, we show how to suppress ~, by driving the
lg) — |E) transition with a two photon process. As a result, we realize a CZ gate
with an error arbitrary close to zero and a Toffoli gate with an error scaling as 1/C
even for a realistic atomic system.

Specifically, we think of a level structure for the auxiliary atom, shown in Fig. 4.3,
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@ |g)=[11) (b)

Figure 4.3: (a) Level structure of the auxiliary atom and the transitions driven by
a weak laser (§2), a microwave field (Qyw) and the cavity (gr). We assume that
|E) <> |f) is a closed transition and, for simplicity, we also assume that |Ey) <> |g)
is a closed transition but this is not a necessity. Here |[r(®), r(©)) with r = 1,2, 3 refers
to how the atom may be realized in the (52Py/2) states |F© = r,m(® = r) 528,
of Rb®¥". (b) Effective three-level atom realized by mapping the two-photon drive to
give an effective decay rate 7, and an effective drive (.

where we still assume |E) <> |f) to be a closed transition. For simplicity, we have
also assumed |Ey) <> |g) to be a closed transition. Such a level structure could, e.g.
be realized in 8"Rb as shown in Fig. 4.3. We assume that a microwave field couples
the two excited states such that we can have a two photon transition from |g) — |E)
and that €2 is small, allowing for a perturbative treatment of the coupling. Thus we
can map the system to a simple three-level atom with levels |g), |E) and |f) and a
decay rate 7, and drive Q between |g) and |E), determined by the two photon driving
process as shown in Fig. 4.3. The dynamics are thus similar to what we have already

described for the simple three level atom except that we have the extra decay 7, that

introduces an error in the gates ~ (,/7)/v/C, as previously described. In the limit

2
C > 1, we find 7,/y ~ lfzéw. Thus by increasing Agy, we can in principle make
E2

these errors arbitrarily small. The error of the CZ-gate for different Ags is shown in
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Fig. 4.2, assuming an initial state of (|0) + |1))®2. Note that in order to prevent an
increasing scattering probability of level |E2), we need to have Q- oc C/4 resulting
in a gate error that is independent of the cooperativity, see Appendix C. The success

probability and time of the gates are the same as before with Q — Q ~ %XWQ. With
E2

similar considerations about the validity of our perturbation as before, we find that
for realistic parameters, we can use Q = Apy/8, Qyw ~ 4yCY* resulting in a gate

time of ~ 10 us for typical atomic decay rates and C' < 1000, see Appendix C.

4.5 Possible implementation

As an example implementation, we consider ultra-cold ¥’Rb atoms coupled to
nanophotonic cavities [218, 220]. There are some additional errors originating from
the extra states in the 8Rb atoms in this case. In Appendix C.4, we treat these
errors and find that with a detuning of Agy = 100y and a cooperativity of C' = 100,
a heralded CZ gate with ~ 67% success probability and a heralded error of ~ 1073
can be realized in ~ 10 ps time. This justifies neglecting atomic decoherence which
is typically much slower. Alternatively the gate can be implemented with atom-like
solid-state qubits such as NV and SiV centers in diamond [49]. These systems can
exhibit closed transitions and long-lived electronic spin states which are the essential
requirement for the gate [221], while high cooperativities are possible in diamond
nanocavities [37]. A particular advantage of such system is the long-lived nuclear
spin degrees of freedom, which allows each of the color centers to act as a multi-qubit
quantum network node [145]. By entangling electronic spins via the heralded gate, a

high-fidelity, fully deterministic gate can subsequently be performed on qubits stored
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in nuclear spins [208].

4.6 Application

As a particular application, we consider a quantum repeater where entanglement
is first created in small segments (links), which are subsequently connected using
entanglement swapping [33]. By organizing the repeater in a tree structure, the
probabilistic nature of the gate can be efficiently circumvented. The success rate of
distributing entanglement across the total distance L, scales as ~ (L/Lg)'~'o82(3/P),
where p < 1 is the success probability of the swap, L is the total distribution distance
and Ly is the length between the links [25] (note that in the limit p — 1, the above
expression underestimates the rate, e.g., for p = 1 the actual rate is ~ 3 times faster
for 128 links). This is a substantial improvement over direct transmission where the
success rate scales exponentially with L. For a realization with nuclear spin memories
where the swap can be performed deterministically the rate can scale even better as
~ logy(L/Lo)™'. In order to maintain the favorable scaling without resorting to
time consuming purification, the total number of links, N,_.. should be kept below
Nopax ~ —In(Fia)/ (€0 +€4), where Fy,, is the required fidelity of the final distributed
pair and €y, e, < 1 are the errors of the initial entanglement generation and the
entanglement swapping respectively. Thus, it is essential that the errors are kept

small, which can be obtained with the heralded gate.
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4.7 Conclusion

In conclusion, we have introduced a heralded two-qubit quantum gate with a con-
ditional fidelity arbitrarily close to unity and an N-qubit Toffoli gate with an error
scaling as 1/C. The gates have a built-in error detection process, which removes the
necessity of extracting the error by the more complicated process of entanglement
purification or quantum error correction. Our gate is designed for the specific case of
optical cavities, and allows exploiting realistic systems for quantum communication,
even though the error rate would inhibit this with deterministic gates. Similar ad-
vantages can be realized in other systems such as those based on circuit QED, where
certain errors could be heralded and thus alleviate the daunting requirements of fault

tolerant computation.
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Chapter 5

Remote entanglement distribution

using individual atoms in cavities

5.1 Introduction

Distribution of entanglement is an essential task in quantum communication [117,
54, 169]. Entanglement can be used to make highly secure communication channels
due to the sensitivity of entangled quantum systems to external influences [195].
While this sensitivity makes it possible to detect any attack from an eavesdropper,
it also makes it hard to distribute entanglement over large distances since any noise
from the environment quickly destroys the entanglement. Direct transmission of a
quantum signal suffers from loss and decoherence from the transmission channel,
which results in an exponential decrease of the rate with distance [33]. To overcome
this problem, it has been proposed to use quantum repeaters, where entanglement is

first created over short distances by direct transmission and then stored in quantum
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memories until it can be swapped to larger distances [33, 70] (See Fig. 5.1). Much
effort has been devoted to the construction of quantum repeaters based on atomic
ensembles, where the large number of atoms, in principle, enables highly efficient
quantum memories [192, 29]. Nonetheless, the limited efficiencies demonstrated in
current experiments with atomic ensembles [192, 103] prevents the construction of a
practical quantum repeater based on currently existing setups.

Single emitter systems such as color centers and trapped ions have also been con-
sidered for quantum repeaters [48, 191]. The long coherence times demonstrated
with, e.g. trapped ions make them desirable as quantum memories. Nonetheless,
entanglement needs to be created non-locally between two memories in the initial
step of a repeater. This requires efficient transfer of information from the quantum
memories onto light in the form of single photons. To this end, it is an advan-
tage to place the emitter inside a cavity, which can greatly enhance the light-emitter
coupling [169, 181]. Entanglement swapping can then be performed with a cavity me-
diated CNOT gate [168, 66] but in this case, the detrimental effect of cavity loss and
spontaneous emission from the emitters may prevent obtaining efficient entanglement
swapping. The parameter characterizing the effect of dissipation in the emitter-cavity
system is the cooperativity, C. It has been argued that a direct implementation of
gates in a cavity will make the gate fidelity, F', have a poor scaling of 1 — F ~ 1/ VC
[115, 208]. To overcome this problem for current cavities with limited C, it has been
suggested to employ entanglement purification after each swap operation to boost the
entanglement but this either requires a large number of resources or a time consuming

sequential generation of purification pairs [18, 61, 72, 166].
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Here we analyze and compare a number of cavity-based quantum repeaters which
combines various proposals for entanglement generation and cavity-assisted CNOT
gates. We find that the best scheme is where high-fidelity entanglement is gener-
ated using a two-photon detection scheme similar to Ref. [68] and swapped to large
distances using the heralded CZ-gate proposed in Ref. [26]. The heralded gate en-
ables nearly perfect entanglement swapping when successful allowing for many swaps
without the need of entanglement purification. As a result, high-rate entanglement
distribution is achieved even for low cooperativities.

Compared to the other cavity-based repeaters, this high-fidelity repeater achieves
up to two orders of magnitude higher secret key rate (see below) for realistic pa-
rameters and large distances (1000 km). Specifically, we have compared to repeaters
where entanglement is generated using a single-photon detection scheme similar to
Ref. [35], which allows for a better rate at the expense of fidelity. Furthermore, we
have considered schemes where entanglement swapping is achieved using the deter-
ministic CNOT gate suggested in Ref. [208], combining it with the local entanglement
generation scheme of Ref. [209]. The advantage of this gate is that the fidelity scales
as 1 — F' ~ 1/C, which is a significant improvement from the 1/ V/C scaling, charac-
terizing the performance of a direct implementation of gates in a cavity. As a result,
long-distance entanglement distribution can also be achieved with this gate but it
requires cooperativities above 100, which might be challenging to achieve experimen-
tally. Furthermore, we include the possibility of initial purification in repeaters based
on the single-photon detection scheme in order to allow for the higher rate of this

scheme to compensate for the lower fidelity compared to the two-photon detection
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scheme.

To reflect a realistic near-term approach to quantum repeaters, we only consider
scenarios with 2 or 4 qubits per repeater station. For the same reason, we also do not
consider the possibility of intermediate entanglement purification. Here, initial purifi-
cation refers to purification in the elementary links (see Fig. 5.1) while intermediate
purification refers to purification in the subsequent stages of a repeater. We have
numerically optimized all the considered repeater schemes for a range of cooperativ-
ities and distances to find the highest achievable secret key rate (see below). Note
that a similar optimization of repeater schemes based on dynamical programming
was described in Ref. [112]. In that work, both initial and intermediate entanglement
purification was considered assuming high-fidelity operations. Our optimization is
less detailed since we do not consider intermediate purification. On the other hand,
we include how the errors of the operations depend on the physical parameters such
as the cooperativity and investigate concrete physical implementations. Finally, we
compare the high-fidelity repeater considered here to both an ion-trap repeater and
one of the best repeaters based on atomic ensembles [192]. For a distance of 1000

km, the high-fidelity repeater outperforms both of these schemes for C' 2 30.

5.2 High-fidelity quantum repeater

We will first describe the details of the high-fidelity quantum repeater, which we
find to have the best performance and later discuss and compare with the various other
schemes. The first step in any quantum repeater is to create non-local entanglement

in the elementary links (see Fig. 5.1). To this end, a two-photon detection scheme,
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Figure 5.1: The general architecture of a quantum repeater. The total distance, over
which entanglement should be distributed, is divided into elementary links of length
Ly connected by repeater stations pictured as cavities containing single emitters.
After creating entanglement in the elementary links, the entanglement is swapped
to larger distances by combining the elementary links. The numbers to the right in
the figure refers to the swap level of the repeater. In the first swap level, the four
elementary links are connected pairwise to make two longer links. In the second swap
levels these two links are connected to create entanglement over the total distance.
The total number of swap levels is thus 2 for this depicted setup.

as proposed in Ref. [68], is considered. The basic setup is shown in Fig. 5.2(a). Both
emitters are initially prepared in the excited state |e) by a strong excitation pulse
and the cavity is assumed to couple both the |e) — |1) and |e) — |0) transitions with
equal coupling strength g/v/2 (see Fig. 5.2(b)). The two transitions are, however,
assumed to produce photons with different polarizations such that the emission of
a cavity photon creates an entangled state between the photon and the emitter of
the form \/Lﬁ (10)|11), + |1)|12) ) where |11)1 (|12)1) is the single photon state with
polarization 1 (2). The probability of one of the emitters to emit a photon of either

polarization through the cavity, into an optical fiber transmitting it to the detection

stage during a time interval [0; 7] is

4C' _
Prhot = (T (1 — e (HOT) (5.1)
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Figure 5.2: Entanglement generation in the elementary links where emission from two
cavities are combined on a beam splitter. (a) shows the basic setup, (b) shows the
level structure of the emitters and (c) shows the detection setup. (I) refers to the two-
photon detection scheme and (II) refers to the single-photon detection scheme. Both
schemes use a central station with either (I) three polarizing beam splitters (PBS)
and four single-photon detectors or (II) a single balanced beam splitter (BS) and two
single-photon detectors. g denotes the cavity coupling. For the two-photon scheme
the levels |0) and |1) are assumed to have equal coupling of g/v/2 to the excited state

le)-

70



Chapter 5: Remote entanglement distribution using individual atoms in cavities

assuming perfect outcoupling to the fiber and that the decay rate of the cavity, &, is
much larger than the cavity coupling, g. We have here introduced the cooperativity
C = g¢*/k7y, where v is the spontaneous emission rate of the emitters into modes
other than the cavity. This is the key parameter characterizing the performance
of the cavity-based repeaters. The photons are sent from the cavities to a central
polarizing beam splitter (PBS). If two photons of the same polarizations are incident
on the PBS, they leave in different output ports, while photons of different polarization
leave in the same output port. The outputs are then sent to a second set of polarizing
beam splitters and all four outputs of these are finally measured with single photon
detectors (SPD). A click in a detector in each arm heralds the creation of the Bell
state |®F) = (|00) + |11))/v/2 between the emitters up to a local qubit rotation.
Neglecting dark counts of the detectors, the heralded fidelity is unity (see App. D.2)

while the success probability of the scheme is Py = %UQPQ

ohot with 7 being the total

detection efficiency including inefficient outcoupling of the cavity light, losses in the
transmission fibers and imperfect detectors. Compared to schemes based on single-
photon detection (see below) the rate of this two-photon detection scheme decreases
rapidly with decreasing . On the other hand, it has a high fidelity, which is desirable
for the subsequent stages of entanglement swapping, as we will show below.

For entanglement swapping, we find that the best performance is achieved using
the heralded CZ-gate described in Ref. [26]. The gate was described in detail for
87Rb atoms in Ref. [26] but it can be easily generalized to any set of emitters, which
have the appropriate level structure (see Fig. 5.3). Note that the gate operation

relies on only qubit state |1) coupling to the cavity while the states |0) and |1)
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Figure 5.3: Schematics of the heralded CZ gate [26]. (a) is the level structure of the
auxiliary atom, (b) is the level structure of the qubit atoms and (c¢) shows the cavity
containing the auxiliary atom and the two qubit atoms. Assuming that |E) only
decays to | f) by e.g. driving the transition |g) — |E) with a two photon process, any
spontaneous emission or cavity decay will change the state of the auxiliary atom from
the initial state |g) to |f). The gate is thus conditioned on measuring the auxiliary
atom in state |g) at the end of the gate.

had equal cavity couplings in the entanglement generation scheme. To achieve this
change in couplings, the state |0) should be mapped to another level in between the
entanglement generation and the gate operation. For a realization with alkali atoms
where the qubit states would be realized in the hyperfine grounds states, this could
be achieved by applying a magnetic field to resolve the hyperfine states and applying
a microwave pulse resonant with only the |0) state.

In the heralded gate, the cavity is assumed to contain two qubit atoms and one
auxiliary atom to facilitate the gate. The auxiliary atom is initialized in a state
|g) that does not couple to the cavity and it would therefore not interfere with the
entanglement generation scheme. By addressing the auxiliary atom with a weak laser
pulse, an AC Stark shift is introduced, which gives a phase that depends on the state
of the qubit atoms. Together with single qubit rotations, this enables a CZ-gate

between the two qubit atoms. Furthermore, the auxiliary atom can function as an
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error detector in the sense that any cavity decay or spontaneous emission changes the
state of the atom. Performing a heralding measurement of the state of the auxiliary
atom at the end of the driving pulse removes all dissipative errors. As a consequence,
the gate gets limited only by non-adiabatic effects. As shown in Ref. [26], a heralded
error below 4 x 107 is possible with a gate time of ~ 377/(yV/C), where 7 is the
atomic linewidth. The failure probability of the gate scales as 1/ V/C and the high
fidelity thus comes at the cost of a finite but possibly low failure probability. A CZ
gate combined with single qubit rotations is sufficient to perform direct entanglement
swapping. For simplicity, we assume perfect single qubit rotations and 100% efficient
measurement, of atomic states for all schemes considered. Relaxing this assumption
will in general decrease the rate of all the considered repeater schemes but schemes
with a high number of swap levels, such as the high-fidelity repeater, will be influenced
more on the rate than schemes with a low number of swap levels.

The advantage of the high-fidelity repeater can be understood by considering the
requirement for reaching a certain threshold fidelity, Fj,. of the distributed pair. In
this case, the maximum number of swap levels is Nyax ~ —10gy(Fhinal/ (€0+€,)), where
€0, €g << 1 are the errors of the initial entanglement generation and the entanglement
swapping respectively. The combination of the high-fidelity two-photon detection
scheme and the heralded gate thus makes it possible to have a repeater with many
elementary links while maintaining a high fidelity of the final distributed pair even

for low cooperativities since the error of the heralded gate is still high in this regime.
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5.2.1 Secret key rate

We imagine that the distributed entanglement is used to generate a secret key
between two parties referred to as Alice and Bob. There exist various quantum key
distribution schemes [195, 17, 80, 36], however, the general idea is that Alice and Bob
can exclude that an eavesdropper has any information about the key by measuring
their qubits and comparing results. We will assume that a six-state version of the
BB84 protocol described in Ref. [36] is used to generate the secret key. This protocol
consists of three main steps. First Alice and Bob picks a basis according to some prob-
ability distribution and measure the state of their qubits thereby producing two bit
strings referred to as the raw key. Afterwards they compare their choice of basis and
only keep the bits where they chose the same measurement basis thereby producing
a sifted key. Finally, Alice and Bob estimate the information that some eavesdropper
could possibly have obtained about their key and perform privacy amplification [195].
If the errors are not too big, they can obtain a shorter but completely secure key. For

the six-state protocol, the secret key rate, ry et can be defined as

Tsecret = Tdistpsiftfsecreta (52)

where rqis is the distribution rate of the entangled pairs, pgs is the probability that
Alice and Bob choose the same measurement basis and fiecet is the secret key fraction,
which depends on the fidelity of the distributed pairs. We assume a worst case scenario

where the distributed pairs are Werner states of the form

p = FIet ]+ (Joy@r| + [yt 4 ) ]). (53)
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Figure 5.4: Secret key fraction (fieret) as a function of the infidelity, 1 — F, of the
final entangled pair. For 1 — F' 2 19% it is no longer possible to extract a secret key
from the raw keys.

For such states, it is shown in Ref. [195] that the secret key fraction in the six-state

protocol can be estimated in the limit of infinitely long raw keys to be

fsecret =1~ h(E) — €+ (1 - E)h (11_—;9)66/2> , (54)

where € = 2(1 — F')/3 and h(p) = —plog,(p) — (1 — p)log, (1 — p) is the binary entropy.
Eq. (5.4) is valid in the limit of perfect sifting and privacy amplification, which we
assume to be the case. Furthermore, we assume an asymmetric version of the six
state protocol, where one basis is used almost all the time such that pgg ~ 1 [195].
Fig. 5.4 shows how the secret key fraction depends on the fidelity of the distributed
pairs. As shown in the figure, high-fidelity pairs are required in order to have a
non-vanishing secret key fraction. Again, this points to the high-fidelity two-photon
detection scheme and the nearly error-free heralded entanglement swapping as the

best choice for the repeater.
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5.2.2 Repeater architecture

The main goal of the quantum repeater is to overcome the effect of fiber losses. We
model the fiber losses with a transmission efficiency n; = e~ £0/2Latt where Ly is the
length of the elementary links of the repeater and L,y is the fiber attenuation length.
7 enters in the total detection efficiency 7 as described above. For a given resource
of 2™ 4 1 repeater stations, one can either use all stations in a single repeater with n
swap levels or one can construct a number of parallel, independently operated chains
of repeaters with less swap levels. Increasing the number of swap levels, decreases
the fiber losses in the elementary links and thus increases the rate of entanglement
generation. If, however, the length of the elementary links is already small, e.g.
imperfect SPD dominates the rate, then increasing the number of swap levels does
not lead to any improvement. In this case it is advantageous to use the extra repeater
stations to make another repeater with less swap levels, which runs in parallel with
the already existing one. To make a proper assessment of the performance of repeater
one should therefore include that adding swap levels costs resources in the form of
additional repeater stations. In our comparison, we therefore consider a normalized
secret key rate, Tseerer = Tseeret/( # Of stations), which is the secret key rate divided by
the total number of repeater station instead of the bare secret key rate. To evaluate
the performance of the repeater we calculate the achievable rate 7.« as described in
Appendix D.4 with the assumptions summarized in Tab. 5.2 about fiber losses etc..
The resulting rate for various swap level used in the repeater is shown in Fig. 5.5
as a function of distance. As seen in the figure, the optimal number of swap level

changes with distance while considering the normalized secret key rate. The rate was
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Figure 5.5: Normalized secret key rate per station(7secet) as a function of the distri-
bution distance for a high-fidelity repeater consisting of the two-photon entanglement
generation scheme and the heralded gate for entanglement swapping. We have con-
sidered n = 2,3 and 4 swap levels and have assumed a cooperativity of C' =100 and
two qubits per repeater station. The secret key rate was calculated as described in
App. D.4 with the assumptions summarized in Tab. 5.2.

calculated as described in App. D.4 for a cooperativity of 100 with the assumptions
summarized in Tab. 5.2 about fiber losses, detection efficiencies etc. For distances
< 150 km, only a single swap level is needed since the fiber losses are relatively small
while more swap levels are needed as the distance increases.

In most repeater schemes, the qubits in each repeater station are assumed to be
operated simultaneously with half of the qubits being used to generate entanglement
with the neighboring station to each side such that entanglement attempts in all the
elementary links are done simultaneously. We will refer to this as a parallel repeater.
We will, however, also consider another sequential way of operating the qubits, where

all qubits in a station are first used to make entanglement in one elementary link.

7



Chapter 5: Remote entanglement distribution using individual atoms in cavities

After this has been obtained, all but one qubit are then used to make entanglement
over the neighboring link in the opposite direction. This is referred to as a sequential
repeater. The advantage of the sequential repeater is that the rate of the lowest level
in the repeater, the entanglement generation, is increased. This comes at the cost of a
waiting time between entanglement attempts in neighboring links. As the number of
qubits per repeater station increases the sequential repeater will start to outperform
the parallel repeater. We find that this happens with 4 qubits per repeater station

(see Sec. 5.4).

5.3 Other cavity based repeaters

We have found that the high-fidelity repeater that we have described above out-
performs a number of other cavity-based repeater schemes, which can be constructed
with different schemes of entanglement generation and CNOT gates. Below, we de-
scribe the constituents of these other schemes and compare them to those of the

high-fidelity repeater

5.3.1 Single-photon entanglement creation

It has also been suggested to use single-photon detection schemes similar to
Ref. [35] to generate entanglement in the elementary links. The setup of a single-
photon detection scheme is also shown in Fig. 5.2. We assume that the two emitters

are initially prepared in a state

(1 — €%)]|00) + €*|ee) + ev'1 — €2 (|0e) + |e0)) (5.5)
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by a weak excitation pulse such that the excitation probability is €2. An emitter

can then go from state |e) to state |1) by emitting a cavity photon. The emitted
photons are collected from the cavities and combined on a balanced beam splitter
(BS) on a central station between the two cavities. Neglecting losses, the detection of
a single photon after the BS will project the state of the emitters into the Bell state
|Ut) = \/Li (J01) +]10)), up to a single qubit rotation, in the limit €* < 1, where we
can neglect the possibility of double excitations. The probability of an emitter to go
from |e) to |1), by emission of a cavity photon during a time interval [0; 7], is Pphot (s€€
Eq. (5.1)) under similar assumptions as in the two-photon scheme described above.
Neglecting dark counts but including losses, the total probability of a single click at

the central station is Paick = 20 Ponot€>(1—€*)+(2n—n?) P2

S ot€ - With 1) being the total

detection efficiency as for the two-photon scheme. The first term is the probability to
emit and detect a single photon while the second term is the probability of emitting
two cavity photons but only getting a single click (we assume that we do not have
access to number-resolving detectors). The probability, to have a single click and
have created the state |U1), is Peoprect = 217Ppnot€2(1 — €2). The average heralded
fidelity conditioned on a single click is thus F| = Peomect/Piclick- To lowest order
ine, F1 ~1—(1—n/2)P,pe® while the success probability is Piejick ~ 27 Pphot€>-
There is thus a tradeoff set by €2 between the success probability and the fidelity for
the single-photon detection scheme. This is in contrast to the two-photon detection
scheme where F' = 1 regardless of success probability.

The success probability of the single-photon detection scheme is not as sensi-

tive to the detection efficiency n as the two-photon detection scheme as shown in
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Fig. 5.6. If the detection efficiency 7 is large, the two-photon scheme is desirable
since it will have both a high success probability and a high fidelity. However, if n
is small, the single-photon scheme will be advantageous since it has a relatively high
success probability. Due to the possible high success probability but limited fidelity
of the single-photon scheme, it might be desirable to combine it with entanglement
purification to increase the final fidelity. In this way, the higher success probability
of the single-photon scheme may compensate the lower fidelity. We have therefore
considered the possibility of initial entanglement purification in repeaters based on

the single-photon detection scheme as described below.

5.3.2 Initial purification

Based on a detailed analysis of the various errors that limit the fidelity for the
single-photon scheme including dark counts of the detectors (see App. D.1 for details),
we find that the purification protocol of Ref. [18] effectively corrects for the errors in
the single-photon scheme and we assume that this is used for the initial purification.
However, as pointed out in Ref. [158] an improved fidelity, at the expense of a factor
of ~ 2 in the success probability, can be obtained by only accepting outcomes where
the two heralding qubits are found in state |1)|1) instead of also accepting |0)|0)
outcomes. We will also consider this modification to the purification protocol of
Ref. [18]. The protocol relies on a CNOT operation, which we assume to be made with
the same gate used to perform the subsequent entanglement swapping (see below). To
reflect the most realistic near-term quantum repeaters we consider at most 4 qubits

per repeater stations. We therefore assume that the purification is performed in a
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Figure 5.6: Rate of entanglement generation for the two-photon scheme and the single-
photon scheme with target fidelity F' > 0.95 and F' > 0.99 both without purification
(7 = 0) and with one round of purification (j = 1). The rate is shown as a function of
the total detection efficiency n. We have neglected dark counts and assumed that the
CNOT gate is deterministic and have perfect fidelity. The rate has been calculated
as described in App. D.4. Furthermore, we have assumed that each repeater station
contains 4 qubits, which are either used for purification or to increase the rate of the
entanglement generation.
pumping scheme [75], where the fidelity of a single pair is pumped by combining it
with pairs of lower fidelity since this requires the lowest number of qubits per station.
The effect of combining the single-photon scheme with initial purification is shown
in Fig. 5.6 where, for simplicity, the purification is assumed to be performed with a
deterministic gate with perfect fidelity and without the modification of Ref. [158]. If
high fidelity pairs are desired for, e.g., a repeater with many swap levels, entanglement
purification can increase the rate of the entanglement generation. For high collection
efficiencies it is, however, desirable to use the two photon scheme since this has a

higher rate. In particular, the two photon scheme becomes desirable if high fidelity

pairs are required.
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Figure 5.7: Deterministic gate based on reflection and teleportation based CNOT
operation [209, 208](a) Level structure of the qubit atoms. The levels |r) and |r)
where r = g, f or e are assumed to be degenerate such that the quantum information
is encoded in the horizontal degrees of freedom. (b) The setup to create entanglement
between the level states |g),|f) of the atoms. Weak coherent light is sent onto the
cavity and any reflected light is measured with a SPD.

5.3.3 CNOT gates

In our analysis, both the initial purification and the subsequent entanglement
swapping involves a cavity-based CNOT gate. Besides the heralded CNOT gate used
in the high-fidelity repeater, which we will refer to as gate 1, a deterministic cavity-
based gate proposed in Ref. [208] could be used. Combining the gate scheme of
Ref. [208] with the local entanglement generation scheme of Ref. [209] results in a
deterministic CNOT gate with an error scaling as 1/C. We will refer to this gate
as gate 2. This gate does not require an auxiliary atom as gate 1 but rather two
auxiliary levels in the qubit atoms as shown in Fig. 5.7(a). In this scheme, the
quantum information is stored in the horizontal/qubit degree of freedom (subscripts
0 and 1) and the vertical/level degree of freedom (denoted g and f) is used to make an
entanglement assisted CNOT gate between the atoms. Separating the qubit degree

of freedom from the level degree of freedom, the gate works by ideally making the
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transformation

1

5 (lgf) +1f9)), (5.6)

lq1)[q2) ® |gg) — [q1)]q2) ®

N

where |g), |f) denote the vertical states and |¢1) (]¢2)) is the qubit state of the first
(second) qubit, which could be entangled with atoms at neighboring repeater stations.
The entanglement between the levels |g) and |f) can be used to make a CNOT gate, if
the levels of the atoms can be measured non-destructively, i.e. without revealing any
information about the qubit state as described in Ref. [208]. Both the transformation
shown in Eq. (5.6) and the non-destructive measurements can be obtained by sending
a weak coherent pulse onto a two-sided cavity and detecting any reflected light (see
Fig. 5.7(b) and App. D.3). If the light is resonant with the empty cavity mode,
atoms in | f) will shift the cavity resonance. Consequently, photons will be reflected
and constitutes a QND measurement of the presence of atoms in |f). Spontaneous
emission from the atoms will limit the fidelity of the gate to I’ ~ 1—1.2/(n4C), where
nq is the detection efficiency and C' = ¢?/k~ is the cooperativity. The gate time is
limited by the time of the single qubit rotations and the coherent pulses. We assume
that this gives a gate time on the order of 10 us.

As a benchmark, we also consider a naive approach where a direct gate between
two qubits is made in a cavity without the use of an auxiliary atom or auxiliary atomic
states. To characterize such a gate, we consider a situation where the setup of gate 1
is used to make a deterministic gate by simply ignoring the heralding condition. We
will refer to this gate as gate 3. For such a gate, we find that the gate fidelity will
scale as 1 — F' ~ 3/4/C and the time of the gate will be limited by the time of the

single qubit rotations which we assume to be ~ 10 us.
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Gate Fidelity Probability Gate time
1 F=4-10"° Py~ 1—6/v/C | 377/(vV/C)+10 ps
2 | F~1-12/(nC) P,=1 10 ps
3 | F~1-36/V/C P,=1 10 ps

Table 5.1: Characteristics of the three gates considered for the cavity-based repeaters.
C is the cooperativity of the atom-cavity system and 74 is the single photon detection
efficiency in gate 2. The time of the single qubit rotations is assumed to be 10 us.

The characteristics of the three gates we consider are summarized in Tab. 5.1
and illustrated in Fig. 5.8. It is clear, that a repeater based on gate 3 will never
be advantageous but we consider it as a reference since the physical requirements
for implementing this gate are less than for gate 1 and 2, which requires either an

auxiliary atom or auxiliary atomic levels.

5.4 Numerical optimization

We have numerical optimized the secret key rate per repeater station for both the
high-fidelity repeater and all other cavity-based repeaters consisting of the elements
considered in Sec. 5.3. The secret key rate is calculated as described in Sec. 5.2.1
and App. D.4. It depends on experimental parameters such as the efficiency of sin-
gle photon detectors, dark count rates. The values of these parameters are assumed
fixed and are thus not part of the optimization. All the experimental parameters are
summarized in Tab. 5.2 together with the values assumed in the optimizations. We
have assumed fiber transmission losses for telecom wavelengths, which may require

wavelength conversion techniques [3].  The free parameters in the optimizations are
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Parameter Value Description

v 2m -6 MHz | Spontaneous emission rate of atoms. This
enters in the probability of emitting a photon
in the entanglement generation schemes (see
Eq. (5.1)) and in the gate time of gate 1 and
2.
Nd 50% Combined efficiency of SPD detectors and
outcoupling of light from the cavities. This
enters in the total detection efficiency 7 in
the entanglement generation schemes since
n = nqne. It also enters the fidelity of gate 2.
Lo 22 km Attenuation length of the fibers. The total
transmission probability over a length L is
assumed to be 7y = e %/Fatt The value as-
sumed corresponds to telecom wavelengths.
Tiocal 10 us Time of local qubit operations
T dark 25 Hz Dark count rate of SPD detectors. We in-
clude dark counts in the entanglement gen-
eration step but not in the gate operations
since the gate operations are assumed to be
fast.
c 2-10° km/s | Reduced speed of light in the transmission
fibers [192].

Table 5.2: Experimental parameters which influence the rate and fidelity of the re-
peaters. The second column gives the values used in all optimizations.
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Figure 5.8: Characteristics of the three gates described in the text. The errors of gate
2 (black/solid line, right axis) and gate 3 (black/circled line, left axis) are shown as a
function of the cooperativity. The error is defined as 1 — F' where F' is the fidelity of
the gate. We have assumed 1y = 0.5 for the error of gate 2. Gate 1 has conditional
fidelity ~ 1 but a finite failure probability 1 — P, which is also shown as a function
of cooperativity (red/dashed line, left axis).

the number of swap levels, the number of purifications with /without the modification
of Ref. [158] and whether a parallel or sequential repeater protocol is used. In the op-
timizations, we calculate the secret key rate on a grid of all these parameters and pick
the combination giving the highest rate. Fig. 5.9 shows a specific example where the
combination of the single-photon scheme with gate 2 is investigated for a parallel re-
peater and a cooperativity of 100. The number of swap levels and purifications, giving
the highest rate for a specific distance, can be directly read off from the figure. The
same calculations are then done for a sequential repeater protocol and compared to
the parallel repeater protocol with/without the modified purification in order to find

the highest rate for this specific combination of entanglement generation scheme and

CNOT gate. This is done for all combinations of entanglement generation schemes
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Figure 5.9: Normalized secret key rate per station(7secret) as a function of the distribu-
tion distance (Distance) for a parallel repeater based on the single photon generation
scheme and gate 2. The cooperativity was assumed to be 100 and we assumed 4
qubits per repeater station. The optimal number of swap levels (n) and purification
rounds (j) for a given distance can be directly read off from the plot as the combi-
nation giving the highest rate. Note that because the gate fidelity is limited, curves
with j = 2 and n = 3,j = 1 are not shown since they result in a much lower secret
key rate. The purification schemes was considered to be without the modification of
Ref. [158].
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and CNOT gates. The optimal evolution time, 7', and excitation probability, €, in
the entanglement generation schemes are found for each grid point using a built-in
numerical optimization in the program MATLAB. The key parameter, determining
the performance of the CNOT gates, is the cooperativity (see Tab. 5.1). We therefore
optimize for cooperativities C' € [10;1000] and distances between 100 km and 1000
km. Finally, the optimizations are performed for both 2 qubits per repeater station
and 4 qubits per repeater station. Note that the auxiliary atom used in gate 1 is
not counted as a qubit and schemes based on this gate thus in principle contain an
additional atom per repeater station.

We model the effect of the non-perfect gates, as depolarizing channels such that
the output of a gate operation described by a unitary Us working on a set S of two
qubits is

_ /!

d (Tr{p}s®1s), (5.7)

p= F'UspUL + !
where F'= F" + (1 — F")/4 is the fidelity of the gate, 1 is the identity matrix of the
set, Tr{...}s is the trace over the set and p is the initial density matrix describing
the system before the gate operation. We use Eq. (5.7) to propagate the density
matrix from the entanglement generation (see App. D.1-D.2) through the steps of
initial purification and entanglement swapping and calculate the average fidelity of
the distributed pairs. To calculate the secret key fraction, we treat the distributed

pairs as Werner states as described in section 5.2.1.

88



Chapter 5: Remote entanglement distribution using individual atoms in cavities

- - High-fidelity - - 2phot, gate 2 —2phot, gate 3
—=-1phot, gate 1 —o-1phot, gate 2 -2-phot, gate 3
) -x-Ensemble ——lon trap —~Perfect gate
10 102 T T I— T
1 . (b)
10 10" 885 o~ 4
T 10° ¥ 100k . 3
‘é ot E \: S~ N ]
Q -1 o - i > ~ S~ ~ ]
810 8107 S
: o~ P
107 102 ~
i i ®
1073 ! [ S 1 X9 1073 x 1 | 1
100 200 300 500 700 1000 100 200 300 500 700 1000
Distance [km] Distance [km]

Figure 5.10: Normalized secret key rate per station (Tsecre;) as a function of the
distribution distance (Distance) for the high-fidelity repeater and other cavity-based
repeaters assuming a cooperativity of C' =100. (a) is for 2 qubits per repeater station
while (b) is for 4 qubits per repeater station. The other cavity-based repeaters are
labelled as, e.g., “Iphot, gate 2”7, which indicates that it is a repeater based on the
single-photon detection scheme and gate 2. The rate of an ensemble-based repeater
(“Ensemble”) is also shown [193]. For simplicity, we have assumed a fixed number
of four swap levels in the ensemble-based repeater even though a smaller number
of swap levels might increase the rate for small distances (< 400 km). Finally, we
have plotted the rate of an ion trap repeater scheme (“lon trap”) with a collection
efficiency of 10% and gate fidelity of 99.3% and the ultimate rate obtainable with
perfect deterministic gates and perfect entanglement generation with the two-photon
scheme (“Perfect gate”) for comparison. For the ion trap repeater we have plotted
the highest rate obtainable with either the one-photon or two-photon scheme.
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Figure 5.11: Normalized secret key rate per station (7seeret) as a function of the coop-
erativity (C') for the high-fidelity repeater and other repeaters assuming a distribution
distance of 1000 km. (a) is for 2 qubits per repeater station while (b) is for 4 qubits
per repeater station.

The secret key rates per repeater station of the high-fidelity repeater and the
other cavity-based repeaters are shown in Fig. 5.10 for distances [100; 1000] km and a
cooperativity of 100 and in Fig. 5.11 for a distance of 1000 km and cooperativities in
the interval [10; 1000]. As shown in Fig. 5.10, the repeaters based on gate 3 are simply
not able to distribute entanglement over large distances for realistic cooperativities.
As a consequence, repeaters based on gate 3 do not appear on Fig. 5.11 since their
secret key rate is simply too low.

In general, the high-fidelity repeater (2-photon, gate 1) achieves the highest secret
key rate for a broad range of cooperativities and long distances = 300 km. This
reflects both that this protocol allows for a higher number of swap levels and that

the secret key rate favors the distribution of high-fidelity pairs since these gives the

90



Chapter 5: Remote entanglement distribution using individual atoms in cavities

highest secret fraction (see Fig. 5.4). It is also apparent from Fig. 5.11 that while
repeaters based on gate 2 need cooperativities above 100 for a distance of 1000 km,
repeaters based on gate 1 are able to function with much lower cooperativities around
30 — 40. This is because the heralded gate has nearly unit fidelity, independent of
the cooperativity. For high cooperativities or low distances, a repeater based on the
two-photon detection scheme and gate 2 can give a slightly higher secret key rate
than the high-fidelity repeater. This improvement is, however, less than a factor of
2 in the secret key rate. The steps in the rates of the schemes based on gate 2 in
Fig. 5.11 originate from the fact that as the cooperativity increases, the fidelity of gate
2 increases and at some point the fidelity is high enough to allow for another swap
level, which makes the rate increase abruptly. From the optimizations, we find that
the sequential repeater architecture achieves slightly higher rates (less than a factor
2) than the parallel repeater architecture for 4 qubits per repeater station, while the
opposite is the case for 2 qubits per repeater station.

In general, repeaters based on the two-photon detection schemes outperform re-
peaters based on the single-photon detection scheme except for repeaters based on
gate 3. This reflects that repeaters based on gate 3 cannot perform many swap lev-
els since the fidelity simply decreases too rapidly with the number of swap levels.
The result of the optimization was that no swap levels were actually preferred for
repeaters based on gate 3 for C' < 1000. As a result, the elementary links in these
repeaters are long and fiber losses therefore significantly decrease the total detection
probability n in the entanglement generation schemes. In the limit of very low 7,

the one-photon scheme is advantageous since the success probability only depends
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linearly on 7. For the optimizations, we have assumed that the combined efficiency
of the SPD detectors and outcoupling of light from the cavities is ny =50%. If this
efficiency is smaller, repeaters based on single-photon detection may be desirable. We
also find that the purification protocol, in general, performs better with than without
the modification of Ref. [158]. The improvement is, however, limited to a factor of
< 2 for the parameters considered in Figs. 5.10-5.11.

It is important to stress that the rates plotted in Figs. 5.10-5.11 are the secret
key rates divided by the total number of repeater stations. The actual distribution
rate can thus be obtained by multiplying with the number of repeater stations. For
the high-fidelity repeater, we find a secret key rate of ~16 Hz over 1000 km for 33
repeater stations and a cooperativity of 1000 assuming 2 qubits per repeater station.
For a more modest cooperativity of 100, a secret key rate of ~1.5 Hz over 1000 km
can be obtained.

We can compare the rate found here to the rate obtainable with repeaters based
on atomic ensembles. In Ref. [193] an efficient repeater based on atomic ensembles
is described, which achieves one of the highest distribution rates for repeaters based
on atomic ensembles [192]. The fidelity of the distributed pair and the distribution
rate are derived in Ref. [193] for a repeater with four swap levels corresponding to
17 repeater stations. Based on this, we have calculated the secret key rate assuming
an optimistic, basic repetition rate of the ensembles of 100 MHz and memory and
SPD efficiencies of 90%. The rate of the ensemble-based repeater is also shown in
Figs. 5.10-5.11 for similar assumptions about fiber losses etc. as for the cavity-based

repeaters. We have assumed that the repeater uses four swap levels for all distances
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even though a smaller number of swap levels may be desirable for smaller distances
(< 400 km) [193]. For a distance of 1000 km, we find a rate of ~ 0.03 Hz for 33
repeater stations. This shows that repeaters based on individual atoms in cavities
may be very promising candidates for realizing efficient quantum repeaters with rates
exceeding those obtainable with atomic ensembles. The main reason for this is that
very efficient entanglement swapping can be realized in the cavity-based repeaters
which greatly enhances the distribution rates for long distances. On the contrary,
repeaters based on atomic ensembles and linear optics have an upper limit on the
swapping efficiency of 50%.

For comparison we have also considered a repeater based on ion traps where
there is no cavity to collect the light. Non-local entanglement can still be created by
collecting the emitted light with a lens as demonstrated in Ref. [109] where a collection
efficiency of 10% was reported. The entanglement swapping can be realized using a
gate, which has been demonstrated experimentally with a fidelity of 99.3% and a gate
time of 50 us [16]. Note that this fidelity was measured for the generation of a single
state in Ref. [16] but we will assume it to be the fidelity of the entanglement swap. The
rate of such a ion-trap repeater is shown in Figs. 5.10-5.11 with assumptions about
fiber losses etc. summarized in Tab. 5.2. We have assumed a collection efficiency
of 10% and as a result, the one photon scheme with modified purification performs
better than the two-photon scheme for 4 qubits per repeater station. However for
two qubits, where purification is not possible, the two-photon scheme is in general
advantageous except for small distances (< 200 km). We have assumed a gate fidelity

of 99.3% and have plotted the highest rate obtainable with either the one-photon or
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two-photon scheme.

It is seen that the high-fidelity repeater outperforms the ion-trap repeater for C' 2>
30, which is mainly due to the low collection efficiency in the entanglement generation.
The ultimate rate, obtainable with a repeater with perfect deterministic entanglement
swapping and entanglement generation based on the two-photon detection scheme
with a collection efficiency set by 4C'/(1 + 4C), is also shown in Figs. 5.10-5.11. A
similar repeater was considered in Ref. [191] to demonstrate the feasibility of repeaters
based on trapped ions. For C' = 1000, the high-fidelity repeater achieves only a factor

of ~ 2 slower rate than this ultimate limit for a distance of 1000 km.

5.5 Conclusion

In conclusion, we have performed a detailed analysis of quantum repeaters based
on individual emitters in optical cavities. We have found that a high-fidelity repeater
based on the heralded gate described in Ref. [26] combined with a two-photon detec-
tion scheme is the best option over a large parameter regime and enables high secret
key rates over large distances even for limited cooperativities < 100. Compared with
a number of other cavity based repeaters it achieves rates that are up to two orders of
magnitude faster for long distances (1000 km) and cooperativities < 100. For small
distances or higher cooperativities, a repeater based on the deterministic CNOT gate
described in Ref. [208] combined with a two-photon detection scheme can achieve
rates which are slightly higher than the high-fidelity repeater but the improvement is
less than a factor of 2.

We have also compared the high-fidelity repeater to the repeater in Ref. [193],
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which is based on atomic ensembles. For a distance of 1000 km and C' 2 20 the
high-fidelity repeater begins to outperform the ensemble-based repeater and an im-
provement of more than two orders of magnitude in the secret key rate is possible
for C 2 100. The main reason for the advantage of the high-fidelity repeater is
that entanglement can be swapped very efficiently using the heralded CNOT gate
described in Ref. [26]. Consequently, the number of swap levels in the repeater can
be increased without the need of intermediate purification, which greatly enhances
the rate for large distances. A similar advantage could in principle be achieved by
resorting to a trapped ion system, where efficient gates can be implemented. For
current systems, the collection efficiencies are, however, so low that a trapped ion
system could be outperformed by a cavity system with a limited finesse of C' 2 30. If
the collection efficiency could be overcome, e.g. by placing the ions in a cavity with
a high cooperativity, the rate can be substantially improved, but with C' > 1000 the
high fidelity repeater investigated here is within a factor of two of this ideal repeater.
It should, however, be noted that we have compared schemes with strong physical
differences in our analysis. The high-fidelity repeater requires an extra auxiliary atom
while auxiliary atomic levels are required to decrease the error of the deterministic
cavity-based CNOT gates. The ensemble-based and ion-trap repeaters are also very
different physical systems compared to the cavity-based repeaters with individual
atoms. The different experimental difficulties in realizing the physical requirements
for the various repeater schemes should be included in a more advanced assessment.

Finally, we note that while we have investigated a number of different possible

repeater protocols there may be even more advantageous procedures. Hence the
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results that we have derived here should be seen as lower limits to the achievable
communication rates. A particular interesting possibility could be to investigate
proposals along the lines of Ref. [228, 227], which also rely on heralding measurements
to detect errors during entanglement generation and two qubit operations. Possibly
some of the ideas from these schemes could be used to improve the communication

beyond what we have found here.
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Chapter 6

Heisenberg-Limited Atom Clocks

Based on Entangled Qubits

6.1 Introduction

Currently, atomic clocks based on optical transitions achieve the most precise [156,
23, 126] and accurate [52, 23] frequency references. Additionally, the development of
optical frequency combs [78, 176, 114, 240] — establishing a coherent link between the
optical and radio frequencies — enabled the application of optical frequency standards
to a wide range of scientific and technological fields including astronomy, molecular
spectroscopy and global positioning systems.

The improvement of frequency standards using quantum resources, such as entan-
glement [38, 6, 130, 184, 28], has been actively explored in recent years. While clock
protocols based on uncorrelated atoms at best achieve a stability scaling oc 1/ VN,

where N is the number of atoms — a scaling commonly known as the standard quan-
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tum limit (SQL) [41] — the use of entangled resources, in principle, allows one to
surpass this limit. However, a characterization of the improvement obtainable by
using entanglement requires a detailed investigation of the decoherence present in the
system. Previous studies have focused on two kind of noise sources: i) single particle
decoherence resulting from the interaction of the atoms with the environment and
ii) frequency fluctuations in the laser used to excite the clock transition [in the fol-
lowing also referred to as local oscillator (LO)]. It is well known that fully entangled
states (e.g., Greenberger-Horne-Zeilinger (GHZ) states) allow for improved spectro-
scopic sensitivity, but in the same way that these states benefit from their increased
sensitivity in the laser interrogation, they are generally prone to various types of
noise sources canceling any quantum gain. It has therefore been long believed that
such states fail to increase clock stability regardless of the noise model being used
[24, 237, 184, 110]. On the other hand, it has been shown that for clocks with local
oscillator noise limited stability, the use of moderately squeezed atomic states can
yield a modest improvement over the SQL [6, 130]. A recent study demonstrated
further that, in principle, highly squeezed states could achieve Heisenberg-limited
stability (i.e., a 1/N scaling with the available resources representing the ultimate
limit allowed by the laws of quantum mechanics [95]) using a complex adaptive mea-
surement scheme [28]. At the same time, it has been shown that the single particle
decoherence-limited regime can be reached for long averaging time at a logarithmic
cost in N by interrogating uncorrelated atomic ensembles for suitably chosen times
(183, 27].

In this chapter, we introduce a protocol involving groups of sequentially larger
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GHZ states to estimate local oscillator deviations from the atomic reference in a
manner reminiscent of the phase estimation algorithm [159]. Furthermore, we unify
previous treatments of decoherence for atomic clocks and incorporate previous pro-
posals involving uncorrelated atoms to effectively narrow the LO linewidth [183, 27]
and thereby identify ultimate limits to the stability of atomic clocks based on entan-
gled atoms. We find that for LO-noise limited clocks, the proposed quantum protocol
is found to be nearly optimal, realizing the Heisenberg limit of clock stability up to
a logarithmic correction in the particle number. Importantly, it reaches the funda-
mental noise floor resulting from individual dephasing of the clock qubits N times
faster than the best known classical schemes, where N is the total number of particles
employed.

The central idea of our approach can be understood as follows. In modern atomic
clocks, the frequency of a LO is locked to an ultra-narrow transition of the clock
atoms serving as the frequency reference. The long-term stability of such a clock
after a given total averaging time 7 is directly related to the precision by which the
accumulated laser phase relative to the atoms can be determined. To this end, the
phase is repeatedly measured in a standard Ramsey protocol [174]: Using the LO, the
clock qubits are prepared in a superposition of |1) and |0), denoting the levels of the
clock transition. After the qubits evolve freely for a time 7' (Ramsey interrogation
time), they are subsequently measured in an orthogonal basis (|+) = |1) £10)), which
yields an estimate of the accumulated phase difference between the LO and the atomic
frequency reference. It is known, that since each of these Ramsey sequences introduces

measurement noise, it is optimal to extend the Ramsey time 7' to its maximum value
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T — 7 [30].

A single GHZ state consisting of N entangled atoms — whose state after the
interrogation is |GHZ)7 o< |0)®Y + exp(—iN®10)|1)®Y — accumulates the laser phase
(denoted by ®1) N times faster than an uncorrelated state, allowing a more precise
phase measurement [95]. However, fluctuations in the laser frequency renders the laser
phase a random variable with a probability distribution that grows in width as we
increase the Ramsey time 7. Whenever the laser phase realized in a particular Ramsey
cycle induces a full phase wrap on the state [i.e., the atomic phase N®po ¢ [—7, )],
a subsequent measurement yields a 27 error in the estimation. For a single GHZ
state, this accounts for a strict limitation on the maximally allowed Ramsey time in
order to limit the initial variance of ®1,o, and the resulting laser stability is found to
yield no improvement over classical protocols [237].

To address this problem, we use a protocol involving an incoherent version of
the phase estimation algorithm [159], similar to the one outlined in [94] but adapted
to be applicable also when the frequency fluctuates and phases exceed 27w. The
phase estimation algorithm has recently been successfully applied experimentally for
global interferometric phase estimation [105, 152], and its use in clock synchronization
protocols has been discussed [59]. Here, we demonstrate how the same techniques can
be applied to guarantee optimal laser stability by allowing the Ramsey interrogation
time to be extended to its maximum value.

Let us assume, for the moment, that the accumulated laser phase after the inter-
rogation time 7" lies in the interval ®1 € [—7, ), and has an exact binary represen-

tation (Pro + m)/27 = Zj\il Z;/27, with digits Z; € {0,1} (both conditions will be
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Figure 6.1: The proposed clock operation scheme employs M different groups of
clock atoms prepared in correlated states of varying size to interrogate the relative
phase @15 of the LO field. A single group j contains ng independent instances
of GHZ-like states, each entangling 2/ qubits, and therefore accumulating a phase
¢, = 2P 5 mod [—7, 7] during a single cycle. Each group is then used to measure
this phase, which gives a direct estimate on the digit Z;, in a binary representation
of the LO phase (®ro + 7)/2m = (0.Z,Z5Z5 .. .), subsequently used to feedback the
LO frequency.

101



Chapter 6: Heisenberg-Limited Atom Clocks Based on Entangled Qubits

2M=1 atoms

relaxed below). One can then readily show that a GHZ state consisting of
picks up the phase @, ; = 2M71®1 5 mod [, 7) = 7(Zy; — 1). Thus, by measuring
if the phase is 0 or 7, the last digit of the laser phase can be determined. However,
without the remaining digits this information is useless. In our protocol, these digits
are found by an additional, simultaneous interrogation with successively smaller GHZ
states of 2M2 2M=3 entangled atoms (see Fig. 6.1). Each of these states picks
up a phase proportional to its size, ®; = 2®15 mod [—m,7), and this phase gets a
contribution of 7(Z; —1). By distinguishing whether the phase is shifted by 7 or not,
we can determine the value of the bit Z;. The combined information provides an esti-
mate with an accuracy given by the largest GHZ state, while the cascade increases the
total number of atoms employed only by a factor of two: Z].Aigl 2 2M = 2 x 2M-1,

However, in the limit of large averaging times, the assumption &1 € [—7,7) is
not justified anymore. Here, the optimal Ramsey time 7" ~ 7 can attain values that
induce phase wraps of the laser itself, causing the binary representation of the laser
phase to contain digits Z; # 0 for 7 < 0, which are inaccessible to the technique dis-
cussed above. To overcome this, we extend the cascade to the classical domain, and
employ additional groups of uncorrelated atoms that interrogate the laser with suc-
cessively decreasing interrogation times, or alternatively, using dynamical decoupling
techniques [183, 27, 225]. Each of these ensembles acquires a phase that is reduced
by multiples of two from the laser phase, and thus, following the arguments from
above, allows one to gain information on the digits Z; with j < 0. The information
of all digits combined provides the total number of phase wraps, which in turn yields

a Heisenberg-limited estimate of the laser phase. By this, the protocol effectively
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eliminates all limitations arising from the LO noise, and allows the Ramsey time to

extend to its optimal value.

6.2 Feedback loop

In the following, we provide a derivation of the above results combined with feed-
back analysis that allows us to characterize the achievable stability of a clock using
our protocol. Modern clocks periodically measure the fluctuating LO frequency w(t)
against the frequency standard wq of the clock atoms to obtain an error signal. After
each Ramsey cycle of duration T [i.e., at times t; = kT (k = 1,2...)], the mea-
surement data yield an estimate of the relative phase, ®1o(ty) = fti’det [w(t) — wol,
accumulated by the LO. This estimate in turn is used to readjust the frequency of
the LO: w(ty) — w(ty) — a®$(ty) /T, where O (¢x) represents a suited estimator of
the phase ®1o(f;) !, and a < 1 is a suitably chosen gain.

The stability of the actively stabilized LO, after a total averaging time 7, is char-
acterized by the Allan deviation (ADEV) which is directly proportional to the mea-

surement uncertainty A®po(t;) after each Ramsey cycle (see Appendix E.1),

/T )T

1 1
= — E E 2 (Sadw;) ~ . .
oy, (1) = wor \| 2 2= T2 (06, 0;) wo\/7'_TA(I)LO<T) (6.1)

Here, diwp = Pro(ty)/T is the average detuning of the (stabilized) LO during the
kth cycle. To obtain Eq. 6.1, we use the fact that after the frequency feedback
the detuning averages become approximately uncorrelated for realistic laser spectra,

(diwday) =~ (6w?) & [27, 7, 23]. Other noise sources (such as the bias of the linear

L Alternatively, it is also possible to perform direct phase feedback.
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estimator, the Dick effect, or a sub-optimal gain « [194]) are not fundamental, and

neglected in the following.

6.3 Spectroscopic noises

For small values of the accumulated Ramsey phase, the ultimate precision by which
this phase can be estimated is determined by the Cramér-Rao bound [57, 95] which
links the estimation error to the quantum Fisher information (QFI) A®o ~ 1/v/F
(for a review, see [95]). The QFI, F, is maximized, e.g., by the use of GHZ states for
which F ~ N2. In clock stabilization, however, the LO frequency fluctuations account
for the fact that the accumulated Ramsey phase is a random variable which can
obtain large values, inherently violating the small phase assumption of the Cramér-
Rao bound. In particular for a single GHZ states, phase wraps of the atomic phase,
O(ty) = NPro(ty) ¢ [—m, m), cannot be detected. Consequently, the cycle time T
has to be chosen such that the prior distribution of ®(¢;) is well localized within
[—7, 7). This limits the maximally allowed Ramsey time to a value Tyuayx ~ Y1,0/N?
(see Appendix E.3), where we assumed a white frequency noise spectrum of the LO,
So(f) = Lo (for 1/ f-noise one finds the less stringent condition Tiax ~ Y5.6/N). In
most cases, this value lies below the optimal (i.e., maximal) value implied by Eq. 6.1
T ~ 7, resulting in a laser stability for GHZ states which shows no improvement over
the stability achieved with uncorrelated atoms [237, 184].

However, unlike the individual particle noise resulting in the finite atom linewidth
~Yind, the LO frequency fluctuations affect all clock atoms alike, and this collective noise

does not represent a fundamental metrological limitation. We can use a cascade of
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GHZ states of varying size to measure the ®1 ¢ in a binary representation, as discussed
above. In general, the phase does not have an exact binary representation ending at
the digit Z);. We therefore employ ng duplicates at each level of the cascade (as
opposed to sequential procedure suggested in [94]) (ng = N/ ij‘igl 2/ ~ N/2M) to
improve the precision. In the case where all digits Z; (j =1..., M —1) are determined

correctly according to the relation
Z; =[2(®j_1 + ) — (P; + m)] /2, (6.2)

the last group (j = M — 1) then yields a Heisenberg-limited estimate of the LO phase

with accuracy (A®ro), = 1/(2Y 71 /ng) = 24/no/N.

6.3.1 Phase estimation with multiple GHZ groups

However, in general the estimation of the binary digits Z; is not perfect. A
rounding error occurs whenever [®$*) —®;_;| > 7/2 (where ®$* represents a suitable
estimator derived from the ny measurement outcomes), leading to the wrong Z;, and

a variance contribution of (27277)? for ®15. We can approximate their total variance

contribution with the sum (A®10)% = P ZinII(QWQ_j)2, where P,, = 2 fﬂ°72d¢ p(o),
and p(¢) is the Gaussian probability distribution of the error ®§* — &; with a width
proportional to 1/y/n, (see Appendix E.3). Consequently, rounding errors can be
exponentially suppressed by choosing a sufficiently large value for ng. The total
measurement uncertainty of this estimation scheme is thus (A®pp)?* = (AdLo)?, +

(A®rp)%. In Appendix E.3, we show that the optimal allocation of resources is

achieved for the choice ng®* ~ 18log (N), for which rounding errors are negligible,
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yielding the total measurement accuracy

Adro ~ (AD1o), — %/105;(1\[) IN. (6.3)

This measurement precision obtains the Heisenberg limit (up to a logarithmic correc-
tion resulting from the cost to suppress rounding errors) despite it being applicable
to a general (typically large) phase.

So far we have assumed that 1o € [—m, ) in each cycle. However, for realistic
laser noise spectra there is always a finite probability that the LO phase &1 lies
outside the interval [—m, ) after the interrogation time. Such phase wraps of the
laser phase itself add to the final measurement uncertainty in Eq. 6.3 by the amount

(AP1o)2;, = (2m)? Paip, where Py, = 2 [d pro(¢), and pro is the Gaussian prior

i
distribution of ®1,o. Its width grows with vy,07T, which puts a constraint on the
maximally allowed Ramsey time T < %Q'y{(l) [log(yLo7N)] ™!, and thus the achievable
ADEV 0, (< 1/v/T) as we demonstrate in Appendix E.3.

This, however, does not represent a fundamental limitation as we can extend the
scheme by adding additional classical measurements with a shorter Ramsey periods
to assess the number of phase slips of the laser phase itself ... Z_3Z 37 _17Z,. As

demonstrated in Appendix E.3, this allows extending the Ramsey time by a factor k

adding only a negligible number of atoms N* &~ £ log (kN?)log, (k) < N.

6.3.2 Optimization

With all phase wraps counted correctly, the Ramsey time is only limited by indi-
vidual noise processes. The finite linewidth of the atomic clock transition ~i,q gives

rise to the fundamental constraint T' < ~; 1 /2M~L. For averaging times 7 < ;1 /2M -1
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we can choose T' ~ 7, and using the optimized value for ny found above the resulting

clock stability is obtained from Eq. 6.1

opt
2 /1o 8 log(N)
M) ~ ~ . 6.4
Ug(T) woT N TWoT N (6.4)

It scales linearly with the averaging time 7, and realizes the Heisenberg bound of laser
stability up to a logarithmic correction. In contrast, in the regime 7 > ~; /21,

T is limited by the presence of individual particle noise to a value T' ~ 7;1(11 [2M=1 =

L /Vind
O'y<7')(2) ~ w_o m (65)

Eq. 6.5 represents the fundamental noise floor for laser stability resulting from quan-

2ying/N, and we find

tum metrological bounds in the presence of individual particle noise [82]. As we have
seen, the proposed protocol reaches this optimal value rapidly after the averaging time
70 ~ Yalog(N)/N (cf. Fig. 6.2), N/log(N) times faster than any classical scheme.
In Appendix E.6 we derive the necessary threshold fidelities in the GHZ state prepa-
ration our scheme can tolerate without compromising the stability in Eqs. (6.4) &

(6.5).

6.4 Comparison with other schemes

In the following, we benchmark the stability of our protocol against different
approaches by comparing the lowest achievable ADEV as a function of averaging
time 7 (cf. Fig. 6.2). First, we consider the standard procedure in which all atoms
are interrogated in an uncorrelated fashion. The scheme is identical to /N independent

measurements of @1, and therefore the ADEV is limited by the standard quantum
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Figure 6.2: Allan deviation o, for different protocols as a function of averaging time
7, normalized to the standard quantum limit, for vro0/vina = 10%. The solid black
line corresponds to the standard scheme using a single uncorrelated ensemble. It
fails to reach the fundamental noise floor set by the atomic transition linewidth (cf.
Eq. 6.5, broken line). A more sophisticated classical scheme which uses exponentially
increasing Ramsey times in each cycle [183, 27] allows to extend the regime of linear
scaling with 1/7 up to the point where the bound (6.5) is met. In comparison, the
proposed cascaded GHZ protocol (blue solid curves) enables an ~ N times faster
convergence. For short averaging times the stability is enhanced by a factor VN as
compared to classical protocols.
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limit: o, ~ m for 7 < 7{5. Since the Ramsey time is limited, by the LO noise, to
T < ”y{é due to uncorrected phase wraps, this fails to achieve the fundamental bound,
Eq. 6.5, giving suboptimal ADEV, g,(7) ~ w—lo\/%, in the long time limit 7 > ;.
Second, we discuss the recently published classical protocol which interrogates the
LO with uncorrelated atoms for exponentially increasing Ramsey times in each cycle
[27, 183]. This protocol can be understood as the classical part (j < 0) of the cascaded
interrogation proposed here . It eliminates the constraint of the LO linewidth, and
allows to extend the interrogation time 7' to its maximum value, enabling a linear
scaling with 7 up to the point where the fundamental bound (6.5) is reached. However,
using an uncorrelated interrogation, the scheme displays a standard-quantum-limited
scaling (i.e. o< 1/v/N), for short averaging times.

The above analysis illustrates the quantum gain of the proposed clock operation
protocol using cascaded GHZ states. As compared to the best known classical scheme,
our scheme provides a /N/log(/N) enhancement for short averaging times. As a
result it reaches the fundamental noise floor for laser stability in the presence of
single particle decoherence [Eq. 6.5] ~ N/log(V) times faster. This results identifies
the possible advantage of using entanglement previously debated in the literature
(237, 110, 130, 184, 28, 6, 38, 147]: While the long term limitation is set by atomic
decoherence, entangled atoms reaches this limit faster thus improving the bandwidth
of the stable oscillator. Our results motivate the development of quantum enhanced
atomic clocks based on entangled ions and neutral atoms. Furthermore, it lays the
foundations for the recently proposed network of quantum clocks [121] which achieves

the optimal use of resources in a global network through network-wide entangled
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states.
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Chapter 7

A quantum network of clocks

7.1 Introduction

The development of precise atomic clocks plays an increasingly important role in
modern society. Shared timing information constitutes a key resource for navigation
with a direct correspondence between timing accuracy and precision in applications
such as the Global Positioning System (GPS). By combining precision metrology and
quantum networks, we propose a quantum, cooperative protocol for operating a net-
work of geographically remote optical atomic clocks. Using non-local entangled states,
we demonstrate an optimal utilization of global resources, and show that such a net-
work can be operated near the fundamental precision limit set by quantum theory.
Furthermore, the internal structure of the network, combined with quantum com-
munication techniques, guarantees security both from internal and external threats.
Realization of such a global quantum network of clocks may allow construction of a

real-time single international time scale (world clock) with unprecedented stability
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and accuracy.

With the advances of highly phase coherent lasers, optical atomic clocks containing
multiple atoms have demonstrated stability that reaches the standard quantum limit
(SQL) set by the available atom number and interrogation time [23, 107, 156]. Reach-
ing beyond the SQL, we stand to gain a significant improvement of clock performance
by preparing atoms in quantum correlated states (e.g., spin squeezed states [127, 38]).
Here we describe a new approach to maximize the performance of a network composed
of multiple clocks allowing one to gain the advantage of all resources available at each
node. Several recent advances in precision metrology and quantum science, along
with future improvements in quantum control, may put this approach within reach.
On the one hand, phase coherent optical links spanning the entire visible spectrum
have been demonstrated, with the capability of delivering the most stable optical os-
cillator from one color or location to another [240, 67]. On the other hand, quantum
communication and entanglement techniques are enabling distant quantum objects to
be connected in a quantum network [54, 117, 169]. Combining these two technologi-
cal frontiers, we show here that a distributed network composed of quantum-limited
clocks separated by large distances — as appropriate, e.g., for satellite-based clocks
possibly operated by different nations — can be operated as an ultimate “world clock”,
where all members combine their individual resources in a quantum coherent way to
achieve greater clock stability and distribute this international time scale in real time
for all.

The distributed architecture allows each participant of the network to profit from a

stability of the local clock signal that is enhanced by a factor proportional to the total
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number of parties (as compared to an independent operation of the individual clocks)
without losing sovereignty or compromising security. This cooperative gain strongly
incentivizes joining the collaborative network while retaining robustness against dis-
ruptions of communication channels. On the one hand, the local clocks can be used
to identify and correct systematic errors originating from the phase links. On the
other hand, the nodes can fall back to relying on the locally stabilized clocks if the
phase links fail. We demonstrate that by preparing quantum-correlated states of re-
mote clocks, the network can yield the best possible clock signal allowed by quantum
theory for the combined resources. Furthermore, enabled through the use of quantum
communication techniques, such a network can be made secure, such that only parties
contributing to its operation may enjoy the benefit of an ultra-precise clock signal.
Besides serving as a real-time clock for the international time scale, the proposed
quantum network also represents a large-scale quantum sensor that can be used to
probe the fundamental laws of physics, including relativity and connections between

space-time and quantum physics.

7.2 The concept of quantum clock network

Fig. 7.1 illustrates the basic concept for the proposed quantum clock network.
We consider a set of K atomic clocks (constituting the nodes of the network), each
based on a large number of atoms (clock qubits) serving as the frequency reference
wy at different geographical locations. In our approach, each clock has its own inde-
ivjt

pendently operated local oscillator (LO), &£;(t) o €™, with detuning §, = v; — w,

(j =1,2...K). It keeps the time by interrogating its qubits periodically, and uses
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the measurement data to stabilize the LO frequency at the reference frequency of the
atomic transition. However, as opposed to the conventional approach, we consider
the situation in which each network node allocates some of its qubits to form entan-
gled states stretching across all nodes. When interrogated within a properly designed
measurement scheme, such entangled network states provide ultra-precise informa-
tion about the deviation of the center-of-mass (COM) frequency vecom = >_; v/ K of
all local oscillators from the atomic resonance.

Each clock cycle consists of three stages: preparation of the clock atom state
(initialization), interrogation by the LOs (measurement) and correction of the laser
frequency according to the measurement outcome (feedback). In the further analysis,
we assume, for convenience, that in each interrogation cycle one of the nodes plays
the role of the center, which initiates each Ramsey cycle and collects the measurement
data from the other nodes via classical channels [Fig. 7.1 b)], as well as LO signals
via optical links, to feedback the COM signal. (The role of the center can alternate
to provide extra security, see Appendix F.2). This information, in turn, can be
utilized in a feedback cycle to yield a Heisenberg-limited stability of the COM clock
signal generated by the network, which is subsequently distributed to the individual
nodes in a secure fashion. As a result, after a few cycles, the LOs corresponding
to each individual node achieve an accuracy and stability effectively resulting from

interrogating atoms in the entire network.
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Figure 7.1: The concept of world-wide quantum clock network. a) Illustration of a
cooperative clock operation protocol in which individual parties (e.g., satellite based
atomic clocks from different countries) jointly allocate their respective resources in
a global network involving entangled quantum states. This guarantees an optimal
use of the global resources, achieving an ultra-precise clock signal limited only by
the fundamental bounds of quantum metrology and, in addition, guaranteeing secure
distribution of the clock signal. b) In addition to locally operating the individual
clocks, the different nodes (i.e., satellites) employ network-wide entangled states to
interrogate their respective local oscillators (LOs). The acquired information is sent
to a particular node serving as a center where it is used to stabilize a center of mass
mode of the different LOs. This yields an ultra-precise clock signal accessible to all
network members.
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7.3 Preparation of network-wide entangled states

In the initialization stage of each clock cycle, entangled states spanning across the
nodes at different geographical positions of the network are prepared. In the following,
we describe exemplarily how a single network-wide GHZ state can be prepared. The
entangled states employed in the proposed quantum network protocol — which is
described in the following section — consist of products of GHZ states of different
sizes. They can be prepared by repetition of the protocol that we now describe.

For simplicity, we assume that each node j (j = 1,... K) contains an identical
number n of clock qubits which we label as 1;,2;,...n; (in Appendix F.3, we discuss
the case where the nodes contain different amounts of clock qubits). Further, we
assume, for convenience, that the center node (j = 1) has access to additional 2(K —
1) ancilla qubits as,...,ak,bs, ..., bk besides the n clock atoms (a slightly more
complicated procedure allows to refrain from the use of ancilla qubits, see Appendix
F.3). The entangling procedure starts at the center with the creation of a fully
entangled state of one half of the ancilla qubits {b;}, and its first clock qubit 1. This
can be realized, e.g. with a single qubit 7/2-rotation (on qubit 1;) and a collective
entangling operation, which is equivalent to a series of CNOT gates [159] (between 14
and each b;). The result is a GHZ state, [|00...0)1, pybs.bic 411 D1y bo s bre ] /V/ 2.
In parallel, the center uses the other half of the ancillas {a;} to create single EPR
pairs with each node j # 1, either by directly sending flying qubits and converting
them to stationary qubits, or by using quantum repeater techniques to prepare high-
fidelity entanglement [70]. As a result of this procedure, one part of the pair is stored

at the center node (qubit a;), while the other one is stored at the jth node (qubit
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b)

-
- -~ -—

Figure 7.2: Entangled state preparation between distant nodes. a) The center node
(7 = 1) initiates the initialization sequence by preparing a local GHZ state across the
qubits {b;}}<, and 1y, as well as (K — 1) EPR pairs on the qubit pairs {(a;, 1;)}/<,.
Quantum teleportation expands this GHZ state to the first qubit within each of the
individual nodes. b) Originating from the teleported qubits, the nodes grow the GHZ
state to involve all the desired local qubits by employing local entangling operations.
The procedure results in a common GHZ states over all atoms of the nodes.

1;), forming the states [|00)4, 1, + |11)q,,1,]/V2 for every j (see Fig. 7.2).

Next, the center performs K — 1 separate Bell measurements on its ancilla qubit
pairs {(b;,a;)}. This teleports the state of qubit b; to qubit 1; (j =2,... K), up to a
local single-qubit rotation, which is performed after the measurement outcomes are
sent to the node via classical channels. The result of the teleportations is a collective
GHZ state \%|OO oo Oy 01 F 21100 1)1, 15,1, Stretching across the first qubits
of all K nodes.

In the final step of entangling, all nodes (including the center) extend the en-

tanglement to all of their remaining clock qubits. To do this, each node j per-
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forms the collective entangling operation mentioned before based on 1; and targeting
qubits 2;,3,,...n;. At the end of the protocol the different nodes share a com-
mon GHZ state [|0) + i|1)]/v/2, where |0) and |1) are product states of all qubits
{ij - i1=1,2,...n, j=1,2,... K} being in |0) or |1), respectively. As discussed
below, in practice the entanglement distribution can be done either via polarization-
or frequency-entangled photons with frequency difference in the microwave domain,
in which case the ancillary qubits involved in the entanglement distribution will be
different from the clock qubits. Typically, as part of the preparation process, time
delays arise between the initialization of different clock qubits. Its detrimental effects
can be entirely avoided by proper local timing or prior preparation of entanglement,

as discussed in Appendix F.3.

7.4 Interrogation

The use of entangled resources during the interrogation phase enables an optimal
use of the available resources via the following procedure. Assume we have a total of
N qubits at our disposal which are equally distributed between the K nodes (indexed
j =1,...K) and prepared in a non-local GHZ state [|0) + i|1)]/v/2, where |0(1)) =
0(1))®~ . During the interrogation time T, a clock qubit at node j picks up a relative
phase ¢; = 0,1". Due to the non-local character of the state, these phases accumulate
in the total state of the atoms [|0) +ie*®[1)]/v/2, where the collective phase after the

interrogation time 7' is given as

K
=)
j=1

¢; = NéocomT, (7.1)

=
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where dcom = Vcom —wp- To extract the phase information picked up by the different
GHZ states, the individual nodes j measure their respective qubits in the x-basis, and
evaluate the parity of all measurement outcomes p; = +1. Subsequently, the nodes
send this information to the center node via a classical channel, where the total parity
p = [1; p; is evaluated, and the phase information is extracted [24, 125]. Note, that
only the full set {p;|j =1... K} contains information.

The proportionality with N in Eq. 7.1 represents the quantum enhancement in
the estimation of dcom. However, for realistic laser noise spectra, this suggested
enhancement is corrupted by the increase of uncontrolled phase slips for a single
GHZ state [237]: Whenever, after the Ramsey time 7', the phase ® — which due to
the laser frequency fluctuations constitutes a random variable itself — falls out of the
interval [—m, ] the estimation fails. This limitation restricts the maximal Ramsey
time to values T' < (]\7 YLo) !, preventing any quantum gain in the estimation.

To circumvent this problem, we use entangled states consisting of products of
successively larger GHZ ensembles, see Appendix F.1 and [116]. In this approach,
atoms are split into several independent, shared groups. We write the number of the
first group of atoms as N = 2M~1 for some natural number M. Furthermore, the
network shares additional groups of atoms, each containing 2K (j = 0,... M — 2)
equally distributed between the nodes and prepared in GHZ states. Additionally,
each node has a small number of uncorrelated atoms interrogated by the LOs. Using
a protocol reminiscent of the phase estimation algorithm [116, 159, 91|, measurement
results from each level j allow to directly assess the bits Z; € {0,1} of the binary

fraction representation of the laser phase ®1o = doomT = 27[(Z; — 1)271 + Z,272 +
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Z3273...]. (See Appendix F.1 for details.) This yields an estimate of ®1o with

Heisenberg-limited accuracy, up to a logarithmic correction, see Appendix F.1:

Adro = zlog(N)/N, (7.2)

even for Ramsey times beyond the limits of the laser frequency fluctuations [T >
(N Y1.6)], where N represent the total number of clock atoms employed in the scheme.
The logarithmic correction arises due to the number of particles required to realize

this (incoherent) version of the phase estimation algorithm.

7.5 Feedback

The measured value of the phase @1, gives an estimate on the COM detuning
dcom after each Ramsey cycle, which is subsequently used by the center node to
stabilize the COM laser signal. To this end, the center generates the COM of the
frequencies. Every node sends its local oscillator field &; to the center via phase-stable
optical links, and the center synthesizes the COM frequency vcom by averaging the
v; frequencies with equal weights. This can be implemented via heterodyne beat of
the local oscillator in the center against each incoming laser signal, resulting in K
beat frequencies. Synthesizing these beat frequencies allows the local oscillator of
the central node to phase track vcom. The center distributes the stabilized clock
signal to different members of the network by sending individual error signals Sj =
SCOM + (v; — vcom) to all nodes j, respectively, and corrects its own LO as well,
accordingly. Alternatively, the center can be operated to provide restricted feedback

information to the nodes, see Appendix F.2.
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7.6 Stability analysis

In this section, we demonstrate that the proposed quantum clock network achieves
the best clock signal, allowed by quantum theory for the available resources, i.e.
the total atom number. To quantify this cooperative gain, we compare networks of
different types (classical or quantum mechanical interrogation of the respective LOs)
and degrees of cooperation (no cooperation, classical, or quantum cooperation).

First, we analyze the stability of the proposed quantum clock network, corre-
sponding to the case of quantum interrogation and cooperation (curve a in Fig. 7.3).
In this case, the analysis resulting in Eq. 7.2 suggests that near Heisenberg-limited
scaling with a total atom number can be achieved for the entangled clock network.
In particular, for a given total particle number N and for averaging times shorter
than the timescale set by individual qubit noise 7 < 1/(v; V) (where ; is the atomic
linewidth, the factor N results from the enhanced decoherence of the entangled in-
terrogation state [110]), the network operation achieves a Heisenberg-limited Allan

deviation (ADEV) of the COM laser mode

oyr) o LB &

up to small numerical corrections (see Appendix F.1). The 1/7 scaling results from the
effective cancellation of the low frequency part of the laser noise spectrum, achieved
by the cascaded protocol described above, possibly in combination with additional
stages of uncorrelated interrogations using varying Ramsey times [183, 27|, see [116].
This allows the cycle time 7' (which is assumed to be equal to the interrogation time)

to be extended to the total available measurement time 7.
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Figure 7.3: Performance of different operation schemes. Comparison of the achiev-
able (rescaled) Allan deviation /yr.o07Twoo, using clock networks of different types and
degrees of cooperation. (a) the proposed protocol realizing quantum interrogation
and cooperation, (b) quantum interrogation and classical cooperation, (c) quantum
interrogation and no cooperation, (d) classical interrogation and classical coopera-
tion, (e) classical interrogation and no cooperation (cf. text). The dotted base line
represents the fundamental bound arising from the finite width of the clock atoms
transition [compare Eq. 7.4]. This optimal stability can be attained only via coopera-
tion between the nodes. The quantum clock network (a) represents the optimal form
of cooperation, and reaches this boundary faster than any other operational mode.

Parameters are N = 1000, K = 10, v; = 10~ %*y10.
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Eventually, for large averaging times 7 > 1/(7;N) the Ramsey time becomes fun-
damentally limited by individual noise processes that determine the atomic linewidth
T < 1/(vN). As a result, the 1/N scaling breaks down, and the ADEV returns to

the square root scaling with both the employed particle number and averaging time,

1 Vi
Uy(T) ~ WO\/N\/;’ (74)

up to constant numerical factors. Eq. 7.4 results from fundamental quantum metro-

logical bounds [82] (In the case of dominating trap losses, the loss rate simply replaces
7v; in the above formula.), and represents the best conceivable clock stability in the
presence of individual particle decoherence which, in a network, can only be achieved
via cooperation. Independently operating a clock, in contrast, can only achieve a
stability scaling with the local number of atoms, i.e. o,(7) o \/K/N.

Fig. 7.3 illustrates the comparison of entangled clock network with other ap-
proaches. A network in which the K nodes cooperate classically (curve b in Fig. 7.3),
by locally measuring the individual phase deviation ¢;, and combining the outcomes
via classical channels, outperforms individually operated clocks (curve c) by a factor
of VK (for both cases, assuming optimal quantum interrogation for individual nodes
[116, 28]). The quantum network protocol (curve a) increases this cooperative advan-
tage by an additional factor of /K for short averaging times, reaching Heisenberg-
limit, Furthermore the ADEV converges to the fundamental bound [Eq. 7.4] K times
faster compared to the case of classical cooperation (curve b). Although an optimal,
classical, local protocol (e.g. [183, 27]), combined with classical cooperation (curve
d), eventually reaches the same bound [Eq. 7.4], this approach is atom-shot noise

limited, and hence its stability is reduced by a factor of v/ N for short averaging times
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[compare Eq. 7.3] compared to the quantum network protocol. Hence, the optimal
stability [Eq. 7.4] is reached at averaging times that are N times longer than for the
proposed quantum network. Naturally, all of the above approaches are superior to a
classical scheme without cooperation (curve e).

As a specific example, we first consider ion clocks that can currently achieve a
stability of 2.8 x 10715 after 1 s of averaging time [52]. The entangled states of up
to 14 ions has already been demonstrated [153] as was the entanglement of remote
ions [144]. We consider a network of ten clocks, each containing ten ions. Using Al*
(wp = 2w x 1121 THz, v; = 2w x8 mHz), we find that the quantum cooperative protocol
can reach 4 x 1077 fractional frequency uncertainty after 1 s. Larger improvements
could potentially be achieved using e.g. Yb™ ions, due to the long coherence time
(2.2 x 10* ) of its octupole clock transition.

The quantum gain could be even more pronounced for neutral atomic clocks. For
a network consisting of ten clocks similar to the one operated in JILA [23], each con-
taining 1000 neutral atoms with central frequency wg = 27 x 429 THz and linewidth
v = 27 x1 mHz, the quantum cooperative scheme can achieve a stability of ~ 2x 10718
after 1s averaging, and is an order of magnitude better than the best classical cooper-
ative scheme. Future advances, employing clock transitions with linewidths of a few
tens of pHz (such as erbium), could possibly allow for further improvement, achieving
fractional frequency uncertainty beyond 1072 after 7 ~ 100 s. This level of stability
is in the same order of magnitude as the required sensitivity to successfully use the
network as a gravitational interferometer [197].

So far we have assumed perfect operation and infinitely fast entanglement distribu-
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tion rates. In Appendix F.3, we analyze these assumption and find that the advantage
of our scheme persists provided that fidelity of the local collective entangling [207]
(which creates a GHZ state of N/K qubits) exceeds the threshold fidelity Fij,, where
1— Fy, ~ 1/(Klog N), and the EPR sharing rate is higher than Rgpr ~ (log N)*y;.
For the optical clock example presented above, Fi, ~ 0.99, and Rgpr ~ 1 Hz. While
local operations with fidelity ~ 0.95 have been realized for N ~ 5 ions [153], the

errors in such operations increase with /N, making this realization more challenging.

7.7 Security

A network with such precise time-keeping capabilities can be subject to both
internal and external attacks. Effectively countering them is crucial to establish a
reliable ground for cooperation. We consider the network secure if the implemented
countermeasures can prevent external parties from benefiting from the network (eaves-
dropping), as well as effectively detect any malicious activities of any of the members
(sabotage).

Sabotage describes the situation where one of the nodes — intended or unintended
— operates in a damaging manner. For example, one node could try sending false
LO frequencies or wrong measurement bits in the hope of corrupting the collective
measurement outcomes. In order to detect such malicious participants, the central
node can occasionally perform assessment tests of the different nodes by teleporting an
uncorrelated qubit state [|0) +¢e™X|1)]/v/2, where y is a randomly chosen phase known
only to the center. By checking for statistical discrepancies between the measurement

results and the detuning of the LO signal sent by the node under scrutiny, the center
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can rapidly and reliably determine whether the particular node is operating properly
(See Fig. 7.4a and Appendix F.2), however this strategy breaks down, if multiple
sabotage attacks happen within a short time.

Eavesdropping, i.e., the unauthorized attempt to access the stabilized vcon fre-
quency, can be prevented by encoding the classical channels, over which the center
and the nodes exchange feedback signals, using quantum key distribution protocols
[96]. Our protocol can keep the stabilized signal hidden from outsiders by mixing the
feedback signal with the LO signal at each node only after the non-stabilized LO has
been sent to the center (see Fig. 7.4b and Appendix F.2). As a result, even if all
LO signals are intercepted, the eavesdropper is able to access only the non-stabilized
COM signal. Furthermore, the center exclusively can decode the measurement re-
sults sent by the individual nodes using its own measurement outcomes as mentioned
above. As a result, the stabilized COM signal remains accessible exclusively to parties
involved in the collaboration.

Finally, we note that a distributed operation offers significant security advantages
over an alternative approach of having all resources combined in one place from where
the signal is distributed. In case of a physical attack of the network, disabling the
center or the communication links, the nodes can fall back to an independent clock

operation using their local resources.

7.8 Outlook

One of the advantages of the proposed quantum clock network involves its ability

to maintain and synchronize the time standards across multiple parties in real-time.
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Figure 7.4: Schematics of security countermeasures. a) The center node can choose
to test any node j by teleporting a disentangled qubit with a certain phase rotation.
A properly operating node creates a local GHZ state [|0) + e™X|1)]/v/2 from the sent
qubit, measures the parity of the GHZ state, and sends it to the center. The measured
parity holds information on the phase ¢ = x + ¢, where ¢ is the accumulated phase
of the LO at the node. The center verifies ¢ by comparing it with the classically
determined phase of the sent LO signal with respect to the COM signal. b) Eaves-
dropping can be prevented by prescribing that only the non-stabilized LLO signals are
sent through classical channels and encoding the radio frequency feedback signal with
phase modulation according to a shared secret key.
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Unlike the current world time standard, where the individual signals from different
clocks are averaged and communicated with a time delay (a so called paper clock), in
our quantum clock network, all participants have access to the ultra-stable signal at
any time. This makes it possible to measure systematic errors of different clocks in
real time, which in turn allows to correct them [23], unlike in the case of the paper
clock which has to rely on the retrospectively averaged time signals (see Appendix
F.3). The enhanced stability of the network signal hereby allows for longer Ramsey
times in the control measurements used to determine the systematics of the single
clock. Furthermore, by having full access to their local clocks the different parties
keep their full sovereignty and ensure security, as opposed to a joint operation of a
single clock.

Realization of the full-scale network of the type described here will require a num-
ber of technological advances in both metrology and experimental quantum informa-
tion science. The remote entanglement can be implemented by using recently demon-
strated techniques for individual atom-photon entanglement [163, 53, 221, 20, 180].
Since the teleportation protocol requires quantum links capable of sharing EPR pairs
with sufficiently high repetition rate and fidelity, entanglement purification [76] and
quantum repeater techniques [70] will likely be required. In practice, qubits used for
entanglement distribution may not be ideal for clocks. However, as noted previously
remote entanglement does not need to involve coherent qubits at optical frequencies
(e.g., polarization entanglement can be used). In such a case, the use of hybrid ap-
proaches, combining different systems for entanglement and local clock operations,

may be warranted. Similarly, signals from clocks employing different transition fre-
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quencies can be coherently connected by frequency combs, allowing clocks with differ-
ent clock qubits to participate. It might also be interesting to explore if high-fidelity
entangled EPR pairs can be used to create remote entangled states of spin-squeezed
type [127, 202, 136], or by following the proposed approach for cat state preparation
in atomic ensembles [146], or using collective interactions (such as [207]) and repeti-
tive teleportation [5]. In addition, while space-based communication networks will be
capable of maintaining optical phase coherence for the links between clocks, we note
that establishing ground-space coherent optical links remains a technical challenge
and requires an intense research effort which has recently started [64]. Finally, if the
entire network is spanned by satellites in space, the on-board local oscillators can
further benefit from the much lower noise level compared to ground-based clocks.

If realized, such a quantum network of clocks can have important scientific, tech-
nological, and social consequences. Besides creating a world platform for time and
frequency metrology, such a network may find important applications to a range of
technological advances for earth science [214], precise navigation of autonomous vehi-
cles and space probes (requiring high refresh rate), and to the test and search for the
fundamental laws of nature, including relativity and the connection between quan-
tum and gravitational physics [1, 201, 197, 238]. In order to explore these exciting
applications one can either use the excellent common frequency reference generated
by the clock network, or, alternatively, prepare modified collective states of different

nodes that can directly measure the specific signal under study.
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Quantum network of neutral atom

clocks

8.1 Introduction

The current record in clock precision is held by ytterbium and strontium clocks
[131], capable of reaching ~ 107!® total fractional frequency uncertainty. Apart from
the enormous amount of effort and innovation, this unprecedented accuracy was at-
tainable due to the large number of clock atoms (10 — 10%) [107, 23, 157]. In our
recent work [121], we showed that a quantum network of atomic clocks can result in
substantial boost of the overall accuracy if multiple clocks are connected in quantum
entanglement. The proposed globally entangled state, Greenberger-Horne-Zeilinger
(GHZ) state, is more sensitive to the global phase evolution of the clock atoms, and
allows for an improved measurement of the passage of time. If the GHZ state is

set up and interrogated in the optimal way [116, 21|, frequency measurements can
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asymptotically reach the Heisenberg limit [102], associated with the total number of
atoms in the entire network.

Imperfections during creation of the GHZ state are the main obstacles for experi-
mental realizations of a quantum clock network. Errors arising during the distribution
of entanglement add up, and limit the total number of atoms and clocks with which
the fidelity does not drop significantly. Efforts are being made to make both the non-
local [192] and local entanglement distribution [206, 190] faster and more reliable. Of
particular interest are applications of these ideas to neutral atom clocks.

In this Letter, we show how a non-local GHZ state can be created across multi-
ple, spatially separated neutral atom clocks with high fidelity. Our protocol relies on
strong Rydberg blockade for enhancing local atom-atom interaction, collective exci-
tations for enhancing photon-atom interaction, and single photon quantum channels
at telecom frequency for reliable non-local connections. We propose and analyze a
realization using neutral Yb ensembles, suitable for the current atomic clock technol-
ogy.

Rydberg blockade is a result of the interaction arising between atoms excited to
Rydberg states in an ensemble. If driven resonantly, the first excited atom blocks
the transition of a second one, thus at most one atom can get coherently excited to
the Rydberg state [73, 74, 77], allowing precise quantum control. Rydberg blockade
has been proposed as an efficient tool to realize quantum gates and perform quantum
information processing [135, 154, 190, 244, 104, 97]. Different ways of trapping and
manipulating Rydberg states are currently under investigation both experimentally

[46, 12, 87, 8, 232] and theoretically [223, 22, 224].
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8.2 Description of the protocol

We describe our protocol for K identical atomic clocks arranged in a sequence, each
connected to its neighbors with optical channels, and each using n identical atoms,
trapped in an optical lattice. We use the atomic levels, shown on Fig. 8.1(a) for
our protocol: The two levels of the clock transition, g, f, a metastable shelving level
s, an excited level e, which spontaneously decays to g, and two strongly interacting
Rydberg levels, r; and r5. We further require transitions between levels, marked with
arrows, to be driven independently.

We imagine preparing all atoms in the ground state g, after which our protocol
consists of five subsequent steps. First, using blockade, we create two independent
collective excitations in each ensemble, using two separate atomic levels (f and s).
Second, each ensemble emits single photon pulses that are entangled with one of
these collective excitations. Third, the photons are sent towards the neighboring
atomic clocks, and measured with a linear optics setup in Bell-basis. Fourth, upon
success, each clock performs a local CNOT operation to connect the two collective
excitations. The result is a set of K entangled collective excitations, one in each
clock, which serve as ”"seeds” for a global GHZ state. In the fifth, and final, step the
clocks locally "grow” a GHZ state out of each seed, and thus a global GHZ state is
obtained. In the following, we provide detailed description and analysis of these five
steps, discuss the specific realization in Yb atoms and analyze the most important

sources of imperfections and errors.
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8.2.1 Collective excitations

In the first step, we make use of the Rydberg blockade to create a superposition of
one and zero excitation in both f and s levels, following the approach of [135, 190, 73].
This is done by performing the following sequence of driving pulses: [7/(2v/n)]gr1,
(7l er1, [Tlgs, [(/(24/0)]gr1s [7] g1, shown on Fig. 8.1(a), where [¢],, stands for a
pulse with total, single-atom Rabi phase ¢ between level a and b. Starting from the

state [g)®™ =: |0), this pulse sequence creates the state

1+ +sH10) = (J07) + 1)) (109) + 1)) (8.1)

where f1 and s are creation operators of the two (approximately) independent spin

wave modes, supported by the two levels f and s.

8.2.2 Non-local connection

In the second step, spin-photon entangled states, using the spin wave modes f and
s, are created, using the an extended version of the scheme described in [128]. Each
spin-photon entangled state is created by the pulse sequence shown on Fig. 8.1(b),
involving [7]s 2, [1/v/1]gr1s [Tlert, [Tsr2. With additional pulses applied before and
after this sequence flipping the states of f and s waves, and proper timing, this
is repeated four times to produce four time-bin separated light pulses, which are

entangled with the two spin waves,

(100122 + 11t} ) (1020162} + 1)) (8.2)

where |t;)|tx) is a two-photon state with photons emitted at times ¢; and .
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Figure 8.1:  Steps to generate pairwise entanglement. (a) Pulse sequence used to
initialize the spin-waves f and s in an ensemble. (b) Pulse sequence inducing a
conditional photon emission, the emitted photon becomes entangled with the spin
state s. (c) In three steps, neighboring ensembles generate pairwise entanglement
between their collective excitations. First, they induce 0+ 1 superpositions of the two
independent spin waves, fT and s'. Then applying the conditional photon emission
sequence four times, they emit four pulses, containing two photons total. Each pair of
photons is correlated with a unique spin state. Finally, photons are measured with a
linear optics setup, and 2-photon coincidences indicate the creation of entanglement
between neighboring ensembles.
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In the third step, pairs of time-bin encoded photon pulses from two neighboring
ensembles are detected by interfering the two pulses on a beam splitter and mea-
suring two-photon coincidences [70, 108, 185]. As a result, entangled states between

neighboring atomic ensembles, k and k + 1, are created [134, 205],

05) k1) ks1 £ [16)k]0f) kg1, (8.3)

where the individual kets represent the states of f and s spin waves in the two

ensembles, see Fig. 8.1(c).

8.2.3 Local connection

In the fourth step, the ensembles perform a local CNOT operation on the two col-
lective degrees of freedom, f and sf. This is done with the following pulse sequence,
(Tlsr2s [T fets [T/ lgrt, [Tlgr1s [Tlsr2, shown on Fig. 8.2(a), which promotes any
population in s to r9, which then blocks the path through r;. The result is a condi-
tional flip |04) <> |1;), conditioned on having zero s' excitations. If we perform f < s
swaps before and after this process, we get a coherent flip between |0y, 05) <> |0, 15).

To understand the resulting state, let us consider two entangled links, connect-
ing three neighboring ensembles k — 1,k and k + 1 as shown on Fig. 8.2(b). The

corresponding state, before the fourth step, is

(10,1) +11,0)), . ®(10,1) +[1,0)) (8.4)

Sk— Sk frg1’

where |ng,_,,ny) ® |ng,ny ) indicate the number of excitations in the modes
Sk—1, [rs Sk, frae1 of the three ensembles. After the conditional flip of s and mea-

surement of ng, — m € {0, 1}, the state becomes |0,1,1 —m) + |1,0,m), where the

135



Chapter 8: Quantum network of neutral atom clocks
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Figure 8.2: Connecting links into non-local GHZ state. (a) CNOT gate between the
two excitations f and s: If level s is occupied, then the coherent (de)excitation of the
f level is blocked by the Rydberg blockade between the r; and ry intermediate levels,
otherwise it succeeds. (b) Connecting two entanglement links. The local CNOT and
measurement operations on ensemble k entangle the two, initially independent, parts
of the system: s;_1, fr and si, frr1. Depending on the outcome of the measurement,
either only f, or the entire right hand side needs to be flipped, in order to arrive to
the proper GHZ state.

remaining kets stand for |n,,_,,ng,,ny ). Depending on the outcome, either only
fx (if ng, — 1) or the entire right hand side (if ns;, — 0) needs to be flipped in order
to obtain the desired GHZ state, @), |0s)r + @, |15)k, of the f excitations of each

ensemble, £ =1,2,... K.

8.2.4 Local GHZ growing

In the fifth step, each ensemble locally expands the entanglement from its f degree
of freedom to all atoms using a collective Rydberg gate introduced in Refs. [189, 233].
Since the previous steps have already entangled the f excitations across the ensembles,

a transition that conditionally excites all local atoms will create a global GHZ state
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Figure 8.3: Local GHZ creation. (a) Conditional, local GHZ state generation: Any
excitation in level s prevents the dressing of g with ry, which, otherwise introduces
a 7 phase shift on g. With the conjugation of 7/2 pulses II and VI, this results in
a transfer from ¢ to f conditioned on the population of s. (b) The local entangling
operation extends the GHZ state from the f spin-wave to all atoms. As a result,
every atom in the network gets entangled.

of every atom in the network. The pulse sequence [7]ss, [7/2]g ¢, [T]sr2, [T(A)]gr1,
[7]s.r2, [7/2]g.f, shown in Fig. 8.3(a), does exactly that, where [m(A)],,1 is an off-
resonant dressing pulse, whose Rabi frequency €2 and duration is set properly in

order to introduce a conditional 7 phase shift on level g. This sequence transfers the

atoms from g to f only if r9 is unoccupied, and gets blocked otherwise. The result is

K K K K
R0+ Qe = RIHZ" + (X slg)*", (8.5)
k=1 k=1 k=1 k=1

where |f) and |g) denote the state of a single atom. Finally, we get rid of the s

excitation with a series of pulses that move it back to g: [7] s, [7] .01, [T 1.5, [T/V/ 7] g1,

and end up with | f)®E" 4 |¢)®E" a fully entangled state of all N = Kn atoms in the

network.
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8.3 Implementation

We next investigate the robustness of our protocol in light of realistic physical
imperfections. We assume that all imperfections decrease the coherence between
the two components of the GHZ state, and therefore the fidelity can be written as
F = [1 4 exp(—¢t01)]/2, where €40 is the sum of the errors. The errors arising during
each non-local connection step €non_10cal and the errors arising during a local GHZ
creation in one clock €1,ca add up to the total error eyor = (K — 1)enon—1ocal + K Elocal,

and overall fidelity

F Z {1 + exp [—N (5non—1ocal + <C:local)i| } /2 (86)
n

n

The error, €, increases linearly with the total number of atoms in the network, NV,
and the coefficient, (€pon—1ocal + €local) /7, depends on the number of atoms, n, at a
single site. For a certain optimal local atom number n, the total fidelity is maximal,
i.e. decreases with the slowest rate, as N increases. Evenly distributing the atoms
into Kopt = N/ngpt groups is therefore optimal.

To be specific, we focus on a possible implementation of our scheme with en-
sembles of neutral ytterbium atoms whose relevant electronic levels are shown on
Fig. 8.4. We identify the following levels of neutral Yb relevant for our protocol:
lg) = |6s6p(3Py)), | f) = [65%(1S0)), |s) = |6s6p(®P,)) and |e) = |5d6s(*Dy)), and two
Rydberg levels |r;) = [6sns(19)) and |ry) = |6snp,—11(*P1)) with the same principle
quantum number n. Although the branching ratio for the e — ¢ decay is not unity,
the large population in g collectively enhances this decay channel, and the transition

becomes effectively closed. Due to the different symmetries of these states, the co-
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Figure 8.4: Implementation of our protocol in the lower level of neutral Yb. We
assign the roles of g and f to the clock levels, the role of s to the metastable J = 2
level of 6s6p, and the role of e to the J = 1 level of the excited state 5d6s, which
spontaneously decays to all three levels of 6s6p state by emitting a telecom frequency
photon.

herent coupling between f, e, s levels and the Rydberg levels 71, 7 need to be created
via two-photon transitions. We imagine the atoms being held in position by a 2D
or 3D optical lattice with period a = 275.75 nm, each potential minimum holding a
single Yb atom. (The lattice intensity can be modulated during the Rydberg state
excitation [220].) (We found that the performance difference between the 2D and 3D
lattice is less than a factor of two. See Appendix G.6.)

We consider the following errors in our analysis. During non-local connection,
we take into account the finite ri-r9 interaction, which allows the creation of an rq
excitation with some small probability, even if ry is populated, the finite lifetime of
the s and ry levels, the non-zero branching ratio during the decay of e into states

other than ¢, and the dark-count rate of photo-detectors. For the local GHZ creation
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step, we account for the same imperfection of the ri-ry blockade as for the non-
local entangling step, the finite lifetimes of the Rydberg levels r; and 75, and the
inhomogeneous broadening of the single excited Rydberg states due to their coupling
to double-excited states, induced by the driving field. (See Appendix G.2 and G.3
for details.) We estimate the effect of these errors, and numerically optimize the
free parameters: the Rabi frequency €2 and the detuning A of the dressing field, and
the number of local atoms n, for principle quantum numbers, 50 < n < 150 of the
Rydberg levels, in order to find the minimal error per atom, E := gy, /N.

To illustrate, for Rydberg states n = 120, we find the optimum at nq, ~ 300,
A =109 x 10*y and Q = 8.33 x 10* v, where v ~ 1kHz is the natural linewidth of
the Rydberg levels. In this case, the error per atom is Eyin = [€tot /N |min = 6.7 X 107°
and the fidelity is Fi. = [1 + exp(—6.7 x 107> N)]/2. Contributions of the different

error sources are shown in Table 8.1. (See Appendix G.5 for more details.)

8.4 Clock network optimization

With the optimal ensemble size n,p, determined above, we optimize the remaining
parameters of the clock network, namely the total number of entangled atoms N and
the number of clocks K. Although having more atoms always results in improved
clock precision, entangling all available atoms is not necessarily optimal. To see this,
we compare the stability of the entangled clock network and a non-entangled network,

and find an optimal entangled atom number N, by maximizing the precision gain
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error per atom | ratio in total
imperfect blockade 1.41 x 107° 21%
r1 decay 2.89 x 107° 43%
ro decay 6.62 x 1077 1%
inhom. broadening 6.62 x 1077 1%
ry deacy (non-local) ~ 10710 < 0.1%
photon detection ~107° < 0.1%
memory error ~ 1078 < 0.1%
imperfect br. ratios 2.26 x 107° 34%
total error per atom 6.70 x 107 100%

Table 8.1: The absolute and relative contribution of the different error sources to the
total error per atom E, at n = 120, A = A,y = 10.9 x 101, Q = Qg = 8.33 x 10* v
and n = nep = 298, for the 3D setup. (See Appendix G.5 for 2D results.)

141



Chapter 8: Quantum network of neutral atom clocks

over the non-entangled scheme,

Onon—ent _EN7T N
G = —nonemt Z 8.7
v/ 2F—1) 8\ logN’ (87)

where ooy = Wi%—vloj\f’“}v (from [121], assuming perfect fidelity, and that 7 is smaller
than the reduced atomic coherence time 7' /N) and Gpon_ent = #\/Lﬁ (for N in-

dependent atoms) are the Allan-deviations of the two schemes, where wy is the cen-
tral frequency and 7 is the total available measurement time. The additional factor
of 2F — 1 = e ¥V is due to the reduced Fisher information of a non-pure GHZ
state, where E is the error per atom and F is the fidelity of the initial state. (See
Appendix G.6 for details.) For F = FE;, = 6.7 X 107%, Eq. 8.7 is maximal at
Nopt ~ 1/(2Emin) & 7500, where Gy = 6.9, and F = [1 4 ¢ NortFmin] /2 = (0.82.

The above optimum is achieved by 7500 atoms distributed in Kopy = Nopt/Nopt ~
22 clocks. Since current lattice clocks can employ 103 —10* atoms, we can imagine en-
tangling this many atoms in a single vacuum chamber. With realistic atom densities,
the atoms need to be separated into ~ 10% ensembles, for efficient Rydberg blockade.
We imagine using an individually addressed “messenger” atom, that can be moved to
the vicinity of each ensemble, and can be brought to entanglement with them using
dipole-dipole interaction. (See Appendix G.7 for more details.) Such a scheme is free
from imperfections affecting the photons in the previous scheme, and thus can reach
a higher fidelity for a given number of atoms, or use more atoms to achieve a higher
gain. We find that, at the optimum, the gain over the classical scheme is ~ 14, twice

the gain of the network scheme.
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8.5 Conclusion

We presented and analyzed a protocol, capable of fully entangling ensembles of
neutral atoms located in different atomic clocks. Local interactions are made robust
by utilizing the strong interaction between Rydberg excitations, and non-local entan-
glement creation is made reliable with strong atom-light coupling, suppressed photon
propagation errors and long atomic memory lifetimes. We showed that our scheme,
in particular a realization with neutral Yb ensembles, is feasible and provides signifi-
cant gain over non-entangled schemes even in the light of physical imperfections. Our
results provide the first detailed proposal for a network that can serve as a prototype

of the global quantum clock network outlined in [121].
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Appendices for Chapter 2

A.1 Derivation of reflected mode operator

We obtain the reflected mode operator cr using input-output relations for a two-
sided cavity. By assuming that the two endmirrors have the same transmittivity
(ox k), we can write the input-output relation for cavity mode ¢, on the driven mirror
as

Ca,out = \/Eca - Ca,im (A1>

where c,;, = —i\% is the incoming field operator on the mirror and cg .. is the

output field operator. For direct comparision with ¢, we divide by v/x and define the

reflection mode operator as cgr = Ca,out / \/E = Cq T 15
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A.2 Analytic model

In this appendix we provide the analytic solutions used to calculate one- and two-
time correlation functions in steady state. First, one-time correlations are calculated
from the steady state solutions of Eqs. (2.13-2.18). We set the time derivatives to zero

and solve the equations iteratively, order by order in the weak drive. This procedure

yields

121000 ~ 1, (AQ)

_ ] 1

Ao = —@am7 (A.3)

- 2x

Ao = —ama (A-4)

- a? 1+ 222

A = —— A5
200 V2 (1 +422)(1 + 622) (A.5)

_ 2x

A — in2 A6
T 4 (1 + 622) (4.6)

_ A?

A022 == 042 v (A?)

(1 + 422)(1 + 622)’
where o = Q/k (|a*> < 1), z = ¢g/(4k) and & = k — iA. Using these amplitudes, we

can express all equal time averages. The mean photon numbers are

ng = \121100’2, (A.8)

ng = \/_1011’2, (A9)
_ 012

ng = |Awo+ ZE ; (A.10)
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and the photon-photon correlation functions are

2| Azo0|®

(2) o 200

gaa (0) - |A100’4 ) (All)
2| Aoz ?

(2) o 022
gss (0) - ‘A011’4 ) (A12)
_ _ 2

’— (%)2 + 202 A1g0 + V24200

7522(0) (A.13)

1+ Ao
To leading order in x/g these yield Eqs. (2.19-2.24).
At finite temperature we calculate steady state amplitudes within each phonon
subspace n similarly in the ansatz of Eq. 2.26. Using the notation R, (w) introduced
in Section 2.3.2, the steady state amplitudes within the subspace with n phonons in

the optical groundstate are

i PVR(0)
| Aion] R (Gvni1) (A.14)
A 2 9292<” +1)
|A01n+1| _4RH (%\/Tl——i-l) ) <A15>
|A20n‘2 — Q4Rn<g/\/§) <A16)
Ry (93/@n+1)/8) Re ($v/n+1)
| Agons2l” = Vygln+ Din +2) (A.17)

32R, (91/(2n + 1)/8) Re ($vn+1).

Two-time correlation functions are calculated similarly, using the conditional state
after a jump (see Egs. (2.39) and (2.44)) as the initial condition. For example the
unnormalized state after detection of a photon in the ¢, mode is c4|¥) = A100/000) +
\/§f_1200\100) + A111|011). We solve Egs. (2.13-2.15) for the amplitudes with this state

as initial condition. The finite delay correlation of the driven mode is

o |14100(7')|2

2
géa) (T) o |A100|4 (A.18)
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in good agreement with the numerics. The correlation of the undriven mode gg)(T)

is calculated similarly. The unnormalized state after detection in the ¢, mode is
cs|p) = Ag11]001) + Ay14[101) + \/5/_1022|012>. Using this as the initial condition we
solve Eqgs. (2.41-2.43) for the amplitudes in the conditional state. In the limit of

v < Kk we obtain

_ [Aoa(7)?

(2
gss T A
)= At

(A.19)
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B.1 Phonon nonlinearities

In Eq. (8) in the main text we have derived an effective master equation (ME)
to describe the nonlinear interaction between two phonon modes. In the following
we present an alternative, more rigorous, approach, which illustrates the individual
approximations made in the derivation of the effective phonon nonlinearity in more
detail. We first consider only a single mechanical mode, e.g. b = by, which also allows
us more easily to compare the results with exact numerical calculations of the full

model.

B.1.1 Model

We start with the full ME for the two optical modes coupled to a single resonator

mode, which in the frame of the driving frequency wy, can be written as

p: —i[H0+Hg+HQ(t),p] +£dissp‘ (Bl)
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Here

Hy = w,,b'b— Asclcs - Aaclca, (B.2)

and

H, = % (caclb? + clegb) (B.3)

are the free evolution and the OM coupling, respectively, Hq(t) = i€ (t)(cl — c,) is

the driving field for the symmetric mode with slowly varying amplitude Q4(t) and

'Cdissp = n;a KJD[Cn]p + %Dth[b]p; (B4)
accounts for dissipation. Here we have defined the superoperator Dy, [b] = (N, +

1)D[b] + NywDIb'] to describe the coupling to a thermal bath.

B.1.2 Displaced frame

In contrast to the approach outlined in the main text, we now start our analysis
with a unitary displacement U (t)c,UT(t) = ¢, + a(t) where the classical cavity field
a(t) obeys

a(t) = (1As — k)a(t) + Q(t). (B.5)

This unitary transformation eliminates the classical driving field and in the new
frame the resulting ME can be written as

P = - Z.[]——Ilin + ng p] + £dissp7 (B6>

where Hq(t) has disappeared, but the linear part of the Hamiltonian now contains

an additional coupling between the resonator and the anti-symmetric cavity mode,

Hyy = Ho + G(t)cab' + G*(t)clb, (B.7)
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where G(t) = goa(t)/2. Note that ME (B.6) is still exact and we will use this equation

for our exact numerics below.

B.1.3 Hybridized modes

To proceed, we assume that a(t) is constant or slowly varying on the timescale set

by the detunings |A, + win\ This allows us to write Hj;, in its adiabatic eigenbasis
Hyy = —Aycle, — ACTC + 0, B'B, (B.8)

where the C' and B are bosonic operators for the hybridized mechanical and optical
modes and A, and @, are the new eigenfrequencies of Hy, for a given G = G (t). We

obtain

C = cos(f)c, —sin(6)b, (B.9)

B = cos(#)b+ sin(f)c,, (B.10)

where tan(20) = —2|G|/d and § = —(Ay + wp) = 2J — wy, — Ay The shifted

frequencies are given by

A, = A, - % (5 /5 +4|G|2> , (B.11)
B = W — % (5 +/02 4|G|2> . (B.12)

We see that by slowly increasing the classical control field a(t), the mechanical mode
b is adiabatically converted into a polaronic mode B. For small mixing angles 6 the
mode still retains its mechanical character, while the finite photonic component is

responsible for inducing an effective nonlinearity.
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In terms of the hybridized mode operators the dissipative terms can be written as

Laies ~kD]cs] + 1 c0s2(0)D[C] + L sin(0) Dy [C]

2 (B.13)
N

+3 cos”(0) Dy [B] + rsin’(0)D[B].

In particular, we identify an additional optical decay channel with rate ' = 2k sin?(6)

for the B mode. In the following we define as

L, = %COSQ(Q)Dth[B] + %/ [B], (B.14)

the modified mechanical dissipation Liouvillian. Note that in Eq. (B.13) we have
already neglected cross-terms between C' and Bf. This is valid in the parameter
regime considered below, where x is small compared to the splitting of these two
modes.

Finally, we also express the nonlinear interaction H, in terms of the hybridized

modes and write the result as
Hy=H{ + H? + H,. (B.15)

Here, the first term is the one of interest

HY = % sin(26) (c, + ¢f) BB, (B.16)

g

and describes the coupling of the ¢, mode to the number operator of the B mode.

The second term is given by

Hg@) = —% sin’(0) (BclCT + B¢, 0), (B.17)

and leads to additional corrections. However, for small 6 this term is small compared

to Hg(l). It can be further reduced if |A; — 6| > A,. Finally, the last term contains
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interactions
H = % cos*(6) (Cci B + Cle,B) — % sin(26) (c. + cf) C1C, (B.18)

which can be neglected when either the ¢ or the C' mode are in the vacuum state.

B.1.4 Adiabatic elimination of the cavity mode

Our goal is now to derive an effective ME for the mechanical degrees of freedom

only. To do so, we write the full ME as

p=(Lo+L1)p, (B.19)
where
Lop = —i[Hyn + H;, pl + Laissp, (B.20)
and
Lip=—i[H + HP p]. (B.21)

The dynamics of Ly does not excite the cavity modes, and therefore, in the limit
where § = gosin(260)/4 — 0 (either gy is small or the mixing angle # is small) the
density operator can to a good approximation be written as p(t) = p,,(t) ® p?, where
p is the vacuum state of the ¢, and the C' mode. To account for the effects of a small
L1 ~ g up to second order in perturbation theory we define a projection operator
onto this subspace,

Pp =Tr{p} @ pl, (B.22)

and its complement Q = 1 — P. Then
Pp = PLPp+ PLLOp, (B.23)
Qp = QLo+ L1)Qp+ QL Pp. (B.24)
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Up to second order in g we can formally integrate the equation for Qp and obtain

77,0(25) ~ Pﬁopp(t) + P£1 / dr QQEDT Qﬁlpp(t) <B25)

0
We define by p,,(t) = Tr.{Pp(t)} the reduced density operator of the mechanical

mode and write the final result as

punt) = (L9 + L + £2) pua). (8.26)
The first term describes the linear part of the dynamics

LO py = —ilom BB, pm] + Lopm, (B.27)

with a modified frequency and modified decay rates for the B mode. The other two

terms are given by

ﬁg)pm = —/ dr Trc{[Hg(l), elor ([Hggl), Pm pg])]}, (B.28)
0

and

g g

L0 p = — / dr Tr [H, &7 ([HP, pr  p20)]}. (B.29)

B.1.5 Simple perturbation theory

In deriving Eq. (B.26) we have so far only assumed that g is small compared to
the typical frequency scales of the dynamics of the ¢, mode. For now we will also
assume that go is small compared to § and A,. This allows us to neglect the term H
in £, and the cavity correlation functions in Egs. (B.28) and (B.29) can be evaluated

in a straight forward manner. For the action of £ we obtain

£ p = —i[A(B' B)?, pu] + T D[B' B, (B.30)
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where A = Im{5} (0)}, Ty, = Re{S{} (0)} and

Sg?(w) = §2/0 dr Tr{c,e™ (clpd)ye 7. (B.31)

We find S (w) = §2/(—i(As +w) + k) and after inserting back the definition of § in
the limit |goar/d| < 1 we recover the expressions for A and I';, given in Eq. (9) in the

main text. Similarly we obtain
L3 pm = —il0w) B'B, pn] + —-DIB], (B.32)
where dw() = Im{Sé? (@)}, v = Re{ S5 (@)} and

2 i oo
Sé? (w) = M/ dr Tr{c,Ce 7 (cICTp2) yem. (B.33)

4 0
The small frequency shift 5w can be absorbed into the definition of w,, and, since
7~ 4/sin?(0)g2 /(46?), for not too large mixing angles #, v?) can always be ne-

glected compared to /. All together the final effective phonon master equation is

pm = — il B'B + A(B'B)?, p] + Ty D[B' Blpy,
(B.34)

!
+ %Dth[B]pm + 752>[B]pm,

which is the single resonator version of ME (8) given in the main text.

B.1.6 Corrections

Let us now extend the above result to the case where g is small compared to
Ag and ¢, but the bare interaction gy is not. In this case the general expressions in
Eqgs. (B.28) and (B.29) still apply, but the effect of H; must be taking into account

when evaluating the correlation functions. To illustrate this, let us assume that go
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is still small compared to . Then, by assuming that the C' mode is initially in the

ground state, we obtain approximately
Hlin + H; ~ _(As - ABBTB)CiCsy <B35)

where the off-resonant frequency shift is

g5 cos'(0)
AB - ~ 3
4(Ay + Om — Ay))

(B.36)

and can be comparable to A,. Therefore, we must evaluate the correlation function for
each phonon number state |n) separately and write the resulting non-linear interaction

L pm =Y 0 (=i [A)[n){(nl, pu] + To(n)Dln)(nl])) (B.37)

Here A(n) and I'y(n) are the imaginary and real part of

n2§2

S(l)(w = _TLAB> - —Z(As - nAB) + /il

99

(B.38)

We see that in this parameter regime more complicated nonlinearities can occur, but
the overall magnitude and the ratio between coherent and dephasing interactions
remains the same. In principle, this analysis can be extended to the regime, where
go is comparable to §. However, in this case no simple analytic expressions for A(n)

and I',(n) can be derived and need to be evaluated numerically.

B.1.7 Numerical simulation

To assess the validity of the effective phonon ME we now compare our result
with the dynamics of the full OMS. Since we are mainly interested in the relation

between the phonon non-linearity and the corresponding dephasing and decay rates,
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€) (Re{\.} — nRe{\1})/Ao

-10¢t

15}

Figure B.1: Comparison of the effective analytic description (Egs. (B.40), lines) with
exact eigenvalues of the Hamiltonian in Eq. (B.39) (crosses) for different cavity field
amplitudes o. All results are normalized to the scale Ag = g3 /(16 |A4| %) of the non-
linearity. (a) Deviation of the real parts of the eigenvalues from the result expected
for a linear oscillator, such that the splitting of the curves indicates an effective
non-linearity. (b) Imaginary parts of the eigenvalues corresponding to decays. In
both plots we used the parameters A,/go = —1, §/g0 = 5, /g0 = 2.5 x 1072,
Y/ go = 2.5 x 107 and Ny, = 1.

it is sufficient to evaluate the spectrum of the non-Hermitian Hamiltonian, which for

the full model it is given by

a

Ay = Hin + H, — ircle, — incie, — i%(Nth + 1) — z’%NthbbT . (B.39)

In Fig. B.1 we plot the real and imaginary parts of the lowest eigenvalues A, of He,
which correspond to the lowest number states |n) of the B mode. From the effective
phonon model given in Eq. (B.34) and (B.37) we obtain the approximate analytic
results

Re{\,.} = nd,, +n?A(n), (B.40a)

and

/

Im{\,}| = %Nth +n (%(2]\4}1 +1)+ %) +n2Ty(n). (B.40b)
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We see a good agreement between these results for the effective model and the exact
numerics, both for the real and imaginary parts. Although there are some deviations
due to higher-order effects, the effective non-linear splitting (Fig. B.1(a)) is much
larger than the induced decoherence (Fig. B.1(b)), as is expected for the chosen
parameters. Hence, we conclude that the effective model accurately describes the
dynamics of the mechanical resonator, and that the effective phonon non-linearity
may serve as a basis for gate operations as discussed in the main text and in the

following section.

B.2 Phonon-phonon interactions

The derivation of the effective phonon nonlinearity, as outlined above for a single
resonator, can be easily adapted to two resonators as discussed in the main text. In

this case we have

Hy =Y whblb — Aycle, — Agclca, (B.41)
i=1,2
and
Hy = 2 |eack(b] = ) + cles(br = ba)] (B.42)

After changing into the displaced representation to eliminate the driving field we

obtain the linearized Hamiltonian
Hyw = Hy + V2 (G(t)eab) + G*(t)chba) (B.43)

where b, = (b1 — by)/v/2 and G(t) = goa(t)/2. For similar mechanical frequencies

1

wh ~ w? = w,, the symmetric resonator mode is decoupled and we can simply repeat

the analysis from above by identifying b = b, and replacing gy by v/2¢o.
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For arbitrary w;, we write the linear part of the Hamiltonian in its diagonal form
Hyn = —Aycle, — A,CTC + 0y BI B, 4+ &, BIB,. (B.44)

As in the single-resonator case the ¢, mode is unaffected, but the ¢, mode now couples

to both b; and by. The resulting hybridized modes C', B+ depend on the choice of

parameters wl? A, and G. For the case of interest, i.e. for a symmetric detuning
wh? = —A, F d, we obtain
C = cos(20)c, — sin(20)(B; + B,)/V'2, (B.45)
By = cos*(©)by +sin(20)c,/V2 — sin?(O©)b,, (B.46)
By, = cos*(©)by + sin(20)c,/V2 — sin?(©)by, (B.47)

where tan(20) = —/2|G|/6. Therefore, for small © the modes B, correspond to
the original mechanical resonator modes by 5 and @; = W', .
As above, we can now re-express the dissipation and the non-linear coupling H,
in terms of C' and By. The modified mechanical dissipation terms are given
£=% %cos2(2@)Dth[Bi] + gsinQ(Z@)D[Bi], (B.48)
i=1,2
and for small © the optical decay rate 7/ = xsin*(20) is the same as given above
and in the main text. Using the decomposition of the non-linear coupling as done in

Eq. (B.15), we obtain

Hél) = % sin(20) (¢ + cf) <BIBl - B;Bz> ; (B.49)

the contribution HéQ) vanishes and

H = % c0s(20) (Cci(BI — B+ H.c.) . (B.50)

g
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We see that the structure and also the relative frequency scales are identical to the
corresponding terms discussed for the single resonator above. Therefore, under the
same conditions we can eliminate the cavity mode and obtain the effective phonon
master equation

=i [ B A8, - BB,
i (B.51)

+TyD[(B] By — BIBy)]pm + Loypm-
For small © this equation reduces to ME (8) in the main text and higher-order

corrections can be included in the same way as discussed for the single resonator

case.
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This appendix describes the details of the perturbation theory and the derivation
of the effective Hamiltonian ]:[ff and effective Lindblad operators. We describe the
situation both with and without a two-photon drive. Furthermore, we present the
results of a numerical simulation of the full dynamics of the gates to verify the results
found with perturbation theory and address the question of how strong a drive we
can allow for. In the end, this determines the gate time as described in the article.

Finally we discuss of the additional errors described in the final part of the article.

C.1 Perturbation theory

We will now give the details of the perturbation theory and the derivation of the
effective operators together with the success probabilitites, gate times and gate errors
(see Tab. C.1). Our perturbation theory is based on the effective operator formalism

described in Ref. [178].
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Gate | Origin of error | Error | Probability Time

Yy =0 0 g

CZ-gate ) ~1-— \% %
Vg >0 ~ 7795
I #1 <%

Toffoli . ~1- \% ~ 4%@

~ g

Vg >0 e

Table C.1: The errors, success probabilities and gate times of the N-qubit Toffoli gate
and the C'Z-gate considered in the article. Note that the branching fraction ~,/v can
be made arbitrarily small using a far detuned two-photon driving as explained in
below. I'; is the rate of detectable errors for the qubit state with ¢ qubits in state |1).
The success probability of the CZ-gate can be increased at the expense of an error
scaling of 1/C' as explained in the article.

First, we treat the simplest situation where the auxiliary atom is directly driven
to an excited state |E) by a weak classical drive Q as shown in Fig. C.1 (reproduced
from Fig. 1 in the article). Note that we allow for some decay from |E) — |g) with
decay rate 7, as opposed to the situation in the article. We will later consider the
situation where this decay rate is suppressed using a two-photon drive. The level

structure of the qubit atoms are also shown in Fig. C.1.
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6)
o U

|7

Figure C.1: (a) Level structure of the qubit atoms. Only state |1) couples to the cavity
and we assume that the excited level decays to some level |0), possible identical to
|f) or |0). (b) Level structure of the auxiliary atom and the transitions driven by the
weak laser (2) and the cavity (gr). We allow for some decay from |E) — |g) with
decay rate ~,.

The Hamilton describing the system in a proper rotating frame is given by Egs.

(1)-(3) in the article and is reproduced here

H = H+V+Vi (C.1)
H, = Ag|EYE|+gsalE)Y(f|+ H.c)

+ 57 Adde)ile] + glale)(1] + Hee), (C.2)

~

v o= SIB)l (©3)

where we have assumed for simplicty that all couplings (g, (2) are real and k labels the
qubit atoms (7 = 1). We have defined Ap = wg —wy, —wy, and A, = we —wy —wy, +
wy —wy where wy, is the laser frequency and otherwise w, is the frequency associated
with level z. Note that we assume the cavity frequency to be w. = wy, +w, —wy such
that we are on resonance with the |g) — |E) — |f) two-photon transition.

The dissipation in the system is assumed to be described by Lindblad operators
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such that Ly = v/ké describes the cavity decay with decay rate s, L, = Narleat
and L; = V) (E| describes the decay of the auxiliary atom and Ly = V710)i el
describes the decay of the qubit atoms (k = 1,2...N). As described in the article
|0) may or may not coincide with |0) or |1). Assuming that  is weak (Q?/Ap < Ag
and Q0 < ¢g), we can treat the driving as a perturbation to the system. As shown
in Ref. [178], the dynamics of the system is then governed by an effective master

equation of the form
. . ] T eff T eff T 1 T eff TAeE T eff ‘I’Aeff
p=i|p Ha| + D Ll = 5 (M Lo+ p(LIET), (C)

where p is the density matrix of the system, H._, is an effective Hamiltonian, and L¢"

are effective Lindblad operators with x = 0, g, f, k. The effective operators are found

from:
oy = =5V (g (5)7) (€5)
[ 11 (C6)

where
=, - ;gjﬁlﬁx, (©7)

is the no-jump Hamiltonian. The Hilbert space of the effective operators can be
described in the basis of {|g),|f)} of the auxiliary atom and the states {|0),|1),|0)}
of the qubit atoms. To ease the notation, we define the projection operators P, which

projects on to the states with n qubits in state |1). From Eq. (C.5) and (C.6) we
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then find:

. —92 iN. /2 + nC R
He = Z { 18/ - }Ig><g|®Pn
n=0

4oy A (i1Ag/2+ Cf) + ApnC
N A
= Y Adghgle B, (C8)
n=0
N -
. VCOAL .
Ly = Z 1)gl® B,
N
= flgle P, (C.9)
n=0
N

. 1 (iA./2 +nC)Q Nar A
Leff — Z_ _ ®Pn
9 Z 2 A(iAp/2 4 Cp) +ndpC 7 Y

- Zr 9)(gl ® P (€10

o 1 (iA./2 +nC)Q V7
L7 ZQ A (iAg/2+ Cp) +nAgC v 7)ol P

N

= > e b, (C.11)

n=0
IA_/CH . Z . ]. \/ Cf\/aQ
* — 27 A (iAp/2+ Cf) + nApC

— § reﬁ'

where we have defined the cooperativities C(y) = g(Qf) /7vr for the qubit (auxiliary)

Mgl @ o)1l @ P,

F)gl @ |o)(1] @ P, (C.12)

atoms and the complex detunings Agy = Ap — ivr/2 and A=A, — iv/2. Note
that we have defined the parameters g, r:5,, 74, and ;7 in Eqgs. (C.9)-(C.12) to
characterize the decays described by the Lindblad operators. Note that r§" = 0. In
our calculations we parametrize the difference between the auxiliary atom and the
qubit atoms by C; = aC and 7y = 37 to easier treat the limit of C' > 1 that we are

interested in.
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C.1.1 Success probability and fidelity

Egs. (C.9)-(C.12) show that the effect of all Lindblad operators, except i;ﬁ, is
that the state of the auxiliary atom is left in state |f). All these errors are thus
detectable by measuring the state of the auxiliary atom at the end of the gate. For
the heralded gates where we condition on measuring the auxiliary atom in state |g)
at the end of the gates, these detectable decays therefore do not effect the fidelity of
the gates but only the success probability. The rate I';, of the detectable decays for a

2 2 2 . ey
et |+ |5 | 4 |re"|” and assuming an initial

state with n qubits in state |1) is I',, =

qubit state described by density matrix pgup: the success probability of the gates is

N

Psuccess = Z Tr {eirntgatepqubitp’n} 9 (013>

n=0

where ... is the gate time and = denotes the trace.

Having removed the detrimental effect of the detectable errors by heralding on
a measurement of the auxiliary atom the fidelity of the gates will be determined by
more subtle, undetectable errors (see below). We define the fidelity, F' of the gate as

1
F—

(V19| P

. 9, (C.14)

where we have assumed that the ideal qubit state after the gate is a pure state [¢))

and pPgupi is the actual density matrix of the qubits and the auxiliary atom after the

gate operation.

C.1.2 N-qubit Toffoli gate

As shown in the article, the effective Hamiltonian in Eq. (C.8) is sufficient to

make a Toffoli gate by putting the qubit atoms on resonance (A, = 0). We will now
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treat the worst case and average fidelities of the general Toffoli gate referred to in the

article. The undetectable errors limiting the fidelities are the following.

e As described in the article the energy shifts of the coupled qubit states are all
Anso ~ 92/(49V/C) in the limit C > 1. However, to higher order in C, we
find corrections on the order O(Q%/C%/?) to the energy shifts, which depend
on the number of qubits that couples. The gate time of the Toffoli gate is
by ~ 47?\/67/ 0% and consequently, the higher order corrections give uneven
phase shifts on the order of O(C~!) for the coupled qubit states at the end of

the gate. This leads to a phase error in the fidelity of O(C'~?).

e The difference between the rates of detectable errors (I',,) for different qubit
states changes the relative weight of the qubit states during the gate. This

error wil be O(C™') as shown below.

e For 7, > 0 the undetectable decay from |E) — |g) in the auxiliary atom will

destroy the coherence between the qubit states. We find that this error will be

7%. For now, we will assume that v, = 0 and thus ignore this error since

~Y

we will show that we can suppress the branching fraction -,/ arbitrary close

to zero by having a two photon driving.

Assuming that vy, = 0, the dominating source of error limiting the performance of
the Toffoli gate is thus the difference between the rates of the detectable errors for the
qubit states. We tune Ag such that I'j = I'y and the largest difference between the
detectable errors is thus between the completely uncoupled state and the state with

all qubit atoms in state |1). As a result, we can find an upper bound on the fidelity
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of the N qubit Toffoli gate, considering an initial state [0)®Y + |1)®Y in the limit
N — oo because this state experiences the largest difference between the number of
coupled and uncoupled qubits. We find that the upper bound on the fidelity and the

corresponding success probability is

a1
Fup ~ 1 - ma (015)
P (o +28)r 1 (C.16)

success,u ~ 1 - .
" 2y/av/a+B/C

. In general, the fidelity of the gate will, however, be larger than what is suggested
above. Considering a generic input state (|0) + |1))®" with the same parameters as

above, we find

Fow ~ 1—Fk(N) ao‘fﬁé (C.17)
. | [dN)a+29)r 1 s)

success,gen " 20avatB VT
where k(N),d(N) are scaling factors which depend on the number of qubits N. We
calculate k(N) and d(NN) numerically for N =1 — 100 using the perturbation theory
and find that that they both decrease with N (see Fig. C.2). The upper bounded
and generic fidelities and corresponding success probabilities are shown in Fig. C.2
for different number of qubits, N. As N increases we obtain higher generic fidelity,

whereas the success probability is almost independent of N.

C.1.3 CZ-gate

In the special case of only two qubits the Toffoli gate is referred to as a control-

phase (CZ) gate. As shown in the article, we can, in this case, completely remove the
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Figure C.2: (a) Gate error of the Toffoli for different initial states as a function of
cooperativity. We have plotted the generic error for N = 5,10, and 15 and the upper
bound of the error. Note that the generic error decreases as N increases. We have
fixed A such that Iy, = I'y and have assumed that « = g = 1. (b) The failure
probabilities 1 — P, cceesup A0A 1 — Piccoes sen @S a function of cooperativity. 1 — P, s gon
is plotted for N = 5,10, 15. We have used the same assumptions as in (a). In general,
the failure probability only have a weak dependence on N. Note that the line for

1-P N =5 coincides with 1 — P, ccssup-

success, gen)

errors from the gate by choosing the detunings Ag and A, such that 'y ="y = I'y
and combining it with single qubit rotations we can ensure the right phase evolution.

In the general case where a, § # 1, the detunings A, and Ag are

Ap = %\/E\/ZLQC ¥ 8 (C.19)

aC~y?
A, = . C.20
A, (C.20)
The success probability of the gate is then
2 2
1
P ~1 —7T86 + 6o +a (C.21)

success 8/83/2 \/a \/67

and we find that the gate time is ¢, ~ 7“\/5(2‘;;/25322“*45 )/C in the limit C' >> 1.
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9)

Figure C.3: (a) Level structure of the auxiliary atom and the transitions driven by a
weak laser (€2), a microwave field (Q,,y) and the cavity (g;). We assume that |E) <>
|f) is a closed transition and for simplicity we also assume that |Fs) <> |g) is a closed
transition but this is not a necessity. The figure also indicates how the levels could
be realized in 8"Rb. Here |r(©), 1)) with r = 1,2, 3 refers to state [¢(®) = 7, n = r)
in 52512 (52Ps)2). (b) Effective three level atom realized by mapping the two-photon
drive to an effective decay rate 7, and an effective drive Q

C.1.4 Two-photon driving

We now describe the details of the implementation where the auxiliary atoms is
driven by a two-photon process as shown in Fig. C.3 (reproduced from Fig. 4(a) in the
article) in order to suppress the dominant undetectable error caused by spontaneous
decay of the auxilliary atom into the state |g) (L,).

The Hamiltonian in a proper rotating frame is

H = H +V4+VH (C.22)

He = Ag|E)(E|+ Apa|E2)(Es| + gp(alE)(f| + H.c)

QIV[W
+ =S (|E)(Ey| + H.c.)

+) " Adle)ile] + glale)r (1] + H.c.), (C.23)
Vo= i)l (©.21)
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where we have now defined Ap = wp — Wy — Wigser — Waw, AE2 = WE2 — Wy — Wiaser
and A, = we — Wy — Wigser — Waw + Wy — wy. Here wygser is the frequency of the
laser drive (£2), wyw is the frequency of the microwave field () and otherwise
w, is the frequency associated with level x. We assume that the frequency of the
cavity is we = Wigser + Wnuw + wy — wy such that the three photon Raman transition
from |g) — |f) is resonant. We have assumed that Ags is large and positive such
that the rotating wave approximation is valid for the microwave field. The Lindblad
operators describing the system are the same as described below Eq. (C.1) except
that L, — V919) (2| Assuming a weak drive 2, we can follow the same recipe as

before to find the following effective operators describing the dynamics of the system.

N
HY =S AD|g)gl @ P, (C.25)
n=0
A(Q) - _Q2Re A6<ZAE/2—|—C}C) +7”LAEC
" 4’7 AEZAe(ZAE/2 + Cf) + TLAEAEQC — ZAGQI%/IW/g — HQI%IWC/ZL
N
Ly =3 "r 1 f)gl ® P (C.26)
n=0
o) _ 1 VOTA
O A Ay A (iAg /2 + Cf) + nApARC — iA 02, /8 — n2,,C/4
N
Ly® =3 " r®lg)(g| ® P, (C.27)
n=0
o(2) _ Q - Ae(iAE/NQ +~Cf> + n%EfJ ] Nar
I 2 ApaA(iAp/2 + Cf) + nApApC — iA02,, /8 — n2,,C/4 7
N
LY =3 "r 2 f) (gl ® P, (C.28)
n=0
o) _ _9 (iAe/2 + nC’)QMW Nali
fn 4 ApyA(iAp)2 + Cf) + nA g ApC — A2, /8 — nQ2,,C/4 Y
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N—-1
LT = 3" 0@ 1) (g] @ [o)k(1] @ P, (C.29)
n=0

e _ L VGO ~
" 4ﬁ AEQAE(ZAE/Q + Cf) + ’I?,AEQAEC — iAeQ§1W/8 — TLQ%IWC/ZL

where we have defined the complex detuning Angy = Apgy — 17,/2 and the parame-
ters rgfiﬁz), 7’;%2), 7’}%2) and 75 to characterize the decay described by the Lindblad
operators.

We are interested in the limit of large detuning Ago and large cooperativity C.
In this limit, we find that the dynamics of the system can be mapped to a simple
three level atom with effective driving Q@ ~ QQuw/(2A%52) and an effective decay
3y ~ 71,02, /AZ, as shown in Fig. C.3. In principle, the effective operator Lg™
leads to an effective decay rate of 5 = 7,0?/A%, to lowest order in C' but we find
that this first order term do not destroy the coherence between the qubit states
since it is independent of n. There is, therefore, no effect of these scattering events
and the performance of the gate behaves as if there is an effective decay rate of
Yy ~ Vg /A%y. Note that we also have an AC stark shift imposed on the level
|g) by the laser characterized by 2. This will give an overall phase to the system,
~ 02/(4Ago)t, which we can neglect since it does not influence the gates. Since
we can do the mapping to the simple three level atom, we find similar results for
the performance of the gates for the two-photon scheme as for the simple three level
scheme only with effective decay 7, and drive Q) given by the two-photon process.

Note, however, that we now assume 7, > 0, which introduces an undetectable error

as previously mentioned. We find that this introduces an error in the fidelity of both
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gates of roughly

(a® —4afB — 6521 7, (@ +4aB+ 6831 4,02, 1 (C.30)
1283 VAL 16vaB(a+28)(a+56)) vAL, VO -

Nonetheless, this error can be suppressed arbitrarily much be increasing A go, which
enable us to have a heralded CZ-gate with arbitrarily small error in a realistic atomic

setup using the two-photon drive.

C.2 Gate time

Here we address the question of how strongly we can drive the system and still
maintain the validity of perturbation theory. We need to adress this question since
the gate time depends inversely on the driving strength as shown in the article and
hence this limits the achievable gate time. A necessary criterion for our pertubation
theory to be valid is that the energy shifts A, (see Eq. (C.8) and Eq. (C.25)) are
small compared to the driving, i.e. ~ A2/Q* < 1. From Eq. (C.8) we find that
A% /Q? ~ Q?/(16A%) to leading order in the cooperativity C' and this criterion is
therefore met for 2 < 4Apg. Similarly, for the two-photon process, we find from
Eq. (C.25) that (A%)2/Q2 ~ Q2/(16A%,), to leading order in C. Here we thus need
Q < 4Aps.

Another criterion need to be meet in order for our perturbative theory to be valid.
If none of the qubits couple, we are effectively driving the auxiliary atom/cavity
system into a dark state of the form cos(6)|0,g) — sin(#)|1, f), where the mixing
angle is 0 ~ Q/g. Here the number refers to the number of cavity photons. To

adiabatically eliminate the state |f, 1) from the Hamiltonian as we have done in the
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effective Hamiltonian requires that /g < 1. Mapping this criterion to the effective
three level scheme realized in the two-photon scheme gives QQyw/(2Agp2g) < 1.
Finally, we need to consider the scattering of photons from the level |E2) in the
two-photon scheme. If the number of scattering events, ng.; is large compared to
0?/(16A%,), the perturbation theory is not valid even though the other criterions

are met. We find that ng.e ~ %ﬂ for the CZ-gate and we thus need to have
MW

The different criterions for the validity of the perturbation theory are summarized

in Tab. C.2.
Simple scheme Two-photon scheme
Q/(4Ap) < 1 Q/(4AR) < 1
Q/g<1 QQuw/(Ap2g) < 1
: 3V/C202 (A, 02,,) < 1

Table C.2: The criterions for our perturbation theory to be valid.

For all the gate schemes, we have assumed that Ag o< v/Cvy. The first criterion
for the simple scheme (see Tab. C.2) can thus be met with a driving of Q = ay/C
where a/4 < 1. This driving results in a gate time that decreases as 1/v/C. The
value of a will determine the size of the non-adiabatic error. The second criterion
is also fulfilled for this driving as long as \/’y/_ff, < 1. In realistic systems such
as the nanocavity system described in Ref. [218, 220], the ratio x/v can be on the
order of 100-1000. For the two-photon scheme, we find from Tab. C.2 that we can

choose = asA s, Qnw = byC* where the constants as, b will determine the size of
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the non-adiabatic errors as before. Similar to the situation in the simple scheme we

assume that \/v/k < 1.

C.3 Numerical simulation

In order to confirm our results, we numerically integrated the full Master equation,

defined by the Hamiltonian H and the Lindblad operators, f/j € {ﬁo, [A/g, f/f, Ly, EQ},

%p(t) )] + Z [2L]p F—p(t)LiL; — ﬁﬁjp(t)] (C.31)

We used the QuTiP 2 package [113], for Python, to set up the problem and used its
12th-order numerical integration algorithm to find the solution p(t) as a time series.
Then, we used the routines of the same package to analyze the results.

For each time series p(t), we determined the gate time ¢,,,., the success probability
P ecess, and the fidelity F'. We picked |¢)12 = \%(|0> + |1>)1 ® \%(|0) + |1))2 as the
initial state of the two qubits, |g) for the control atom, and zero photons in the cavity.
Starting from here, we let the system evolve under the Master equation Eq. (C.31),

and determined P,(t), the conditional state p,(t) and F'(t) as a function of time:

o) = = [ﬂ(t)!g> <gl], (C.32)

po(t) = 19)491p(1)l9) 9] (C.33)

Py(t)
Ft) = max<wf1’¢2 e (pg(1))

1,02

e ca

where = . is the partial trace operation over the control atom and the cavity, and

|¢f 1’¢2> is the target state transformed with two single qubit z-rotations:

U ) = 01(60)0a(62) 5 (100) +101) + [10) ~ 11)), (C.35)
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where Uy(¢r) = exp [i|1)x(1]x¢%] is the z-rotation of qubit k (= 1,2) by the angle ¢y.
From these time series, we determined the gate time ¢, by finding the timepoint

where F(t) is maximal,

tgate — argmax F(t) (036)

t

The fidelity and the success probability of the gate is then defined as F' = F(t,..),
Piceess = Py(tare)-

Plots of Fig. C.4 show the gate time (f,...) and the success probability (Plicces) a8
a function of a, for 7, =0, v = 0.01k, Q = ay/C with C € {10, 30,100, 300, 1000}.
The detunings, Ag and A, were chosen to be close to their optimal value, determined
from the adiabatic theory, and numerically optimized to result in identical effective
lg) — | f) transition rates 'y = I'y = I'y for the qubit sectors |00), |01),|11). The rates
I'; were found by numerically diagonalizing the master equation for the qubit sectors
separately, and finding the eigenvalue with the smallest (but non-zero) absolute real
part. This numerical optimization yielded the maximal fidelity. The symbols cor-
respond to the numerical result, whereas the solid lines show the theoretical values.
The agreement of the results confirms the validity of the adiabatic theory for a driving
Q = ay/C for C <1000 and a < 0.25. Note, however, that Fig. C.4 shows how the
success probability deviates from the adiabatic result for a = 0.25. A weak increase
of this deviation with the cooperativity is seen but from simulations at high C, we
believe that this can be removed by gradually ramping €2 up and down to maintain
adiabaticity at the beginning and end of the driving pulse. This was not included in
the simulations behind Fig. C.4 for simplicity.

Fig. C.5 shows the conditional infidelity of the gate as a function of a for the same
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Figure C.4: Gate time (left) and failure probability (right) as a function of driving
strength (a) for v/k = 0.01, 7, = 0, and C' € {10, 30, 100, 300, 1000}. The driving
strength was assumed to be Q = ay/C.

parameters. The simulation confirms that using a = 0.25 is enough to push the (con-
ditional) infidelity of the gate below 4 - 107°. The fidelity is limited by non-adiabatic
effects, which can be suppressed by decreasing €2 as shown in the figure. Adiabatically
ramping up and down at the beginning and end of the gate will also improve the
adiabaticity but, for simplicity, we have not included this in the simulations described
here. Note, however that for high C' (C' > 1000), we find that this gradual ramping
of () significantly decreases the non-adiabatic error.

We repeated the above analysis for the two-photon-driving Hamiltonian in Eq. (C.22).
We chose v =, = v =0.01k, Q = 8%%, and Quw = 4704, and chose Ag and A,
detunings again close to their adiabatic optimum, but numerically optimized them
with the same procedure as previously. Plots of Fig.C.6 show the gate time and the
success probability as a function of Agy for C' € {10,20,50,100}. Symbols indicate

the numerical results while solid lines show the theoretical values. Fig. 2b in the arti-

cle shows the conditional infidelity of the two-photon-driven gate as a function of C
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Figure C.5: Conditional infidelity of the gate as a function of the driving strength
(a) for v/k = 0.01, 7, = 0, and C' € {10, 30,100, 300,1000}. The shaded region (at
~ 107%) shows the limit of numerical accuracy. The driving strength was assumed to
be Q = ayy/C.

for the same choice of parameters. With these results, we confirm that by increasing
Apgo we can lower the infidelity error to an arbitrary small level. The gate time is
a constant of the cooperativity since we have increased Q2w as C* in the simu-
lations. We do see some deviation from the analytical results due to non-adiabatic
effects, which could be suppressed by decreasing €2 at the expense of an increase in

the gate time. Finally a gradual ramping of {2 could also decrease the non-adiabatic

errors but for simplicity, we have not included this in the simulations.

C.4 Additional errors

There are some additional errors in a realistic atomic setup that we have not
treated in detail so far. Here we estimate the dominant errors and determine under
which conditions, they can be sufficiently suppressed such that they do not limit the

performance of the gates. We assume a realistic atomic setup where 8’Rb atoms are
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Figure C.6: Gate time (left) and failure probability (right) as a function of A g, for

Y =7,=7 =001k, Q = 8%%, Quw = 4yCY4, € = {10, 20,50, 100}.

used both for the auxiliary atom and the qubit atoms. In the 8"Rb atoms, we assume
that |g) = [1,1),|f) = 12,2) and |Ey) = [2¢,2°),|E) = |3¢,3°) where |r(©), r()) with
r = 1,2, 3 refers to state [r© = 7, w® = 1) in 52515 (5% P3)2). In this case, we estimate

that the dominant errors are:

e In our perturbative theory, we have assumed that the laser field (2) only couple
lg) — |E2) in the auxiliary atom. However, for a large detuning Ags it may
also couple |f) — |E), which could lead to an undetectable error where the
auxiliary atom is pumped back to |E2) from, which it decays to |g). This error
is, however, suppressed by the large frequency separation, A, of |g) and |f),
which is A, ~ 1000~ for 8" Rb. We estimate the error using effective operators
to find the decay rate back to |g), assuming that the auxiliary atom starts in
|E2) and treating the drive Q as a perturbation while neglecting the cavity
coupling. This is valid as long as A, > Apg, which is fulfilled for C' < 10000
since Ap ~ v/C. The error increases with Agy but even for Apy =~ 400y we

find that for Quw = 4704, Q = Apy/8 the error is < 1074,
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e The microwave might also couple the ground states |0) —|1) of the qubit atoms
and the ground states |g) — | f) of the auxiliary atom. The coupling of |0) — |1)
means that the qubit atoms also couple to the cavity even though they are in
state [0). We estimate the error from this to be on the order of Q2 /(A, —
(Apy — Ag + Ay 3))? where Ay 3 is the splitting between |E,) and |E). For
8TRb, Ay_,3 ~ 44~. Below we argue that we need A < 0. Since Ap ~ —\/Efy
this error will increase slowly with cooperativity but it is suppressed by A,.
For Quw = 47C'4, we find that the error is < 107* for C' < 1000 even for
Apgs ~ 4007. The errors from the coupling of the states |g) —|f) in the auxiliary
atom will likewise be suppressed by the large energy splitting A . These errors
can also be further suppressed by decreasing €1,y at the cost of a larger gate

time.

The above errors can be highly suppressed using e.g.%8Sr, ¥8Ba™ or *°Ca’ instead
of 8Rb. For these atoms, the ground states can be encoded in the Sy, and Py man-
ifoldes for ®Sr and the Sj» and Ds/5 manifolds for **Ba* and *°Ca™, which have
separations at optical frequencies between the stable states.

A final error that we will consider is that the transition |E) <> |f) will not be
completely closed if the cavity is linearly polarized. This will, e.g. be the case for
the system in Ref. [218]. Such a cavity also couples |f) to the states |1¢,1°¢), |2, 1¢)
and |3%,1¢). From [1¢,1¢) and |2¢ 1¢) there might be an undetectable decay back
to |g), which will introduce an error o< 1/4/C' in the gates. The probability of an
undetectable decay from these states should be compared to the probability of the

detectable decays where the cavity photon is scattered of the qubit atoms instead.
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For 8Rb, we estimate this error by compairing the strengths of the effective couplings
from | f) to |1¢,1¢) and |2¢,1¢) with a subsequent decay to |g) with the strength of the
effective coupling from |1) to |e) in the qubit atoms with a subsequent decay back to
|1). The latter process has a detuning of A g while the first two are additional detuned
by the energy gaps between [3¢,3°) and |1¢,1¢) and |3°,3¢) and |2¢, 1¢) respectively,
assuming that Ap < 0. We find that since |Ag| grows as v/C the error increases from
~5-107% at C =1 to a maximum value of ~ 2 - 1072 for C' ~ 3000 for which Ay is
comparable to the extra detunings of the |1¢,1¢) and |2¢, 1) transitions compared to
the |e) transition. For C' > 3000 the error decreases as 1/v/C. Note that this error
could be removed by making a 4 photon drive from |g) to |E) by letting |¢g) = |1, —1).
Another approach is to consider other atoms such as %*Ca™, with more favorable
levelstructures. The state |g) could be encoded in the 3°Dj/ subspace while the
state |f) could be encoded in the 425/, subspace and similarly for the qubit states
|0) and |1). In such a setup, we will have separations of optical frequencies between
the qubit states and we can remove the decay from the excited state back to |g) by,

e.g. driving from 32D5/2 to 42P1/2 through 32D3/2.
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D.1 Error analysis of the single-photon scheme

The setup of the single-photon scheme is described in Sec. 5.3.1. The single photon
detectors are assumed to have a dark count probability of P,,., and an efficiency of 7,
while the transmission efficiency of the fibers is denoted 7. As described in Sec. 5.2,
the probability of an emitter to go from the excited state, |e) to the ground state |1)
is P, while the excitation probability is €2. The scheme is conditioned on a single
click at the central station. Depending on which detector gave the click, a single
qubit rotation can be employed such that ideally the state |¥T) is created. Going
through all the possibilities of obtaining a single click at the central station, we find
that the density matrix following a single click, and possible subsequent single qubit

rotations, is
praick = FLYT) (W] 4+ g [T (T 4y [@7)(D7|
+B1 W) (W | 4 @]00)(00] + [ 11) (11, (D.1)
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with coeflicients

Fi= 5 [20B (L= @)(1 = Po) + 20(1 = ) B,é(1 = €)Pu(1 = P
+%ndnfppe4(1 — Py(1 = Py) 4+ 2(1 = ) Pe(1 — ) Py(1 — Py)
+(1 = mane) Bpe (1 = Pp) Pa(1 — Pa) + (1 = €)e*(1 = P,) Pa(1 — Py)
%62(1 — B)PPi(1 — Po)| (D.2)
= P1 [%8(1 — B)PPa(1 — Po)| (D.3)
Bi= 5 [P (1 = B)(1 = Po) + 21~ )R (1 - )Pa(1 ~ Py
+(1 = mane) Bpe' (1 = Pp) Pa(1 — Pa) + (1 = €)e*(1 = P,) Pa(1 — Py)
30 = BPR(1L— B+ 201~ n) B (L= A)R(1- F)]  (D.4)
= Pl 200 = 2Pl = P) +2(1 = &)E(1 = B)P(1L - Py)| (D)
B = Pimk {mmPpeA‘(l = P,)(1 = Py) +2(1 = nane) Bpe' (1 — ) Pa(1 — P)
+2(1 = nane)*Poe* Py(1 — Py) + 2(1 — nan)nan:Poe* (1 — Pd)2]7 (D.6)

where Py = P, and P, = P,,,. Here we have assumed that with probability
€2(1—P,,..), an emitter is excited but spontaneously decay to the ground states instead
of emitting a cavity photon. Furthermore, we have assumed that the decay rates to
the two ground states are equal such that the emitter ends up in (]0)(0| + [1)(1]).
Note that the detectors are not assumed to be number resolving. P, is the total

success probability given by

Plclick - 2n(lanphot€2(1 - Pphot€2)(1 - Pdark) + (277f77d - n?ng)szhot€4
+2(1 - €2Pphot)2pdark(]- - Pdark) + 2(1 - ndnf>2pp2hot€4pdark(1 - Pdark)
+4<]~_,r]dlr]f)PphotEQ(]-_EQPphot>Pdark(]-_Pdark)' (D7>
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Assuming P, < 1, the dominant error is where both qubits are excited but only
a single click is detected at the central station. This leaves the qubits in the state
|11)(11| and this error is efficiently detected by the purification scheme described in

Ref. [18].

D.2 Error analysis of the two-photon scheme

For the two photon scheme described in Sec. 5.2, we condition on a click in two
detectors. Once again we assume that appropriate single qubit rotations are employed
depending on which detector combination clicked such that ideally the state |®7) is
created. We find that the density matrix describing the qubit state after a successful

event is

paciick = Fo[@TN(PT| + o UTNUT| + an|UT)(TT| + Byl ) (2], (D.8)
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where we have defined

1—P.)2r1
Iy = (p—dl‘) gnﬁn?Pfhot + 0a(1 = 1) Paanc P + 12 (1 — ma)? P2 P2
2click

+Pd2ark(1 - Pphot)2 + nd(l - nf)nfpdarkpfhot + ndnfpdarkpphot(l - Pphot)

+(]‘ - nf)QPQ P2 + 2/'7f(1 - nd)(]‘ - nf)Pthothzark

phot™ dark
+2<1 - ndnf)Pphot(l - PPhOt)Panrk (Dg)
1 — Pun)’
a2 - u ,r]d(]' - T]f)nfpdarkpp?hot + Panrk(]' - Pphot)2 +

PQClick
ndnfpdarkpphot(l - PPhOt) + (1 - nf)2Pp2hothzark

+277f<1 - Wd)(l - Uf)Pfhotpfmk + 2(1 - 77d77f)Pphoc(1 - PphOt)Panrk

+na(1 — nd)ngpdarkpfhot + 77f2<1 - nd)2ppzhotpd23rk (D.10)
_ (1 — Pdark)2 2 2 2 2 p2 2
/82 - O[2 + P— |:77d(1 - /r’d)nf Pdarkahot + nf (1 - nd) Pphothark ° (Dll)
2click

The success probability Ps... is

Prac = (1= Pun)? [%nganPthot + 4nane(1 — ndnf)PdarkaQhoc +4P; (1 = Pun)?
A0 Paaes Ponon (1 = Pr) + 4(1 = 0am)* P, P
+8(1 = 1u1e) Posor (1 = Poner) P (D.12)
As in the single-photon scheme, we have not assumed number resolving detectors and

we have assumed that with probability (1 — P,,..), an emitter spontaneously decay to

one of the ground states resulting in the state 3(|0)(0] + [1)(1]).

D.3 Deterministic CNOT gate

Here we describe the local entanglement generation scheme presented in Ref. [209],

which can be used to make a deterministic CNOT gate as described in Section 5.3.3.
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We assume that weak coherent light is continuously shined onto the cavity such that
at most one photon is in the cavity at all times. A single-photon detector continuously
monitors if any photons are reflected from the cavity and the coherent light is blocked
if a click is recorded before n,,,, photons on average have been sent onto the cavity.
If no click was recorded during this time, both atoms are interpreted as being in the

g levels. The steps of the entangling scheme are the following.

1. Both atoms are initially prepared in the superposition |g) + |f) by e.g. a 7/2-

pulse.

2. Coherent light is sent onto the cavity. If a click is recorded before on average
N Photons have been sent onto the cavity, the levels of the atoms are flipped
(lg) <> |f)). If no click is recorded, the atoms are interpreted as being in |gg)

and the procedure is repeated from step 1.

3. Conditioned on the first click, another coherent light pulse is sent onto the
cavity after the levels of the atoms have been flipped. If a click is recorded
before n = n,,.. — n1 photons on average have been sent onto the cavity, the
entangling scheme is considered to be a success. Here n; is the average number
of photons that had been sent onto the cavity before the first click. If no click
is recorded, the atoms are interpreted as being in |gg) and the procedure is

repeated from step 1.

As described above, the entangling scheme is repeated until it is successful leading to a
deterministic creation of entanglement in the end. As described in Ref. [208] a series

of non-destructive measurements of the atoms together with single qubit rotations
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can be used to make a CNOT operation after the entanglement has been created.
The non-destructive measurements can be performed using the same technique of
monitoring reflected light as in the entangling scheme and we assume that we can
effectively tune the couplings to the cavity such that possibly only a single atom

couples.

D.4 Rate analysis

Here we analyse the rate of entanglement distribution for the different repeater
architectures considered in the main text. The total rate of the repeater is set by the
average time of entanglement creation, initial purification and entanglement swap-
ping. Assuming that entanglement generation has a success probability, Py, we esti-
mate the average time 7,,;, 5., it takes to generate [ entangled pairs in one elementary

link using m qubits, which can be operated in parallel, as

Tpair,l;m = Zl;m(PO)(LO/C + Tlocal)' (D13>

Here c is the speed of light in the fibers and 7., is the time of local operations such
as initialization of the qubits. The factor Z.,,(Fy) can be thought of as the average
number of coin tosses needed to get at least [ tails if we have access to m coins, which
we can flip simultaneously and the probability of tail is Py for each coin [19]. It is
furthermore assumed that coins showing tail after a toss are kept and only the coins
showing head are tossed again until [ tails are obtained. In the repeater context,
the coins are entanglement generation attempts and tail is successful entanglement

generation. The time it takes per ”toss” is Lg/c¢ + Tipea- To calculate the expressions
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for Z;.,,(Py), we follow the lines of Ref. [19] where similar factors are derived. The
expression for Z,,.,,,(p) is already derived in Ref. [19] and their result is stated below
m m (_1)k+1
=35 (1) o
\k/1-(1-p)
For Z.,,, where [ # m, we only need to find expressions for Z;.,, with m = 1,2, 3,4,
Zo.m with m = 3,4 and Z3,4 since we have a maximum of 4 qubits pr. repeater

station. For Z,.3, we have that

() 0) fj fju« + Z>[<q;k-1pq2n<q2>l-lpq1
() () oo e o

where ¢ = 1—p. The first term in Eq. (D.15) describes the situations where three tails
are obtained in a single toss after a given number of tosses, where all coins showed
head. We will refer tosses where all coins show tail as failed tosses. The second term
describes the situation where we get two tails in the same toss after a given number of
failed tosses. The third and fourth terms are where we get a single tail after a given
number of failed tosses. The coin showing tail is then kept and the two remaining
coins are tossed until we obtain another tail (third term) or two tails simultaneously

(fourth term). The geometric series in Eq. (D.15) can be solved to give

. 5-(1=3) 5
2= G B -3 o (D-16)

where the approximate expression is for p < 1. Note that the factor of % corresponds

to a simple picture where it on average takes %% attempts to get the first 'tail’ using
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3 coins and %i attempts to get the second using the remaining 2 coins. In a similar

manner, we find that

1 1
2y = ~— D.17
2 2p—p*  2p (D-17)
1 1
Ziy = ————— A~ — D.18
e 3p—3p*+p*  3p (D-18)
1 1
24 = ~— D.19
e dp — 6p* +4p* —p*  4dp (D-19)
—7+ p(15 + p(4p — 13 7

(p—2pB+(p—3)p)2+(@—2)p)  12p
13+ p(33+p(22 6> ~37) 13
2 T B -3+ -2p) " 12p (D21)

Here the approximate expressions are all for p < 1 and they correspond to the
expressions one would get using simple pictures similar to the one described above in
the discussion of Zy3.

After creating a number of entangled pairs in an elementary link of the repeater,
they may be combined to create a purified pair of higher fidelity. As previously
mentioned, we assume an entanglement pumping scheme since this requires less qubit
resources than a cascading scheme. Let P, (Fo, Fy) denote the success probability of
the purification operation, which depends on the fidelity of the two initial pairs (Fp)
and the fidelity of the CNOT gate used in the purification operation. Note that P,
also contains the success probability of the CNOT gate used in the purification for the
heralded gate. We estimate the average time 7,1, it takes to make one purified pair
from two initial pairs of fidelity Fj, using m qubits in parallel in the entanglement
generation step, as

Toair,2;m T Tpur

= === = D.22
Tpur,l P (Fo,Fo) ) ( )

pur

where 7, ~ Lo/c+ 7, is the time of the purification operation including the classical
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comunication time required to compare results. Here 7, is the time of the CNOT
operation and Lg/c is the communication time between the two repeater stations
sharing the entangled pairs. To further pump the entanglement of the purified pair,
a new entangled pair is subsequently created using m — 1 qubits operated in parallel.

The average time it takes to make j rounds of purification is thus estimated as

Tpur,j—l + Tpur + Tpair,llm—l
C— D.23
T P (Fj1, Fo) ’ ( )

With Tpuw0 = Tpair,25m — Tpair,1:m—1. Here F;_y is the fidelity of the purified pair after j —1
purifications. The total rate of a repeater, consisting both of purification and entan-
glement swapping, depends on the specific repeater achitecture. We will first consider
the case of both a parallel and sequential repeater operated with deterministic gates

and afterwards the same situations with probabilistic gates.

D.4.1 Deterministic gates

For a parallel repeater with n swap levels and deterministic gates, we first estimate
the average time it takes to generate 2" purified pairs, i.e. a purified pair in each
elementary link. We assume that each pair is purified j times such that the time to

generate one purified pair is

J—1

T ) — ZQ;m(PU)(LO/C + Tlocal) + Z 7_pur
P Pou(Fo, Fo) -+ Pou(Fjor, Fo) - = B (Fi, Fo) - -+ B (Fj-1, Fo)
7j—1
Z1.m-1(Fo)(Lo/¢ + Tioear)
: D.24
" Z Pon(F Fo) - P (B, Fo)’ (b-24)

where we have solved the recurrence in Eq. (D.23). We now wish to estimate the

total time, 7y, o» it takes to make purification in every elementary link, i.e. the time
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it takes to make 2" pairs. A lower limit of 7, on is simply 7, ; but this is a very
crude estimate if the purification have a limited success probability since the time
is not determined by the average time but by the average time for the last link to

succeed. We therefore make another estimate of the average time by treating 7,,,, ; as

consisting of 27 independent binomial events with probabilities

P,.(Fo, Fo) - -+ P (Fj_1, Fo)

P D.25
! ZQ;m(-PO) ( )
PQ(Z) = Ppur(E? FO) s Ppur(Fj_l7 FO) (D26)
. P F’“F "'PurF',,F
Zl;m—l( 0)

We then estimate the average time, 7j;,1.9n it takes to make 2" purified pairs as

j—1
Tink,27 = Z2n;2n(P1)(L0/C + Tlocal) + Z Z2n,2"(P2(Z))Tpur
i=0

7j—1
+ > Zon o (PO) (Lo /€ + Tie)- (D.28)
=1

Eq. (D.28) is a better estimate for the average time than 7,,,; in the limit of small
success probabilities since it takes into account that we need success in all links. This
is contained in the factors Zsn.on. However, it overestimates the average distribution
time when the purification has a large success probability. How much it overestimates
depends on n and j. Comparing 7, ; to Eq. (D.28) we find numerically that for n <5
and j < 2 there is a factor < 2 between the two estimates, in the limit of large success
probability for the purification operation. As discussed in Sec. 5.4 we never consider
more than 5 swap levels in our optimization and since we have a limited number of

qubits pr. repeater station, we will never have to consider more than 2 rounds of

purification. We can therefore use the estimate for 7,2 given in Eq. (D.28).
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To get the average time it takes to distribute one entangled pair over the total
distance, Ly, of the repeater, we need to add the time of the entanglement swapping,

Tawapmd tO Tink2n. We estimate 7., , as
Towapn = (2" — 1) Lo/c + nT., (D.29)

where the first term is the time of the classical communication and 7, is the time of
the CNOT operation involved in the swap procedure. The average distribution rate,
of a parallel repeater with deterministic gates, is thus 7 = 1/(Tym2n + /Towapin)-

For a repeater using sequential entanglement creation with deterministic gates,

we estimate the time it takes to generate purified pairs in all 2" pairs as

(s)
7—link,Qn - (ﬂi“kazn_l)

m—2m—1- (D30>

m—2m + (Tlink,Qn—l)

Here we have indicated that the number of qubits, which can be operated in parallel
is 2m for the first 27! pairs and 2m — 1 for the next 2"~! pair compared to the
parallel repeater, where only m qubits can be used in all 2" pairs. Note, that we
have assumed that first entanglement is established in half of the links and only when
this is completed, entanglement is created in the remaining half of the links. This is
clearly not the fastest way of operating the repeater but it gives an upper limit of
the average distribution time and hence a lower limit on the rate. The entanglement
swapping of the sequential repeater is exactly the same as for the parallel repeater
and the average total rate, of the sequential repeater with deterministic gates, is thus

r= 1/(7—15:1)(,2” + tswap,n)~
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D.4.2 Probabilistic gates

To estimate the total, average distribution time of a repeater using parallel en-
tanglement creation with n swap levels and probabilistic gates, we will again treat
Tour,; @S consisting of 27 independent binomial events, as we did for the deterministic

gates. The time it takes to make a single swap can be estimated as

Zo9(P1)(Lo/C + Tiew)  Lo/c Te

7—swap,1 = -Pswap + -Pswap + Pswap
j—1 i J ‘
i ZQ 2 ) pur + Z ZQ§2(P3( ))(LO/C + Tlocal) (D31)
i—0 >de i=1 Pswap

where P,,., is the probability of the swap operation, i.e. the probability of the CNOT
gate. Eq. (D.31) can be iterated such that the average time it takes to make n swap

levels is estimated as

é’n;l(-Pswap7 Pl)(‘LO/C + 7—local) a ‘2n;i(Pswap7 P@wap)(QlilLO/C + Tc)

Tswap n = Rwap + - Rwap
-1 3 (z) -1 5 (4)
ZTL;1<Pswap7 P pur Zn 1 5de7 p3 )(LO/C + 7_locaul)
+ ' P + P , (D.32)
=0 =1
where
> Pswap
Zn;i(Pswap7 P) - 22;2 jag Y (D33>
n—l;i(Pswap7 P)
Z’;i;i(Pswapv P) = 22;2(P) (D34>
2i;i<Pswap7 Pswap) = 1 (D35)

Here P is either P, P or P( In the limit of Fp, P,,., < 1 and assuming no initial

purification, Eq. (D.32) reduces to the well-known fomula [192, 191]

_ (3/2)71 (LO/C + Tlocal)

o = : D.36
Tswap, POPn ( )
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since Zoo(P < 1) = 3/(2P) and the time of local operations in the swaps can be
neglected in this limit. However, for higher success probabilities, Eq. (D.32) more
accurately estimates the average distribution time. The average rate of a parallel
repeater with probabilistic gates and n swap levels is then r = 1/7,,.,,. From a nu-

merical study, we again find that for P,,,, ~ 1 and Py < 1, Eq. (D.32) underestimates

swap
the average distribution rate with a factor that increases with the number of swap
levels, n. However, for n <5 and j < 2, we find that this factor is < 2.

The operation of a sequential repeater with probabilistic gates is not straightfor-
ward since it is unclear how the sequential generation of entanglement should take
place after a failed swap operation. We therefore choose to assume that initially,
entanglement is generated in all 2" links sequentially. When this is completed the
first round of entanglement swapping is performed. If a swap fails, entanglement is
restored in a parallel manner in this section, i.e. the sequential operation is only

employed in the initial generation of entanglement. Thus if i’th swaps fail in the first

swap level an extra waiting time of

-Pswap
Z’i;’i (—) (LO/C + Tlocal) + Zi;’i(Pswap>(LO/C + Tc)

Z59(P))
+ ZZ,Z swap Tpm—i— Zl,z __swab (LU/C_'_Tlocal) (D37>
s Z52(Py Z50(P) P Zy(P)

is needed to restore entanglement in the 2i’th links in a parallel manner and swap
them successfully. Eq. (D.37) is very similar to Eq. (D.31), which estimates the time
needed for a single swap at the first swap level. Nonetheless, the functions Z;;, which
appears in Eq. (D.37) takes into account that we need i successful swaps instead of
only a single swap. Furthermore, we assume that the swap operations of a swap level

is only initiated when all swap operations in the preceeding level have been successful.
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The average time, it takes for all swap operations in the first level to succeed, is then

estimated as
on-— 1

7_(5) _ p2 b i(l _p )z

swap, 1 swap swap

P
Z’L’L & L C+Toca
— ’ (32;2(P1))( 0/€F T

j—1
+Z;.i(Pavap) (Lo/c + 7.) + Z Zi.i (
k=0

Pswap
Tpur
Zya (P

7j—1
+ Z — (LO/C + Tlocal) + (LO/C + 70)57;,0
(Zz 2Py ))>

k=1

. (D.38)

where ¢, is the Kronecker delta symbol and Zy, = 0. It is seen that in the limit
P... = 1, Eq. (D.38) correctly reduces to Tg(wzp 1 = Lo/c+ 7., which simply is the time
of the classical communication of the results of the bell measurements and the time

of the local operations. Eq. (D.38) can be generalized such that the time it takes to

perform the I’th swap level is

on— l
O p2! 1= Pouy) | B | = Py (Lo/¢ + Tioear)
swap l ; swap P 5 l;l (Pswap’ Pl) 1 1
l P
+3 2, e (2" Lo /e +7.)
k=1 (Pswap7 swap)
7j—1
P.
+ Z’L 3 ~ — Tpur
kZ:O <Zl§1(waap?P2(k)))
7—1
P,
+ Z’L,Z ~ —E (LO/C + 7-local)
= (Zm (Prvays P5") )
+(2l71L0/C + Tc>§i,()] y <D39>

which can be compared to Eq. (D.32) which estimates the time to make a successful
swap at the n’th level (let n — [ for comparison). Once again the functions Z;; takes
into account that we need 7'th successful swaps instead of just a single successful

swap. The total rate of a sequential repeater with probabilistic gates and n swap
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levels can then be estimated as r = 1/(7’15;‘:3{72” +70 4y Ts(vfgpm)-

swap, 1
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Appendices for Chapter 6

E.1 Figure of merit: Allan-variance

Provided N qubits, we aim to devise an efficient interrogation scheme that provides
input for the feedback mechanism, using Ramsey spectroscopy. After the kth Ramsey
cycle, of length T', an estimate ®§(¢x) is obtained for the accumulated phase of the
LO, ®ro(ty) = [i* ;dtdw(t), (tx = kT, k = 1,2..., and 6w(t) = w(t) — wp), which
differs from the real value by A®ro(t;) = P& (1) — P¥8l(#;). Using the obtained
estimate, the feedback mechanism corrects the phase or frequency of the LO after
every cycle, and thus creates a LO signal with better stability. The figure of merit
for stability is the Allan-variance, o} (1) = wlg (0% (to)),, Where d@(to) denotes the
time-average of dw(to +t) over t € [0, 7], where 7 is the available averaging time, ( ),

stands for time-average over ty, which is much longer than 7, wq is the frequency of

the chosen clock transition. Consequently, one readily shows that the Allan variance
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can be written as,

/T 7)T

Z > (Adiofty +iT)ABLo(t + jT)> . (E.1)

i=1 j=1

1

2
[
( ) 2

By assuming that A®rg is a stationary random process, we substitute the average
over to with the average over many realizations. With the notation A®yq(ty+ j71) =

A®rp j, we can write this average as
<Aq)LO,iA(I)LO,j> =~ <A(I)io> 5ija (EQ)

where we further used a white noise assumption, such that phase accumulations in
consecutive Ramsey cycle are approximately uncorrelated. Also for realistic 1/ f laser
noise spectra, numerical studies show that this factorization assumption leads to only
negligible corrections. Earlier results show that this is the case for initial LO frequency
noise spectra, S,(f) that are less divergent than 1/f% at low frequencies [7]. As a

result, the Allan-variance simplifies to,

1

2 _
o,(7) = wOTT

(ADF), (E.3)

linking the achieving stability directly to the frequency measurement uncertainty
during the interrogation. Eq. E.3 serves as our starting point in finding the optimal
measurement protocol that minimizes 05(7’) for fixed N and 7. In the following,
we investigate and compare different classical and quantum mechanical strategies
for the interrogation of the (from cycle to cycle fluctuating) quantity ®1o, and we
demonstrate that the proposed interrogation protocol using cascaded GHZ states is

optimal up to a logarithmic correction.
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E.2 Single-step Uncorrelated ensemble

First, we consider the case of naive interrogation using a Ramsey protocol with

N uncorrelated atoms.

E.2.1 Sub-ensembles and projection noise

Single ensemble Ramsey spectroscopy is limited to estimating either the real or
the imaginary part of e/*ro. However, by dividing the available qubits into two sub-

ensembles, X and Y, preparing their individual qubits in different states,

X [0y +|1)]/V2, (E.4)
Y oo [0y +i|1)]/V2, (E.5)

and performing the same Ramsey measurement on them, we can get estimates on
both the real and imaginary parts of e/®© and deduce the value of ®1o up to 27
shifts, instead of m. At the end of the free evolution time, each qubit in ensemble X
(Y) is measured in the z-basis (|&) = [|0) £]1)]/v/2) and yields the "+’ outcome with
probability p, = [1 — cos 10]/2 (p, = [1 — sin Pro]/2).

After performing the measurement with N total qubits, we obtain ®$% from the

estimates of p, and p,. Since both provide information on ®§ equivalent of N/2

measurement bits, this results in a total information of N measurement bits, which

gives an uncertainty of

1
<A(I)I2_40>pr = N? (E6>

up to 27 phase shifts, that are fundamentally undetectable. This method is identical

to the one described in [183].
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E.2.2 Effects of laser fluctuations: Phase slip errors

Random fluctuations in the laser frequency (characterized by the laser spectrum
noise spectrum S, (f) = 2yp0/f) result in the fact that the laser phase itself has to
be considered as a random variable after each cycle. Whenever in a given cycle the
phase ®10(t;) falls outside the interval [—m, 7], the aforementioned technique leads
to an estimate deviating from the true value by ~ 27. As the variance s? of the
prior distribution of ®1o grows with the interrogation time 7' (one finds s? = ypoT
(s = (y0T)?) for a white (1/f) noise frequency spectrum, where 71,0 denotes the
laser linewidth of the free-running (non-stabilized) LO) these undetected phase slips
pose a fundamental limitation on the allowed Ramsey time T, and thus on the overall
achievable laser stability.

If we assume a constant rate of phase diffusion, resulting in a Gaussian prior
distribution of ®r o, the probability of a phase slip single cycle of length T" can be

estimated as

o0

L -

Pslip = Q/dq)iegl /_ |: 282

™

_ 1_erf<\/7is> (%+O(32)> exp [—2”—;] (E.8)

where erf denotes the error function. As a phase slip in an early Ramsey cycle will
remain undetected in the following cycles, its error contribution will accumulate over
the total averaging time 7, in the worst case by a factor 7/7". Using this upper bound,

and assuming Pqip, < 1 we write the variance contribution of phase slips as

T T V2 2
<A<I> o> slip (27T)2T7Dslip 2T o /vyLoT exp { 1 (E.9)

20T
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where the (27)? prefactor sets the absolute contribution of a manifested slip event
to £27, and in the second step we approximated Py, with the first term of its

asymptotic series from Eq. E.S8.

E.2.3 Optimal Ramsey time

While (E.3) suggests increasing Ramsey times improve the laser stability, we have
seen in the previous section that they also lead to an increased occurrence of phase
slips yielding a significant contribution to the measurement uncertainty.

In order to find the optimal Ramsey time we add the contributions from quantum
projection noise [Eq. E.6] and phase slip noise [Eq. E.9] under the assumption that

the probability of phase slips is small, and obtain an expression for the Allan-variance,

1
2 _
o,(7) = ngF, (E.10)
where
1 \/—7'711{)2 m
= — 32 — ) E.11
TN TV e &P { 27L0T} (E-11)

In order to find the optimal Ramsey time Tgp, that minimizes I', we introduce the
new variable x = %'YLOT , and write

EPYLO 16 TﬁYI%O —1/z

b= w2 Nx w52 x3/2 (E-12)
Taking the derivative with respect to x results in
d . 2 ’VLO 16 2 3 1 1 —1/1’
%F = _;N:L‘z + WT’YLO —§m + W € s (E13)

which, after using the (self-consistent) assumption ., < 1, results in the following

transcendental equation for z,p,

222 = ((8/v/m)morN)e Ve, (E.14)
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In Section E.4, we provide the derivation of the asymptotic solution,

Topt = [log((8/vm) 1o N)| ™ = [log(1LomN)] ™, (E.15)

yielding directly
2
Tope = vﬂé%[log(vLoTN)}’l. (E.16)
Self-consistently we confirm that already for values 07N > 10%, the approximation
in Eq. E.9 is well justified, so that the above value represents a true local minimum.
For larger values of T" the phase slip errors grow rapidly, and numerical studies confirm
that Eq. E.16 indeed represents a global minimum.

The optimal interrogation time is mainly set by the LO coherence time VL_CI), and
shows a weak dependence on the total number of qubits N, and the averaging time
7 (Note, that if we model the LO with a 1/f frequency noise spectrum, only the
exponent of the log term changes to —1/2 in this result). Using this optimized

Ramsey time we find for the minimal value of I' is

2 7o 16 780
Coin = — [@opt E.17

2 N2opt 5/2 3331/,% € ( )
2v0 (1

= —— 1 E.18
2 N (:Eopt + ) ( )
2 1 N

~ 2o og(1LoT ) (E.19)

2 N
This result is valid as long as the averaging time 7 is longer than the proposed
Tope from Eq. E.16. If this is not the case, then Ti,,; = 7, the phase slip noise becomes

negligible, and we end up with

lhin = —. E.20
- (E.20)
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We approximate the crossover region (around 7 ~ VL_cl)) by adding leading terms

from Eq. E.19 & (E.20) and obtain

e ¥ [+ o los(uor) (E.21)

In summary, in the region 7 < T, the LO noise is negligible leading to a linear
scaling of the ADEV with the total averaging time 7. For large averaging times
T > Topt, phase slips of the laser phase pose a limitation to the maximal possible
Ramsey time which results in a 1//7 scaling of the laser stability. Since we employ
uncorrelated atoms, the ADEV displays in both regimes the 1/ VN scaling of the
standard quantum limit (SQL). As modern atomic clocks typically are laser noise
limited, Y0 > 7ina (Where ~inq represents the clock atom linewidth), we neglected

the effects of individual atomic dephasing in the above considerations.

E.3 Cascaded interrogation using GHZ states

In this Section, we discuss the possibility of using quantum correlated states,

namely GHZ states of the form
[10) +e™[1)]/v2, (E.22)

where |0) and |1) are product states of all qubits being in |0) or |1), respectively, and
x will be referred to as the phase of the GHZ state. Such a state, once prepared,
is more sensitive to the accumulated phase of the LO, ®1o, by a factor of N’, the

number of qubits entangled:

(HU> 10) + ™ [1)] /V2 = [|0) + !X TN Po)|1)] /y/2, (E.23)
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where U; = |0)(0] + ¢’*10|1)(1| is the time propagation operator for the interrogation
time acting on the jth qubit. This property promises an enhancement in phase

resolution, and therefore a better stability for quantum clocks.

E.3.1 Parity measurement

Using the idea with the two sub-ensembles [see Eq. E.4 and (E.5)], we imagine

dividing the qubits into two equal groups, and preparing two separate GHZ states:
X) = [0) +[1)]/V2, (E.24)
V) = (o) +i1)]/V2, (E.25)

each entangling N’ qubits. After the free evolution time, we imagine measuring each

qubits in the a-basis (|&) = [|0) F |1)]/v/2) separately. In this basis, the above states

are written as

(—H)\;ﬁ'_))@w/ L it (—H);i'_))w] V2, (E.26)

where ¢, = x, + N'®10, for v € {z,y} and x, = 0, while x, = 7/2 for the two

groups, respectively. The above state can be written as

1 N .
Y [(H%%em

ae{+-pV LAi=1

’(Jl>q2>--'QN’>- (E27)

Once the qubits are measured one by one, the probability to measure a certain out-

come q = (q1, G2, ---qn'), (g5 € {+,—1}) is

1 ,
P(a) = W'l +p(q)e?, (E.28)
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where p(q) = Hj\il q; is the parity of the sum of all measurement bits. This parity is

the observable that is sensitive to the accumulated phase, since its distribution is

Plp = 1) = -~ <%) Cgs<¢”>- (E.29)

This is identical to the parity measurement scheme described in [24]. By interro-
gating ng/2 instances of | X) and |Y'), respectively, we can measure the phase of the
GHZ state, N'®1, with uncertainty 1/,/ng, since each instance provides a single
measurement, bit, which can be combined the same way as we described in the case

of uncorrelated ensembles. The resulting measurement uncertainty, A®;,o, is

1 o

2 e —
<A¢Lo>pr - (N,)2n0 N27 (E?)O)

which is a factor of N/ngy smaller than the variance contribution of projection noise

for the uncorrelated ensemble protocol, (N = noN").

E.3.2 Failure of the maximally entangled GHZ

Motivated by the increased phase resolution provided by the interrogation of GHZ
states, we evaluate the stability of such a protocol. We find that it fails to provide
improvement compared to the single-step uncorrelated protocol due to an increased
phase slip rate. This is in agreement with earlier results [237, 184].

The probability, that the phase accumulated by | X) (|Y)) during the interrogation

time T, N'®1 ¢ lies outside the interval [—m, 7], is
(e.)
Paip =2 [ AP

w/N'

- exp | — , .
V21T P 20T
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which, due to the much lower slipping threshold of 7 /N’ [instead of 7 in the uncorre-
lated case, compare Eq. E.7] will become significant for much shorter 7" cycle times.

The resulting variance contribution (following the same argument as before) is

2

2 ST T
<A(I)Lo>slip = 3277'? ”}/LOTN/ exp {—W} . (E32)

Neglecting the individual qubit noise by the same argument as before, we simply add
the contributions from Eq. E.30 and Eq. E.32 to obtain the Allan-variance, 05(7‘) =

—T, where
UJOT

1 \/—T’yig 72
I'= 32 N’ —_— . E.33
NNT VO e P { 27LOT(N’)2} (E-33)
After optimizing T', we find
2 1 1

Tont =~ — , E.34
"~ 2 30V g N (VY] .

which results in the minimal Allan-variance,

1 v2 N'1 N(N")3

0y (Pl ~ - Y2 [ 20N 108lLOT NV (.35)

wy T TN
which is at least a factor of v/ N’ bigger than the smallest obtainable Allan-variance
with the single-step uncorrelated protocol [Eq. E.19]. In case of a 1/f LO frequency
noise spectrum, 7gp o % (up to logarithmic terms), and the resulting Allan-variance
is equal to Eq. E.19, up to logarithmic corrections, yielding effectively no advantage

over the uncorrelated scheme.

E.3.3 Cascaded GHZ scheme

As demonstrated in the previous Section, single GHZ states fail to improve clock

stability because the increase in sensitivity to the laser detuning, at the same time,
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leads to a drastic increase of phase slip errors originating from laser frequency fluc-
tuations. These fluctuations, however, affect all clock qubits in identical manner,
and therefore represents a collective noise. As such (and unlike, e.g., the individual
dephasing of the clock qubits), they do not represent a fundamental limitation for
the phase estimation. In the following, we show that this problem can be efficiently
addressed using a cascade of GHZ states of varying sizes (and classical states with
varying interrogation times) in an incoherent version of the phase estimation algo-
rithm [159]. To this end, we reformulate the problem of estimating ®1o in a more
suitable language.

The laser phase after a given Ramsey cycle can be expressed in a base-D numeral

system as

(Pro +m) /27 = i Z;] D7, (E.36)
with base-D digits Z; € {0,1,...,D — 1}. ;J:e;o;s for the moment assume that the
laser phase @1 € [~, 7], such that (Pro +7)/2m = >, Z;/ D! =0.2: 2275 . . .

Provided with N qubits, we imagine dividing them into M different groups, the
jth group (j =0, 1,... M —1) contains ng instances of GHZ states with D7 number of

entangled qubits. One readily shows that a GHZ state consisting of D™~! particles

picks up the phase
®p1 = DM 1®5 mod [—7, 7 (E.37)
=21(0.ZZ 1 Zppso - .) — T, (E.38)
which depend only on digits Z,; and higher of the laser phase to be measured. This

insensitivity of the GHZ state with regard to the lower digits Z; to Z);_; restates

the problems of phase slips. Only if the latter are known, a measurement of the
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phase of the GHZ state ®,,_; yields useful information to determine ®;. In other
words, the natural number 717, ... Zy,_1 represents the number of phase slips of the
largest group of GHZ states (j = M — 1). These lower digits can be determined one
by one from the accumulated phases ®; = D’®1o mod [—, 7| of the smaller GHZ

ensembles 7 = 0,..., M — 2 by using the relation
[D(®j—1 +7) = (P; +m)]/(27) = (Z;-Zj11Zj42 .. .) = (0.Zj41 2512 .. ) = Z;. (E.39)

Combining all measurement results we find that the best estimate for @1 is given

by
M-1
Of =2r Y 75/ DI+ o /DM, (E.40)
j=1

the precision of which is mostly determined by the uncertainty of the phase of the last
group (j = M — 1), which contains the GHZ states with the most entangled qubits.

Since there are ngy independent instances of these GHZ states, their phase is known

1 ., éDM~1
no N

D

57, and therefore we

up to the uncertainty, <ACI>?V[_1>pr = , where 6 =

find

(A3, ) . npd?
<Aq)%o>pr - DQ(Mfl)p - ](\)fQ ’

(E.41)

This would be the total uncertainty if we could tell with certainty that all phase slips
of the lower levels had been detected correctly. However, the occurrence of an error in
the estimation of any Z; (in the following referred to as rounding error) has non-zero

probability.

E.3.4 Rounding errors: finding the optimal n

If ®; is determined with poor precision, the estimate of Z;,, will have a significant

uncertainty, causing the final estimate of @y to be uncertain as well. Whenever
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|<I>§St — (P;eal| > /D, we make a mistake by under- or overestimating the digit Z;;.
To minimize the effect of this error, we need to optimize how the qubits are distributed
on various levels of the cascade. In other words, for a given total particle number N
and basis D we need to find the optimal value of ng, the number of copies of GHZ
states in each step 1.

The probability that a rounding error occurs during the estimation of Z; is

P = 2 / do p(¢ — ™) < 2 / dény'? exp [—%}

w/D w/D
2 1/2 n07T2
~ —ny D - E.42
7rn0 exp [ 502 | ( )
where ¢ = @5, — @;eﬂ, and p is the conditional distribution of ®$*, for given

<I>§e_ai The employed upper bound is obtained in section E.5, with the assumption
YLO/Yind => N/ng (7ina is the individual qubit dephasing rate), so that the projection
noise is the dominant noise term. Due to the fixed value of ngy accross different levels
of the cascade, this probability is independent of j, however the phase shift imposed
on 1o by a manifested rounding error of Z; is 2rD~7 (j = 1,... M —1), as rounding
errors early in the cascade are more harmful than later ones. This results in the total
variance contribution,
2

—1
_j IN M3 nom 1
<Aq)io>re = Pre (27TD -7)2 ~ 87T FD 2 eXp {—W} m (E43)

7j=1
By adding the two error contributions from Eq. F.11 and Eq. F.17, we obtain

the total uncertainty, (A®?,) and the corresponding Allan-variance [according to

'In principle, the clock stability can further be improved by employing different numbers of copies
in each step of the Cascade. However, this possibility will not be pursuit in this work.
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Eq. E.3]
1 ) 8t |N w3 nom? 1
2 _ or - _
W = G\ Ntoi TV eXp{ 2D% | D7 — 1
1
= — [ +T E.44
e I ( )

We find the optimal value of ny by minimizing this quantity. Introducing the new

variable 2 = 225 and using ng ~ N/(6D 1) we write

Py X
2 §2D? V128D? 1 p[ 1]
X

bl =N "1 = o2 ™ |2

(E.45)

Taking the derivative with respect to z and equating it with 0, while using the (self-
consistent) assumption .y < 1, results in the condition I'y &~ 2, [1 < I'; and the

transcendental equation

1/2 vV 327T2N2 1 E.A
N ———— — 46
Topt 62(D? — 1) P Topt ( )

for z,p. The asymptotic solution in the case of . < 1 is provided by section E.4:

Topt R [log <%)] ~ [log (N)] ", (E.47)

yielding directly the optimal number of instances of GHZ states per level
opt 2 2 2
ng ~ FD log (N?). (E.48)

This choice guarantees rounding errors yield a negligible contribution to the total

measurement uncertainty, and we find for the corresponding value of I'y + I'y

ngP's? 2 62D
N?T 72 N°T

[Fl + FQ]min = Fl (xopt) = log (NQ) s (E49)

where the factor 6 = D/(D —1) € (1,2]. Obviously, the use of a binary basis (D = 2)
is optimal, and the effect of rounding errors lead to a logarithmic correction to the

Heisenberg limit.
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E.3.5 Phase slip errors: limitations to the Ramsey time T
from laser noise

Although the cascade is designed to detect phase slips at levels j =1,2... M —1,
when we relax the condition @15 € [—m, 7], and allow ®1o € (—00, +00), the possible
phase slips of level j = 0 (Zp) remains undetected. Once this happens, it introduces

a 271 phase shift in 1, and therefore contributes to its overall uncertainty with

T T w2
2 _ 2 _ LO
<A¢Lo>slip = (2m) Tpslip = V32m Tij2 €XP [— 27LOT] : (E.50)
where we assumed 71,07 < 1. This adds an extra noise term T'y := (A®7) . /T to
the already optimized [I'; + ['y]in expression, yielding
2 0% 16, 1 1
(I + Dofmin + I's = g N2y + 7T5/27'7Loy3/2 exp _5 ) (E.51)

where y = %WLOT . After taking the derivative with respect to y and equating it
with zero, the assumption y,p < 1 results in the condition I's & yopt[I'1 4+ I'o)min <

[T’y + I's)min and the following transcendental equation,

32 8yoTN? { 1 }
e N —————exp |— , E.52
Yop gt P | T (E.52)

for yopt. The asymptotic solution is given again by section E.4:
8’)/LO7-]\[2 - n1—1
Yopt = log W ~ [log (’YL()TN )} (E,53)
0

2 27 N2)]-1

Ty = Yo T g0 (B.54)

2 Mo 2 Yo
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in the realistic limit of y;,07/N? > 1. The corresponding minimal value of I'; + 'y + 13

is

ngpt62
[[F1+F2]min + Fg] R Iy (Topts Yopt) = N, (E.55)
462 D*log(yr.o7N?) log(N?)
~ o - . (E.56)

Since I's grows exponentially with 7', interrogation times exceeding Ty, drastically
reduce the resulting laser stability. For averaging times 7 > Tgp this limit on the
maximal interrogation time imposed by phase slip errors, leads to sub-optimal values
of the ADEV o, (7) o 1/4/7 according to Eq. E.10 & (E.56). However, this limitation
can be overcome as we demonstrate in the following section.

If the averaging time 7 is shorter than the interrogation time suggested by Eq. F.31,

I's is negligible compared to I'y, and the corresponding effective linewidth is

opt ¢2 212
ng 0 2 6°D

and the real optimum is at 7' = 7. The resulting 77! scaling indicates that this is the

noise-free measurement regime, and results in a Heisenberg-limited ADEV (up to the

. . . .. t
logarithmic correction arising from ng").

E.3.6 Extending the Ramsey time beyond the laser noise
limit
As we have seen in the previous Section, for long 7 > Ty, the cascaded GHZ

scheme is limited by the LO linewidth 7y yielding a sub-optimal laser stability

[Eq. E.56]. In the following we demonstrate a method to efficiently circumvent this
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problem, by employing additional classical interrogations with varying (effective) in-
terrogation times [183, 27]. This allows us to directly assess the digits Zy, Z_1,Z 5. ..,
thus effectively countering the problem of phase slips on this level. As such it repre-
sents a direct extension of the cascaded GHZ states scheme in the classical domain.

We assume we have additional M* groups of nj, particles at our disposal. Using dy-
namical decoupling techniques [225], we realize that each ensemble (j = —1,—2..., —M™*)
during the interrogation picks up a phase ®; = D’® 5 mod [—7, 7] (alternatively,
this can be achieved by choosing varying interrogation times for each ensemble ac-
cording to T; = DJT, for j < 0 [183]). This implies that these ensembles evolve
successively slower for decreasing j, and thus, in the spirit of Section E.3.3, directly
assess the digits left from the point in the D-numeral representation of ®1o [compare
Eq. E.36] according to Eq. E.39, where we now allow negative values of j.

If all digits are correctly estimated, this accounts for all phase slips up to the last

*

ensemble j = —M*. One readily shows in an analogous calculation to the one in
Section E.3.5 that for such a procedure with M* classical stages the optimal Ram-
sey time (i.e., the optimized interrogation time of the GHZ states) is exponentially
prolonged

TN = pMUT, L (E.58)

opt

Note, that here we assumed that the total number of particles employed in the classical
part of the scheme is negligible with regard to the total number of particles, N* =
M*ny < N. This is a well justified assumption, as in order to prolong the optimal
Ramsey time by a factor of k from the original optimum 75, we need a logarithmic

number of groups only, M* ~ log,(k), as implied by Eq. E.58. Furthermore, following
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the argumentation outlined in Section E.3.4, we find that only
D?log (kN?), (E.59)

particles per level are sufficient to ensure that the rounding errors induced by the
classical part of the cascade (j < 0) are negligible.

As seen in the previous Section, when the optimal Ramsey time exceeds the averag-
ing time, Téﬁf ) > 7 the effective linewidth is given by Eq. E.57 (assuming N* < N),
as we can neglect the phase slips contribution to the measurement uncertainty (I'3).
Extending the Ramsey time to its then optimal (i.e., maximal) value 7' ~ 7 we find
the ADEV [compare Eq. E.10]

1 0y/n” /2 D§
wg NT NﬁwoNT

log (N?). (E.60)

[Uy(T)]min ~

This result illustrates that the presented clock protocol achieves Heisenberg-limited
clock stability up to a logarithmic correction arising from the number of atoms nec-
essary to compensate for rounding and phase slip errors. The number of particles
needed for the extension of the Ramsey time beyond the laser noise limit 7T, ~ 7501
is given as N* ~ % D?log (kN?)logp (k) and thus negligible compared to the total
particle number N. For the optimal choice of basis D = 2 the constant factor reduces
to D6 = 4.

The above procedure of interrogation with varying Ramsey times (for the groups
J < 0) can be understood as a classical pre-narrowing of the laser linewidth [183] to
a value that eliminates the threat of phase slips, before application of the quantum

protocol.
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E.3.7 Individual qubit noise and final result

Up to this point we have neglected individual particle dephasing. However, as we
increase the Ramsey time beyond the laser noise limit 7" > 755 we need to consider
their effect.

In general, the clock atoms are subject to individual decoherence processes char-
acterized by the atomic linewidth 7,4 (< yL0). For the group with the largest GHZ
states in our scheme this leads to an uncertainty contribution of (A®3,_ ) dephasing —

DM=1~. 4T /ng which results in the measurement uncertainty
’YindT ~ 5’YindT

O>dephasing - nODM_l ~ N (E61>

(a0}

which represents a fundamental noise floor in the form of the effective linewidth
contribution 'y = (ADF ) 4o onasing /T
By adding Eq. E.57 and I'y, we obtain an approximation of the total ADEV under

single particle noise,

) 1 1/2
[Uy(T)]min ~ wom |:TDM1 +/7ind:| 5 (E62)

where we used ng = N/dD*~!. This equation suggests that the quantum gain in the
estimation becomes lost if T' ~ (71, DM ~1)~1. This is a well known result [110], and
in fact represents a fundamental limitation of the maximal Ramsey time allowed in
the presence of single particle noise [82]. We approximate the crossover between the
regimes 7 < (Yina DM ) (7 > (ya DM 1)), where Eq. E.62 is dominated by the
first (second term) by taking T = 7, and rewrite DM =1 in terms of the total particle

number N to arrive at the final equation characterizing the stability of the cascaded
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GHZ scheme

1 1 262D? 1/2
=" 10g(N?) + Vina| - (E.63)

e TR PN

Again, for the choice of a binary basis D = 2 the constant factor is given as 0D = 4.
In summary, we find that the cascaded GHZ scheme enables an optimal, Heisenberg-
limited laser stability for short averaging times 7 up to a logarithmic correction. This
stability reaches the fundamental noise floor given by the single particle dephasing
for averaging times 75 &~ (yina D 1)1 Note, that in the limit N — oo this crossover
value goes to zero, and the clock stability is given by the best possible stability al-
lowed by quantum mechanics for all 7. In comparison, classical protocols reach this
fundamental limit in the best case [183] at the fixed time 7 ~ 7, ). For averaging
times larger than this value 7 > %;é the quantum protocol does not offer an ad-
vantage over an optimal classical protocol due to fundamental quantum metrological

bounds [82].

E.4 Analytic solution of 2" = Aexp[—1/x]

To carry out direct optimization of the Allan variance, we need to be able to solve

transcendental equations of the following form
1
" = Aexp [——} . (E.64)
x

In this Section we obtain an analytic formula for the solution of this equation over
the domain z € [0,00), in the limiting case of A > 1, where n is real. The sign of

n determines the number of solutions: In case of n > 0, there are three solutions:
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Tsp =0, v,1 < 1 and 2,5 > 1. In case of n < 0, there is always a single solution,
xs1 < 1. We are going to focus on the x,; =: x5 solution, and give upper and lower
bounds, such that z; <z, < x,, and x,/7; — 1 as A — .

The general method of Taylor-expanding the right side of Eq. E.64 around z = 0
fails due to the non-analytic property of e~'/* function at zero, and forces us to choose
an alternate route. Here, we use a recursion formula, and prove its stability around

xs. Rearranging Eq. E.64 and turning it into a recursion f yields

1
~ log A —nlogx,_;

Ty =: f(zx_1), (E.65)

The iteration of f is stable around the fixed point (f(zs) = z5), if and only if 1 >
|f(xs)| = xs|n|, which is true in the limit x4 < 1. Stability implies that the fix point

can be obtained as the limit

Ty = lim zp, = klim ¥ (z0), (E.66)
—00

k—o0

if the zy starting point is sufficiently close to z, where f*! denotes k iterations of f.
In case of n < 0, f'(z,) = nx, < 0 therefore [f¥(x0) — f=(x)] is an alternating
sequence and we can quickly obtain upper (x,) and lower (z;) bounds by applying

the recursion f twice on xzg = 1:

1 1
~ log A’ T ~ log A+ nloglog A’

T =1 =Ty (E.67)

In case of n > 0 and zg = 1, f¥(z,) is monotonically decreasing (since f'(z,) > 0),

and we can safely choose the upper bound z, = x5. To obtain a lower bound, we

introduce a new variable ¢ = —log z, and write Eq. E.65 as
n
& = loglog A+ log <1 + 10gA£k_1> (E.68)
n
< loglog A + logAgkfl =: 9(&-1), (E.69)
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where we used that log(1 + y) < y, Yy € RT and g is a new recursion. Since g
is a monotonically increasing function, the inequality holds for multiple iterations,
& < g*1(&), and eventually give the upper bound, —logz, = & < limy_,o g¥(&).

In the limit of A < 1, we can assume -~ < 1, and the sequence of iterations of

log
g becomes convergent. Due to its simple form, we can evaluate its limit in a closed

form, which results in the following upper bound for & and the corresponding lower

bound for z;.

1
loglog A 1 - a
£, < 8084 Ogn , — Ty > ( ) et (E.70)
1— Toe A log A

We can obtain an even better (and more conventional) lower bound by applying f

once more:

1\ eea| 1
log A ~ log A+ ﬁnlog log A

log A

For both signs of n, x;log A — 1, z,log A — 1, and x,/z; — 1 as A — oo, from

which we conclude that

lim (zslog A) = 1. (E.72)
A—o0

For large enough A, we can approximate z, with [log A7, and the relative error is

bounded by |n|%.

E.5 Upper bound on the tail of the distribution of

the estimated phase

The probability of rounding errors is given an upper bound in order to obtain a

more tractable form for optimization.
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E.5.1 Upper bound on the tail of the binomial distribution

Here we derive an upper bound for the binomial distribution

P(k) = <n>p’“(1 —-p)" (E.73)

Central limit theorem implies that for large enough n, P(k) can be approximated
with the normal distribution, A (np, np(1 — p)), however, one can be concerned with
the fact that this underestimates the tail of P(k). Here we give F'(k) as a strict upper

bound on P(k),
P(k) < F(k) = exp [—Q(n - 1) <§ —p) ] : (E.74)

To see that F(k) is indeed an upper bound of P(k) for all n,p and k, let us

examine the logarithm of the binomial distribution P(k = ny),

L(y) = log (:y) + nylogp + n(1 — y)log(1l — p), (E.75)
where 0 < y < 1. The properties, we are interested in, are

e L(y) <0 for all y, since P(k) < 1,

b a%L(y) = 0, and positive for y < p and negative for y > p, since L(y) = max
Yy=p
at y = p.
o LL(y) = Z(1) = —n*(¢i[l + n(l — y)] + ¢i[l + ny]), where ¢ (z) =
oy Y 0y2 \ny 1 Yy 1 Y| ), where ¥i(x

<L JogI'(z), the first polygamma function.

By analyzing the series expansion of 1;(1 + n) for large and small 1 arguments,

11

1 = - - -3 1 E.76

P1(1+n) 0o +0n™")  n> (E.76)
71-2 71.4

(1+n) = 5 2.404n + %nQ +O(n®) n<l, (E.77)
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one can show that g—;L(y) is always negative and has a global maximum at y = 1/2,

where it takes the value

62
— L(y) =—4(n—1)-0mn™"). (E.78)
Ay y=1/2

Therefore the constant function f”(y) = —4(n — 1) is an upper bound of L” = g—;L.

Now, let us integrate both L” and f” twice, and choose the integration constants, so

that L(y) < f(y). Since L'(y = p) =0,

Y

(y) < / 4 F(¢) = —4(n — 1)(y — p), (E.79)

p

which is chosen to be f'(y), and since L(p) < 0,

Y Y

Liy) < / a¢ I(C) < / 0 /(€)= —2(n — 1)(y — p)*, (E.80)

p p

which is chosen to be f(y). Consequently

P(ny) = exp[L(y)] < exp[f(y)] = F(ny). (E.81)

E.5.2 Upper bound on the distribution of the estimated phase

Here we give an upper bound on the distribution of the Ramsey phase ®, as
determined by estimating cos ® and sin ® from two sub-groups of GHZ states (X,Y),
each providing n/2 measurement (parity) bits. Qubits in group X are prepared in
[|0) + |1)]/v/2 =: |+), and measured in |+) with probability p, = [1 + cos ®]/2 after
time 7', while qubits in ensemble Y are prepared in [|0) 4 i|1)]/v/2, and measured in
|+) with probability p, = [1+sin ®|/2 after time 7". The number of |+) outcomes k,

and £, from groups X and Y, respectively are binomial random variables with the
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distribution

P(k,) = (nk/ 2)29’5”(1 —p)" P, (E.82)

where v € {x,y}. Using the upper bound from Eq. E.74, and noting that n/2 > 1 we

can give the following upper bound on the joint distribution of &, and k,,

2k, 2 2k 2
P(ks, ky) < exp [—g ( " —pz) - g <—y —py> ] : (E.83)

Let us introduce the polar coordinates r,¢: rcosy = % — %

and rsinp = 27 -5
and smear the distribution into a continuous density function p(r, ), and its upper

bound accordingly:

TL2

p(r, o) < 4 Texp [—g (r* — 2rcos(p — @) + 1)] . (E.84)

The marginal distribution of r is independent of ®*® which means that r does not
hold any information about ®*#. The upper bound on the marginal distribution of

© can be written as

n R B e
ple) < (Z + W) exp [—5 sin“(p — @™ (E.85)
~ n3?exp [—g(go — @rea1)2] ) (E.86)

where in the second line we assumed |¢ — ®™| < 1, and n > 1. This result is an
upper bound on the distribution of ¢, which we are going to use to give an upper

bound on the rounding error probability,

o0

Poe =2 / dip p(ip + ™). (E.87)
w/D

The rigorous upper bound on the tail of p is provided by Eq. E.86, as long as 7/D < 1,

and n > 1.

220



Appendix E: Appendices for Chapter 6

E.6 Threshold fidelity

In this section we estimate the fidelity of the pairwise entangling operations re-
quired to keep the benefit of quantum enhancement. (Following closely the analysis in
the supplementary of [121]) In the GHZ state generation step of every cycle, n copies
of the cascade are initialized. This requires N/n pairwise entangling operations per
copy. Among other unitary operations, this is likely to be the bottleneck. If one
entangling operation can be performed with fidelity F' = exp[—¢] (e < 1), then N/n
repetitions succeed with fidelity Fio = F™/™ = exp[—Ne/n].

Whenever a copy fails on level ¢ of the cascade, its measurement result ¢; becomes
completely random. This happens with probability (1 — Fiya1). In the meantime, with
probability Fiual, the result is consistent with ¢; = ¢real, Where ¢req is the actual value
of ¢;. Out of the n copies nFia contributes to a peak centered at ¢,eq, with width
of 1/ VFotan and weight Fioia, while the rest contributes to a uniform distribution

with weight (1 — Fioa): The expectation value of ¢; is still

<¢z> = Qbreal, (E88)
but the variance is
1 2
var(¢i) ~ ﬁ + ?(1 - Ftotal)' (E89)

The threshold fidelity Fiy, is defined by the criteria that if F' > Fiy,, then Var(¢;) ~
1/n. If this is satisfied, then losing the information from some of the copies does not

deteriorate the precision significantly.

3

m2n)

This requires 1 — Figia < while Fia = exp[—eN/n| from above. From these,
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we conclude that Fy, = exp[—ey], where

3 1
m™N N’

~

€th ~

(E.90)

In the case N = 50 qubits, we require Fi, ~ 0.99 fidelity level for the pairwise
entangling operations. A more feasible approach is entangling multiple qubits at
once with a collective gate, such as in [153], currently reaching 0.6 fidelity for up to
14 qubits. However, the resulting infidelities increase with the number of entangled

qubits making the creation of large entangled states still challenging.
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Appendices for Chapter 7

F.1 GHYZ cascade in a network of K clocks

Here, we discuss the details of using quantum correlated states constructed out of
N’ = Kn qubits, equally distributed among K clocks, namely the GHZ state of the
form

[100...0) +eX[11...1)]/V/2, (F.1)

where |qq...q) = |¢)®Y', ¢ € {0,1}. Entanglement has two effects here: First, it
makes the phase of such a GHZ state, y, sensitive to the accumulated phase of the
center-of-mass of all the K independent local oscillators, (each located at one of the
clocks) ®com = Z]K:l ®U) /K, where &) = fOTdt (w9 (t) — wp) is the accumulated
phase of the LO at clock j, during the interrogation time 7', here w()(t) is the

instantaneous frequency of the LO, while wy is the transition frequency of the clock
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qubit. Second, it increases the sensitivity, since the relative phase in the state

K N'/K
[T I 0 ) [l0) +e¥0)] V2= [jo) + O oeomp) [ Vo, (F2)
i
grows N’ times faster. Here Us; = [0)(0] + ¢®”|1)(1] is the time evolution operator
during the interrogation time, acting on the ith qubit at clock j, and |0) and |1) are

product states of all qubits being in |0) or |1), respectively.

F.1.1 Parity measurement

By setting the initial phase of the GHZ state, x, to 0 and /2 in two parallel
instances, we effectively measure the real and imaginary part of eN'®com and thus
get an estimate on the value of N'®con up to 27 phase shifts. The most cost-effective
way to do this is to measure all qubits in the local z-basis. In this basis, the state

from Eq. F.2 can be written as
1

where ¢ = x + N'®con, and |£) = 921 The above state can be expanded in a

72
sum:
1 N
o(N'+1)/2 > [(H%)Jrew 1,25 - - - qn7),s (F.4)
qe{+,—}xn’ j=1

where we labeled all qubits with k& € {1,2,... N'}, irrespective of which clock they

belong to. The probability of a certain outcome q = (q1, g2, ... gn7), (g5 € {+,—1}), is

1 4
P(q) = Wll +p(q)ef?, (F.5)

where p(q) = vazll ¢; is the parity of the sum of all measurement bits. Now, the clocks

send their measurement bits to the center node, which evaluates p. This parity is the
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global observable that is sensitive to the accumulated phase, since its distribution is

1 + cos(¢)

Plp==%)=—3

(F.6)

The above procedure is identical to the parity measurement scheme described in [24].

F.1.2 Cascaded GHZ scheme

Here we perform an analysis very similar to the analysis of the scheme in [116],
using local GHZ cascade.

Provided with N qubits distributed equally among K clocks, we imagine that
each clock separates its qubits into M + 1 different groups. The Oth group contains
n1/K uncorrelated qubits, and the ith group (i = 1,2... M) contains ny independent
instances of 2¢~! qubits that are entangled with the other groups of 2= qubits in
each clock. In other words, there are ng independent copies of GHZ states with a
total of 2" K qubits entangled on the ith level of the cascade (i > 1) (See Fig. F.1).

This way the total number of qubits can be written as
M
N=ni+ngy 27'K~no2"K (F.7)
i=1

where we assumed n; < N.
The purpose of this cascaded scheme is to directly assess the digits Y7 and {Z; :

j =2,3,...} in the binary fraction representation of the phase

2
d0 mod [—m, 7| = %

Y1+ Z Zm/zi] -, (F.8)
=1

where x mod [—7, 7] = (x+m) mod 2r —m, Y7 € {0,1,2... K —1} and Z; € {0, 1},

and o = Pcom. The 0th level of the cascade estimates &g = Z]K:1 (@9 mod [—m,7]) /K,
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level level level level
M 2 1 0
2" 2 1 n, /K
clock 1 O ® ®
n/K
clock 2 ‘ O 9
n,/K
clock K . \O /&Y_/
Ny 0
# of parallel
copies "o "o "o &
degree of :
entanglement 2K 2K K I
# of qubits | 2Y1Kn, 2Kn, Kn, n

Figure F.1: GHZ cascade protocol for K clocks. Each allocates qubits for different
levels of the protocol: In level 0, n; /K qubits are put into an uncorrelated ensemble.
In level i, (1 = 1,2... M), each clock allocates ny2"~! qubits for creating ny parallel
instances of GHZ states with 2°"1 K entangled qubits. Due to the exponential scaling
of the degree of entanglement, most of the total available qubits are used in higher
levels of the cascade. This is a necessary condition to achieve Heisenberg scaling, up
to logarithmic factors.
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and every ith level after that estimates ®; = K2 '®15 mod [—m, 7]. In other words,
every level of the cascade is sensitive to a different multiple of the LO phase ®10
(mod 27). After the separate measurements of the levels, each provide an estimate
to ®; which can be combined to obtain the best estimate for ®15. Here we describe
this using the digits Y} and Z; as intermediate quantities, which are calculated from

®; the following way,

Yi = [K(®g+7)— (P +7)]/(27), (F.9)

Zi = [2(By +7) — (@ + )] /(27), (F.10)

fori=2,3,... M.

The last group (i = M) contains GHZ states with the most entangled qubits.
These are the ones with the fastest evolving phase, and therefore they provide the
best resolution on ®r . Since there are ny independent instances, their phase ®,;, =
21 Y0y Zyyi/2" is known up to the uncertainty, (A®3,) . = n—lo,

Assuming that all lower digits {Y,Z;|j = 2... M} have been determined cor-

rectly, this results in the total measurement uncertainty for ®1,o:

<A®%\/l>pr o 4nO

<A¢)12—*O>pr = (2M_1K)2 - W? (Fl]_)

where, for the moment, we neglected individual qubit noise and assumed &1 €
[—7, m]. However, in general, the estimation of the lower digits will not be perfect.
In the following section we investigate the effect of these rounding errors on the final
measurement accuracy. From this analysis we find the optimal number of copies ng

and ny.
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F.1.3 Rounding errors

Whenever |98 — @y > 7/ K, or |PFF — &, > /2 (for i > 1), we make a mistake
by under- or overestimating the number of phase slips Y; or Z;,1, respectively. To
minimize the effect of this error, we need to optimize how the total of N qubits are
distributed among the various levels of the cascade. In other words we need to find
No,opt aNd 77 opt-

The probability that a rounding error occurs during the estimation of Z;,; is

Pire =2 /d¢ pi(lp+ ®;) <2 /d¢ % exp [_gb_z} (F.12)

2s;
/2 /2
where ¢ = &t — &, and p; is the conditional density function of ®¢* for a given real
es . K .
®;, and s7 = Var(®§'—®;) = 1/ng fori > 1, and 55 = (ADF) | = 75 >0, <(A<I>(J))2>pr =
1/n;, since <(A<I>(j))2>pr = nﬁl for all j. The upper bound for p; is obtained by us-
ing the following upper bound for any binomial distribution: (Z)pk(l —p)k <
exp [—n (% — p) 2]. (For details, see Appendix E.) The resulting probabilities, after

dropping the higher order terms in the asymptotic expansions, are

2K 1/2 nym
re ~ - ; F13
Po, — exp{ K2 ( )
4 1/2 7”607T2 )
Pire A —ng'"exp|——g (i > 1). (F.14)
a

These approximate formulas are valid for ng > 5, as we have checked numerically.
The phase shift imposed on the estimate of & by a manifested rounding error

of Y1 is 2r/K and of Z; is 2r/(K2"™1), for i = 2,3... M. This results in the total

variance contribution,

(aaio), = (3)

. —i+1)2 27 * 1
7DO,re + Z Pifl,re<2 ) ~ ? PO,re + gpifl,re .
=2

(F.15)
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We simplify this expression by choosing n; so that Py e ~ %73“6:

ny = aK?n, (F.16)

where o &~ max { log (3K2 ‘(/2) } < ng, K. With this choice, we can write

the rounding error contribution as

1 2
O 1/2 exp [—noﬂ ] . (F.17)

2
<A®Lo>re KQ 8

We note that the amount of extra resources needed for the Oth level is marginally

small, since the total qubit number can be expressed as

M
N =ni+noK Y 27" =noK(aK +2" - 2) mnogK2", (F.18)

i=1

under the assumption K < 2V,
By adding the two error contributions from Eq. F.11 and Eq. F.17, we obtain the

corresponding Allan-variance in the stationary noise approximation,

1
2
i) = g (800) = 1[0+ Tl = 19
1 4ng 167 /2 nom?
= — F.20
{N2T+K2T eXp{ 8 (F.20)

Now, let us find the optimal value of ng. We write I'y + 'y, using the new variable

4 (8 1 v32 1 1
'+ = T (FxNQ + oz oij2 &P [—ﬂ) . (F.21)
Taking the derivative with respect to z and equating it with 0, while using the as-

sumption x < 1 results in I'y = 2"t < 'y, which can be written as the following

transcendental equation for the optimal value, qpt,

T2 N2 1
22 - F.22
opt \/_K2 eXp |: xopt:| . ( : )
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The general solution of any equation of the form =¥ = Aexp[—1/z], in the limit of
A>land x < 1,is z = [log(A)]™' . (For details, see Appendix E.) Using this result

we can write

Topt = [Iog (3—;%)}_1~[210g(1\]/}()]_1 (F.23)
Noopt = %x:pt ~ (%)ng(N/K). (F.24)

For the realistic case of N/K > 1, indeed x, < 1, and the corresponding minimal

value of I'y +I'y is

[Ty + Tain ~ Tt (Tope) = (§) %. (F.25)

™

This result indicates that, in terms of qubit number, only a logarithmic extra cost is

required to achieve the Heisenberg limit.

F.1.4 Phase slip errors

Although the cascade is designed to detect phase slips of all levels i = 1,2... M,
a possible phase wrap of level ¢ = 0 remains undetected. Since the qubits at different
clocks are interrogated independently on the Oth level, each of them estimates the
phase of the corresponding LO, <I>(()j) (j =1,2,...K), and not @1, the phase accu-
mulated by the local oscillator. The probability of q)(()j ) falling outside the interval

[—7, ] at least once during the total measurement time 7 is

e
7Dj,slip = 2=

1 ? }
dp ———=exp |——— | =
T / ¢ V2ryoT P { 29p0T
T V2 T
Tm\/ "}/LOT exp |:— 1 R (F26)
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where 71,0 is the linewidth of the local oscillator at clock j, corresponding to a white
noise spectrum, resulting in a constant phase diffusion over the interrogation time 7',
(which is assumed to be approximately equal to the cycle time). The approximate
form above is obtained by neglecting the higher order terms in the asymptotic series
expansion under the assumption y,07 < 1. (The white noise assumption can be
relaxed to include more realistic LO noise spectra. However, numerical simulations
have shown that, for a LO subject to a feedback loop, the low frequency noise is
essentially white even though the LO may have more complicated noise spectrum,
such as 1/f noise. Therefore the results derived for white noise applies up to a constant
prefactor. [27] We proceed with the white noise assumption for simplicity.) Once such
a phase slip happens, it introduces a 27 phase shift in @éj ), and therefore contributes
to its overall uncertainty with <(A<I>(()j ))2> = (27)?Pjq1p. Physically @, is the phase
of the COM signal, that the center can obtain after averaging the frequencies of
all K local oscillators with equal weights, &g = ®com = Z]K:1 @éj) /K, therefore
(AP} = 5 ZJK:1 <(A(I>éj))2> =% <(ACI>éj))2> , where we assumed that the LOs are
independent but they have the same linewidth, v1,0. Therefore the noise of the COM
phase is reduced compared to the individual LOs. Since &5 = 1o, the above results
in the following variance contribution

2

1/2
2 _ Jas= "o s
<A¢Lo>slip - 327TT1/2K exp [_ 2’VLOT:| ’ (F27)

After adding this error to the previously minimized projection and rounding er-

ror terms (from Eq. F.25), we obtain the corresponding Allan-variance, o2(7) =
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% ([I'y 4 La)min + I's), where

8\’ log(N/K)2v,01 = 16 72, 1

1
[T'1 4 Tofmin + T3 = (%> e =y tSE TR 72 &P {_E] ,  (F.28)

using the variable y = %'yLoT .

Now, let us find the optimal Ramsey time 75y, under the assumption that 7 is
sufficiently long. After taking the derivative with respect to y and equating it with
zero, the assumption yopy << 1 results in the I's & yopt[I'1 + Dofmin < [I'1 + Io)min

which can be written as the following transcendental equation,

3/2 N2 1
32 T TILO 4 F 29
Pt Z TSR log(N/R) O { } (2

The asymptotic solution in case of Yot < 1 is (see Appendix E)
™2 1m0  N? -
opt |1 ; F.30
v = o6 (T )| (50
2 2

T Yot o T og(ryoN?/K)] ™ (F.31)

270  27m0
in the realistic limit of y,07N?/K > 1. The corresponding minimal Allan-variance
is

1 1 Lo

2
= — | r min r N S5
7(7) WaT T4 Polin + T min  wi N27

where L = 23 log(N/K) log(TyoN?/K).

(F.32)

For short 7 averaging times, the optimal Ramsey time is T,y = 7, instead of
Eq. F.31. This makes I's negligible compared to [I'; + '], resulting in a 1/72
scaling:

1 1 L
2 _ T=1 __
o,(7) = @[Fl + Dol = 2 N

(F.33)

where L' = (%)2 log(N/K). This scaling is more favorable, but it applies to higher 7

values up to 7 ~ 7{5, where it switches to the 1/7 behavior according to Eq. F.32.
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F.1.5 Pre-narrowing the linewidth

We can minimize the limiting effect of 0 by narrowing the effective linewidth of
the local oscillators beforehand. We imagine using N* qubits to locally pre-narrow
the linewidth of all LOs down to an effective linewidth veg ~ Yina/NV, before using the
remaining N — N* qubits in the GHZ cascade. This .4 < 0 allows the optimal
Ramsey time going above the previous limit, set by ~ %jol in Eq. F.31. This step-
by-step linewidth narrowing procedure, using uncorrelated ensembles in every step,
is introduced in [183, 27|, and further analyzed in [116]. Working under the small N*

assumption, one can obtain Y. as

2 log(yLo™n N/
Vet = VLO {P—( ;; )] , (F.34)

where we imagine using n qubits in each narrowing step. We find the optimal value
of n to be

2e
Nopt A — log(yLoT), (F.35)

by minimizing g, which yields

N } . (F.36)

[yer] [ 2elog(vroT)
For a given 7, we can always imagine carrying out this pre-narrowing, so that

Yot < 771, and therefore Eq. F.33 remains valid with the substitution N + N — N*

for 7 > 7 as well. The required number of qubits, N*, is

2
N* ~ 7?(; log(YL07) log (JLO ) < N. (F.37)

due to the exponential dependence in Eq. F.36.
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F.1.6 Individual qubit dephasing noise

Our scheme, as well as any scheme, is eventually limited by individual qubit noise.
Such a noise dephases GHZ states at an increased rate, compared to uncorrelated
qubits, due to the entanglement, giving the corresponding variance contribution for
the phase of the GHZ states in the Mth group, (ACD?W)dephasmg = W, after
averaging over the ng independent copies of the GHZ states, each containing 21K

entangled qubits. The resulting variance contribution for ®r¢ is

~ Ymdl 29mdT
O>dephasing - n02M_1K N

(A®? (F.38)

This term represents a noise floor, which we add to Eq. F.33 and obtain our final

result for the minimal achievable Allan-variance,

= L[ 4 ] 9

wi | N?272 Nt

For long 7 times, the ultimate limit, set by the standard quantum limit, 05(7‘) =

1 7%ind

—>7ad can be reached by changing the base of the cascade. Instead of entangling
0

2-times as many qubits in each level of the cascade than in the previous level, we
imagine changing it to a base number D. Carrying out the same calculation results
in our final result for the achievable Allan-variance:

D\* I D Yina
(E) N2 T D1 N7

where L' = (%)2 log(N/K). (See Appendix E for details.) The optimal value of D

2 —
Uy(T) - w_(Q)

: (F.40)

depends on 7. For small 7, D,y = 2, however for large 7 one can gain a factor of 2 by
choosing Dyt = Dmax. Due to natural constraints, Dyyax ~ V' IV, in which regime, the
protocol consists of only two cascade levels, an uncorrelated Oth level, with ~ /N

qubits and an entangled 1st level with ~ N qubits.
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F.2 Security countermeasures

F.2.1 Sabotage

In order to detect sabotage, the center can occasionally perform assessment tests
of the different nodes by teleporting an uncorrelated qubit state [|0) + e™X|1)]/v/2,
where y is a randomly chosen phase known only to the center. A properly operating
node creates a local GHZ state [|0) + €X|1)]/v/2 from the sent qubit, measures the
parity of the GHZ state, and sends it to the center. The measured parity holds
information on the phase ¢’ = x + ¢, where ¢ is the accumulated phase of the LO
at the node. Due to the random shift y, this appears to be random to the node, and
therefore indistinguishable from the result of a regular (non-testing) cycle. On the
other hand, the center can subtract y, and recover ¢ from the same measurement
results. In the last step, the center verifies ¢ by comparing it with the classically
determined phase ¢ of the sent LO signal with respect to the COM signal. The
expected statistical deviation of ¢ from ¢ is A(¢ — @) ~ %, while the accuracy
of the COM phase A(¢pcom — Two) ~ ,/ﬁ is much smaller, where K, is the
number of simultaneously tested nodes. In the likely case of K; < K, this method is
precise enough for the center to discriminate between healthy and unhealthy nodes by
setting an acceptance range, |¢ — ¢a| < A\/%. E.g. the choice of A = 4 results in a
“4o confidence level”, meaning only 0.0063% chance for false positives (healthy node
detected as unhealthy), and similarly small chance for false negatives (unhealthy
node being undetected) (~ A%—;’:/ o 1/4/N) due to the high precision with which

¢’ is measured. The fact, that the teleported qubit can be measured only once, also
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prevents the nodes from discovering that it is being tested. In fact the center performs
a very simple blind quantum computing task using the resources of the other clocks,

see [50, 34, 140].

F.2.2 Eavesdropping

Provided that the threat of sabotage is effectively eliminated, we turn our attention
to the problem of eavesdropping. Eavesdroppers would try to intercept the sent LO
signals, and synthesize the stabilized vcoy for themselves. Our protocol minimizes
the attainable information of this strategy by prescribing that only the non-stabilized
LO signals are sent through classical channels. This requires the feedback to be
applied to the LO signal after some of it has been split off by a beam splitter, and
the center to integrate the generated feedback in time. Alternatively, eavesdroppers
could try intercepting the LO signals and the feedback signals, and gain access to
the same information, the center has. This can be prevented by encoding the radio
frequency feedback signal with phase modulation according to a shared secret key.
Since such a key can be shared securely with quantum key distribution, this protocol
keeps the feedback signal hidden from outsiders. As a result, even the hardest-working
eavesdropper, who intercepts all LO signals, is able to access only the non-stabilized
COM signal, and the stabilized COM signal remains accessible exclusively to parties

involved in the collaboration.
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F.2.3 Rotating center role

Since the center works as a hub for all information, ensuring its security has the
highest priority. In a scenario, where a small number of nodes (without knowing
which) cannot be trusted enough to play the permanent role of the center, a rotating
stage scheme can be used. By passing the role of the center around, the potential
vulnerability of the network due to one untrustworthy site is substantially lowered.
This requires a fully connected network and a global scheme for assigning the role of

the center.

F.3 Network operation

F.3.1 Different degree of feedback

Apart from the full feedback, described in the main text, alternatively, the center
can be operated to provide restricted feedback information to the nodes. If the center
sends the averaged error signal dcon only, the LOs at the nodes will not benefit from
the enhanced stability and only the center can access the stabilized signal. Of course
the LO at each node will have its own local feedback to keep it within a reasonable
frequency range around the clock transition. Such a ’safe’ operational mode allows
the center node to use the resources of other nodes, while keeping the world time
signal hidden from them. Such an asymmetric deal can be incentivized by monetary
compensation, and allow the inclusion of nodes that cannot be trusted to keep the
time signal secret.

As an intermediate possibility, the center can choose to send regionally averaged

237



Appendix F: Appendices for Chapter 7

feedback signals dcon + . ier(Vi — vcom)/|R|, uniformly for all j € R nodes, where
R is a set of nodes, ie. a region. Such a feedback scheme creates the incentive of
cooperation for the nodes in region R. By properly sharing their LO signals with
each other, the nodes can synthesize the regional COM frequency, » ier(V) /|R|, and

steer it with the feedback, received from the center.

F.3.2 Timing

Proper timing of local qubit operations is necessary to ensure that every qubit
in the network is subject to the same T free evolution time. The finite propagation
time of light signals introduces delays in the quantum links and classical channels.
Similarly, during the entangling step, the finite time required to do local entangling
operations make the free evolution start at slightly different times for different qubits.
Since both the initialization and the measurement are local operations, we can resolve
the issue of delay by prescribing that the measurement of qubit ¢; (ith qubit at node
j) takes place exactly T time after its initialization. Occasional waiting times of
known length can be echoed out with a m-pulse at half time.

In extreme cases, this might cause some qubits to be measured before others are
initialized. However, this is not a problem, since the portion of the GHZ state that
is alive during the time in question is constantly accumulating the ¢; phases from
the qubits it consists of. This results in the phenomenon that the total time of phase
accumulation can be much longer than the length of individual phase accumulations,

provided that the said interrogations overlap.
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F.3.3 Dick effect

Classical communication between the clocks, separated by large geographical dis-
tances, takes considerable time compared to the interrogation time. The requirement
to communicate the outcome of the Bell measurement in each teleportation step re-
sults in a waiting time in the teleportation protocol. During this waiting time (or
dark time) the qubits are not interrogated, and therefore the local oscillator runs
uncontrollably. If not countered, this effect (Dick effect) will deteriorate the overall
stability of the clock network. Essentially the problem arises from the duty cycle of
the clock being less than 100 percent. By employing two parallel realizations of the
network scheme (supported by the same clock stations, but using different qubits)
whose cycles are offset by half a period in time, we can cover the entire cycle time
with at least one copy of the clock network being interrogated at all times. As a
result, we can cancel the Dick effect with only a constant factor (~ 2) increase in the
required resources, if the required time to prepare and measure the state is not longer

than the free evolution.

F.3.4 More general architectures

So far, we focused on the simplest network structure with one center initiating
every Ramsey cycle and nodes with equal number of clock qubits.

In a more general setup, node j has IV, clock qubits. If N; is different for different j,
then the nodes will contribute the global GHZ states unequally, resulting in entangled

states which consists of different N] number of qubits from each site j. Such a state
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picks up the phase
=) Njo;, (F.41)
J
where ¢, is the phase of the LO at site j relative to the atomic frequency. As a result,

the clock network measures the following collective LO frequency

y B Z]NJIVJ
LO — :
>N

(F.42)
This represents only a different definition of the world time (a weighted average of
the times at the locations of the nodes, instead of a uniform average), but it does not
affect the overall stability.

The initial laser linewidths of the nodes 7{0 can also be different. The stability
achievable in this case is bounded by the stability obtained for a uniform linewidth
VLo = max; 7]{0. If linewidths are known, the center can devise the best estimation
method which uses linewidth dependent weights in the LO frequency averaging step.

Although it is simple to demonstrate the important network operational concepts
with the architecture with one center, this structure is not a necessary. The quantum
channels, connecting different nodes, can form a sparse (but still connected) graph,
and the entanglement global entanglement can still be achieved by intermediate nodes
acting as repeater stations. This way entanglement can be passed along by these
intermediate nodes. Moreover, the center can be eliminated from the entangling
procedure by making the nodes generate local GHZ states, and connect them with
their neighbors by both measuring their shared EPR qubit with one of the qubits
form the local GHZ state in the Bell-basis. After communicating the measurement

result via classical channels, and performing the required single qubit operations, a

global GHZ state is formed.
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F.3.5 Accuracy

We define the accuracy of a time signal as the total uncertainty of its frequency
with respect to the fundamental time reference. This includes the precision (character-
ized by the Allan deviation) and the uncertainty of frequency shifts due to systematic
effects. So far we analyzed only the precision.

If two clocks have different levels of uncertainty for the local systematic shifts,
then their individual accuracy is different. Our scheme requires the clocks to work
together coherently, and thereby it averages out these differences in accuracy sub-
optimally. In order to determine the individual accuracies, the clock network has to
disentangle one of the clocks from the others. Next, by comparing the time signal
from the entangled network with the one from the excluded clock, it can determine if
the said clock has higher or lower accuracy than the average. By rotating this scheme,
the systematic shifts of the worse clock can be measured more precisely, and, on the
long run, this results in an overall improvement of the accuracy.

Apart from the local systematic effects (such as blackbody shift, second order
Zeeman shift, etc.), a quantum network of clocks is subject to gravitational redshifts,
which affect clocks at different positions differently. In order to ensure precise mea-
surement of this systematic shift, the position of the clocks has to be tracked with
high precision. This can be done similarly to the way ground stations track GPS
satellites. The time signal generated by the quantum clock network can be used to
set up a more precise tracking system, which can measure this systematics at a higher

accuracy.
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F.3.6 Efficient use of qubits

In the main text, during the generation of the initial global GHZ state, we assumed
that the center makes use of 2(K — 1) additional ancilla qubits (a;, b;). We chose this
to present the idea at its simplest, however the qubits used as ancillae do not have
to be sitting uselessly during the interrogation time. The center can use 2(K — 1)
out of its N/K clock qubits to perform the local generation and teleportation steps.
This relabeling goes as follows {(b; = j1, a;j = (K —1+j)1) : j=2... K}. After it
is done, the qubits used as ancillae can be reinitialized, the center can entangle the
2(K — 1) qubits (alongside with the others) with 1;, and interrogate them without

any obstacles. As a result, no clock qubits are wasted in the protocol.

F.3.7 Required EPR generation rate

In the main text, we mainly ignored the time required to generate pairwise entan-
glement. In this section we investigate the required EPR generation rate to achieve the
desired performance. Before every cycle of operation n[log(N/K)/log(2) + 1](K —1)
EPR pairs have to be shared between the center and the other clocks, where n is the
number of parallel copies, NV is the total number of qubits in a single copy and K is
the number of clocks. Since nop ~ (4/7)*log(N/K), and approximately K quantum
channels are used, the number of EPR pair per channel is about (log(N))?. We can
assume that entangled qubits can be stored in degenerate memory states until they
are used in the beginning of the next cycle. Therefore each channel has T time to
initialize the (log(/N))? number of pairs. The optimal value for T is the available

averaging time 7, which we choose to be ~ 0.17;" ! for order of magnitude estimation.
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(Note that 7 < v, * is required to benefit from quantum enhancement.) For N = 10*
atoms and v; = 27 X 1 mHz, the EPR generation rate per channel has to be at
least (log(N))?v; ~ 1 Hz. Such a rate is within reach of technology currently under

intensive research [109].

F.3.8 Threshold fidelity

In this section we estimate the fidelity of the collective entangling operations
required to keep the benefit from quantum enhancement. In the GHZ state generation
step of every cycle, the n copies of the cascaded network containing K clocks are
initialized. This requires K collective entangling operations to be performed per level
per copy, one at each clock. Among other unitary operations, this is likely to be the
bottleneck. If one collective entangling operation (creating a GHZ state of N/(Kn)
qubits) can be performed with fidelity F' = exp[—¢] (e < 1), then K repetitions
succeed with fidelity Fio = FX = exp[—Ke.

Whenever a copy fails on level i, its measurement result ¢; becomes completely
random. This happens with probability (1 — Fiua). In the meantime, with probability
Fiotal, the result is consistent with ¢; = ¢rea, Where ¢rea is the actual value of ¢;.
Out of the n copies nFi,. contributes to a peak centered at ¢rea, with width of
1/ vV Fiotan and weight Fioia1, while the rest contributes to a uniform distribution with

weight (1 — Fiota): The expectation value of ¢; is still

<¢’L> = ¢real: (F43)
but the variance is
1 2
Var(¢i) & — 4 =(1 = Fiow)- (F.44)
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The threshold fidelity Fiy, is defined by the criteria that if F' > Fy;,, then Var(¢;) ~
1/n. If this is satisfied, then losing the information from some of the copies does not
deteriorate the precision significantly with which ¢; can be determined .

This requires 1—Figia < %, where the optimal value for n is ngp ~ (%) 2 log(N/K),
while Fioa = exp|—eK] from above. From these, we conclude that Fy, = exp[—ew],

where
_ 3 1
T 16K1og(N/K)  Klog(N)

(F.45)

€th

Using N = 10* qubits, distributed in 10 clocks therefore requires Fy, ~ 0.99 fidelity
level for the local entangling operation. Using a multi-qubit entangling gate [207],
this operation can be realized with current technology for fidelity ~ 0.95 and for small
number of ions (~ 5). [153] The errors in such operations increases with N, making
their realization more challenging. Namely, a 2-ion GHZ state was produced with
0.993 fidelity in a trapped ion system [16]. Currently the largest GHZ state of 14 ions

was produced with 0.51 fidelity [153].
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Appendices for Chapter 8

G.1 Overview of optimization

In section G.6, we show that the figure of merit, the precision gain with respect

to non-entangled schemes, can be written as

T o | N

where N is the total number of entangled atoms in the global GHZ state, and E =
E(n,A,Q) is the total error (contrast loss) divided by the total number of atoms.
E depends on the number of atoms at a single clock, n, and the detuning (A) and
Rabi-frequency (2) of the dressing field used for local entanglement growing,.

We seperate out the minimization of £ (through finding the optimal n, A, Q pa-
rameters), and the maximization of G (through finding the optimal N). In other
words, we find

Grax = max G (N, min E) . (G.2)
N n,A,Q
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This two-step procedure gives identical results to the full optimization,

Gmax = max G(N,E(n,A,Q)), (G.3)

,TL,A,Q

bacause both the maximum of G is a monotonically decreasing function of E. for
large Nyt values (as can be read off from Eq. G.1). We choose the two-step precedure

because it is easier to carry out and interpret.

G.2 Local entangling errors

The initial GHZ state is never perfect due to a series of imperfections in the
implementation. Here, we analyze the main errors responsible for lowering the initial
fidelity Flocar = [1 + exp(—€oca1)]/2 of the GHZ state of n atoms, created via the
conditional dressing scheme, described in the main article. We assume the following
errors to be independent and small, and we approximate €j,ca With the sum of the
individual errors, > ;€5 We evaluate the errors for a 2D square lattice filled in a
circular region and a 3D cubic lattice filled in a spherical region (both of radius R).

Where there is a difference between the two cases, we give both results.

G.2.1 Imperfect blockade

If the blockade between the levels 1 and 79, A1s, is not large enough, the dressing
happens even if ry is populated by a single atom. Here, we analyze the effect of this

imperfection.
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The relevant part of the full Hamiltonian of the system during dressing is

H = %Z(’T1>k<g‘k+h-c-)+AZ’T1>k<7“1|k (G.4)
2D Agelrailralilra);(raly. (G.5)
ko jAk

where 2 and A are the Rabi frequency and the detuning of the dressing field,
and A, = C’S)/(iﬂrj — 1i|?) is the shift due to dipole-dipole interaction. Af-
ter adiabatically eliminating the level r{, we can write the effective Hamiltonian as
Heg = ) Hi|g)x(glr, where

9% 9% 02
( (G.6)
k

H — TUA A A A N . .
k 4A + - 4A 4(A+Aj,k)) |7“2>J<7“2|Ja

J#
where we also restricted the Hilbert space to at most one ry excitation.

Ideally, starting from

®(n—1)
(11 +112)) (ly +10) (G.7)
(where [1,) = Y |z);/v/n for © = s,73), after time ¢ = 47A/Q?, the part of the
wavefunction with no ro excitation picks up a 7 phase,

)®(“), (G.8)

1) (e Ig) +1f)

while the part where ry is present is unchanged, or picks up a small and uniform
phase ¢y,
i$ ®(n—1)
La) (e lg) + 1) (G.9)
In reality, however, dephasing between the different terms of the superposition
occurs. If the system starts from
1 9k + 11k
) = = Sy @ (12500, (@.10)
" ki V2
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the effective Hamiltonian evolves it into

L (€4t lade
\wt>—ﬁ;|z>3®( b)), (.11)

ki

up to an overall phase, where ¢, = 7A/(A + A; ), while the target state is

LN & (€l 1
I@target) - \/ﬁzj:| 2>] ® < \/§ ) 5 (G12)

ki
with an appropriately chosen ¢y. The fidelity of ¥; with respect to Wiapget is

2
1 1 4+ ei(®sk—¢0)
_ 2 _ | = - -
F = | (Wiargee|V0) [* = | - Z H 5 (G.13)
J k#j
Assuming |¢;x — ¢o| < 1, and using
1 T 2
—i—26 /R exp {—%—i—z%} , for z«1 (G.14)

we can write

2
L L 2
lz <eizk PREZ0 3 LERO )‘ . (G.15)

We approximate

Z(ij,k — ¢0)? = nVar (¢;4) , (G.16)

k
where the variance is taken over all pairs of (j, k), and we take it out of the summation

to get
2

1 ; ¢j,k7¢0 n
F | L3 o m | o vantonn), G.17
n ; ¢ € ( )

Using the notation, ¢; := )", 4 ®jr, we can write and approximate the first term as

%Zei’d)j/Q
J

where the variance is taken over all j, and we write the total fidelity as

2
~ e 1 Verlvs), (G.18)

F ~ exp {—%Var(q/)j) — gVar(¢j7k)] =:e L. (G.19)
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In section G.8 and section G.9, we evaluate the above variances for a circular 2D
and spherical 3D cloud of radius R, and average density of a2 and a~3, respectively.

Plugging in the results of Eq. G.101, (G.102) yields
1
= g [Var(1);) + nVar(o;x)] (G.20)

(WA) ? 0.02097° + 0.156n*  (2D)
= X

c® 4 3
12 0.0320n* +0.273n°  (3D)

G.2.2 Decaying Rydberg states

During dressing, there is an average number of n(2/(2A))? Rydberg excitations
present at level r; in the ensemble. Any decay or dephasing of r; Rydberg state then

results in the loss of fidelity,

Q) g
Eg = ’Ylt Xn (ﬁ) = an, <G21>

where v; is the total rate of loss (environment induced decay and dephasing) from
the Rydberg level ry, and ¢ is assumed to take the optimal value, t = 47 A /Q2.

In the same time, in the other part of the wavefunction, there is exactly one r
excitation. If this decays and dephases with rate v, then the fidelity error due to
this is
(G.22)

where, again, we used that ¢t = 47 A /2.

G.2.3 Rydberg interaction induced broadening

Although the Rydberg-Rydberg interaction is assumed to be strong, which makes

single-to-double excitations off-resonant, the external laser field can easily drive Ra-
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man transitions between different single excitations states. Let us define the following

states

l7) = oallgg...q), where o} = [r1);{gl;, (G.23)

1S) = —=> 1), (G.24)

. k) = olojlgg...q) = ol|k) =a]lj), for j <k, (G.25)

for j,k € {1,2...n}, indexing the atoms in the ensemble.

The full Hamiltonian of the system during the dressing is Hp,y = Z?Il H;, where

Q
Hj = AO’;O']' + §<|T1>]’<g|j + hC)

+ Z Ajvkagajalak. (G.26)

k>j

It contains a Rydberg-Rydberg interaction term, whose strength, A, = A, (|r; —ry|)
depends on the distance between atoms j and k. In the subspace of single and double
excitations, Span{|j), |7, k)}, H; is equivalent to

SO(A+ ARGk 5 37 (1M + be), (@27

k>3 k>

which is partially depicted on Fig. G.1.
If all Rydberg shifts are large compared to 4/nf, then the double excitation prob-
ability is small, and the dynamics is well described by the following effective Hamil-

tonian, Heg = Zj Heg ;, where

Hegrj = Agli) )+ Y =57 (1) (] + e, (G.28)
k>j
Q2 02
where A; = — Zk# &, A and Q= ~NETAy
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o [2) BT n)

Figure G.1:  Different single excitation states (|j) = a}\gg. .g), j=1,2,...n)
are resonantly coupled to each other through a Raman-transition via double excited
states (|7,k) = 0}0,1|gg. ..g), j < k). The effective coupling strengths depend on
the detuning of the intermediate level, and results in an inhomogeneous broadening.
(The figure shows only the double excited states that couple to |1).)

The two terms in Eq. G.28 have different effects. The first term describes inho-
mogeneous broadening. Due to this effect, the fidelity of the symmetric state |S)

decreases over time, t, as

2

(5 |61 2l 5>‘2 _ ~ 1P Var(dy) (G.29)

l § e—iAjt
n

J

Since the expected number of excitations during the dressing pulse is small, ~ n[Q/(2A)]?,
we can write the error as g4, & n[Q/(2A)]*t*Var(4;).

The effect of the second term in Eq. G.28, couples different single-excitation states
coherently. We put an upper bound of the effect of this term by analyzing it without

the detuning effect of the A, terms. Let us define the following states,

= (-0 (- Zi9). (G.30)

for j = 1,2,...n. These states are all orthogonal to |S), normalized, and span an

n — 1 dimensional space, therefore they are overcomplete by a factor of n/(n — 1),
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n

and they are also almost orthogonal to each other: ’<§|/~c>‘ =14+ &5 =0(1/n). Let
us imagine starting the system in |S), and observing the probability accumulating
in all the other states |j). The time evolution of the amplitudes, ¢;, dictated by the

Heisenberg equations, can be approximated as

%aj(t) = i (j|Ha0lS) (1) + O (1))
~ —i<5|HeH,Q|S>08(0)7

&i(t) ~ —it(j|HeralS)cs(0), (G.31)

where, |¢5(0)]? = n(Q/(2A))%, and Hego = D 1o k(7)) (k| +h.c.). The conditional

5,k>5

probability accumulating in |;) is

Q

5~ 2[(IHaols)

Q

, (G.32)

where we used that >, . Q;x/2 = A;. The total conditional probability of leaving

the symmetric state |S) is
P(t) 21
~otT—

|es(0)[? 3

and the total error is ey, = P(t) = n[Q/(2A))*t*Var(A,). This is identical to the

2

= t*Var(4;), (G.33)

error originating from the A, term of Eq. G.28. We approximate the effect of these

two errors by adding them, giving

0 2
E4q t+ Eqp = g (Z) tQ Var(Aj). (G34)
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We evaluate the variance of A; in section G.10 for both the 2D and the 3D case.
The result is given in Eq. G.126 and (G.127). Plugging the result in, and using that

t =47 A/Q?, we can write the error as

11

2
0.0312n° ("%) (2D)

€4 R Eyqg T E4p = (G35)

2
0.172n7 (ﬁafg) (3D)
Cll
where a is the lattice constant of the 2D (3D) optical lattice holding the atoms, and

C{?) is the coefficient of the van der Waals interaction between two atoms excited to

r1 level.

G.3 Non-local entangling errors

Our protocol requires K — 1 links to be set up between K clocks. We denote
the fidelity of a single connection by Flhon_1ocal = [1 + €Xp(—€non—1ocal)]/2, and we

approximate €pon_local With the sum of individual errors ), €;, detailed below.

G.3.1 Imperfect blockade

When exciting a single collective excitation, imperfect self-blockade can result
in leakage into double excited states. The probability of this can be exponentially
reduced by applying a smooth driving pulse. E.g., in case of a Gaussian pulse of
width 7, and area m, exciting the g — r; transition is expected to be blocked when
ro is populated, but it succeeds with probability Pioupie,

2

T Aqo7)?
Pdouble ~ Z exp [_%} ) (G36>
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where Ay = Cg) /(R(2R)?) is the minimal energy shift in the ensemble due to the
interaction of two atoms, one in r; and one in ro. A detailed analysis of how different

pulses affect the transition probability can be found in [55]. Pyouble < 1 requires

2n3/2 1 (9D)
S V2 S (G.37)

~An 2701 (3D)
12

in order to be small compared to the other errors.

G.3.2 Rydberg state decay

The g — r; transition is driven with a pulse of duration 7, during which the 75 level
has a single excitation, which decays with rate v,. The resulting error contribution,

after all four photon pulses have been generated, is

8n/2M3  (2D)
e = 4y 7 = Cli (G.38)
ha

where we used the expressions for 7 from Eq. G.37.

G.3.3 Photon propagation and detection errors

The pairs of photons can get lost in the fiber during propagation and the detection
process (which is limited to 50% for time-resolving detectors, and 25% for non-time-
resolving ones). The two-photon heralding, however, detects both of these errors.
The remaining error comes from dark-counts of the detectors. This affects a single

link with the error

20
€6 ~ 47dardeetect = Ydark ny ) (G39>

254



Appendix G: Appendices for Chapter 8

where vqark is the dark count rate of the detectors, Tyetect (chosen such that a properly
timed detector would have a chance to catch 1 —e™ > 99% of each photon) is
the “open time” of the detector, and -, is the spontaneous emission lifetime of the
le) — | f) transitions. The factor of n is due to the bosonic enhancement of the said

transition, and the factor of 4 is because four pulses are used in each connection.

G.3.4 Memory loss

During the creation step of each link, the state |s) is used as memory. On average,
every link relies on one s qubit. The time it takes to attempt the creation of a
link is ~ 2L/c, the time it takes for a light pulse to do a round-trip between two
stations. During this time, quantum information is stored in qubit s, which is subject
to decoherence happening at a rate 5. The infidelity of the link originating from this
error is

Er = 47’)/5 (G40)

State |f) is assumed to be a long-lived clock state, its decoherence rate is negligible.

G.3.5 Imperfect branching ratios

Bosonic enhancement makes the excited atom in state |e) decay preferentially
to |g), and emit a photon directly to the spatial mode k., where k. is the spatial
frequency of the collective mode e. However, in the implementation with Yb atoms

(discussed in Section G.4), the decay channel to |g) has a branching ratio of { = 0.64.

255



Appendix G: Appendices for Chapter 8

The total probability of decay through all other channels is

oot f 1_C 2
s = 4 ~ 4 ~Z G.41
* Ytot nt+1-¢ n ( )

where n (3> 1) is the number of atoms in a single ensemble.

G.4 Implementation with Yb

We imagine using the lower levels of neutral Yb for our protocol, |g) = [6s6p(* %)),
|f) = 165*(1S0)), |s) = [6s6p(®P2)) and |e) = |5d6s(*D;)), and two Rydberg levels
Ir1) = |6sns(*Sy)) and |ry) = |6snpm=y1(*P1)) with the same principle quantum
number 7 for high-energy state. In the case of the 2D lattice, we set the quantization
axis perpendicular to the plane in which the atoms reside, this way the dipole-dipole
interaction between two atoms, one in |ry) and the other in |ri), depends only on
their separation, |r; — r|. In the case of the 3D lattice, we rely on the overwhelming
strength of the Rydberg interaction to produce reliable blockade even between atoms

in different horizontal planes.

G.4.1 Rydberg lifetimes

We use the measured values from [83], and extrapolate the inverse lifetimes of the

Rydberg states

8403 x 10° Hz
T T TR T 979)8

(G.42)

where 7 is the principle quantum number of the Rydberg orbit. Although the mea-
surement was carried out at 300 K, the contribution of the black body radiation

is negligible even at this temperature. Furthermore, the photoionization rate in a
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trapping field with 10* W/cm? intensity is also more than one order of magnitude

smaller.

G.4.2 Self-blockade, A1y

The long-range interaction between two r; atoms at a distance R is dominated by
the van der Waals potential,
Y

where C’{?) strongly depends on the principle quantum number n. We use results from

[222], and extrapolate the Cl(?) coefficient to high principle quantum numbers with

the following formula,
9 = (—0.116 + 0.033972) 7' a.u. (G.44)

where the a.u. stands for atomic units, Fjal = 9.573 x 1075 Jm®, where E}, is the

Hartree energy and a is the Bohr radius.

G.4.3 Cross-blockade, Ao

The long-range interaction between an r and an 7, atoms at a distance R is
dominated by the dipole-dipole interaction. We assume that the atoms are confined
in the xy plane, and because the 6snp,,—.1 state is polarized in the z direction, the
interaction strength is independent of the relative direction of one atom to the other.

3
As(R :g G.45
12( ) hRg’ ( ‘ )

where CS) depends strongly on the principle quantum number 1. We use results from

[222], and extrapolate the C’S) coefficient to high principle quantum numbers with
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the following formula,
' = (0.149 + 0.00077 7) 7i* a.u. (G.46)

where the a.u. stands for atomic units, E,ag = 6.460 x 1074 Jm?.

G.4.4 Decay rates of lower levels

The decay rate of |s) = |6s6p,3P,) is 7, = [14.5s]7! = 0.069 Hz. The decay rate

of the excited state |e) = [5d6s,3D;) is 7. = [380ns] ™ = 2.63 x 10° Hz.

G.4.5 Photon channels

We assume that neighboring stations are L < 10km apart from each other, we
neglect fiber and coupling loss. We further assume that single photon detectors have

a low dark count rate, i.e. Ygark =~ 10 Hz.

G.5 Optimization

The total initial imperfections of a GHZ state with N atoms divided into K = N/n

groups, each containing n atoms, is

N
ot — K -1 non—loca, K ocal ¥ —— X G.47
Etot ( )Enon—local + K Elocal o ;5 ( )

where the error contributions are from Eq. (G.20, G.21, G.22, G.35, G.38, G.39, G.40,
and G.41). Independently from the total atom number, NV, there is an optimal group
size, Nopt, for which ). €;/n is minimal. If the total number of atoms is increased, it

is best to create multiple groups of the same size. Below, we find the optimal values of
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the parameters €2, A (the Rabi frequency and the detuning of the dressing field), and
n (the size of the local groups) for fixed values of 7 (the principle quantum number

of the Rydberg state) and a = 275.75 nm.

()
Using the following dimensionless variables, w = Q/v, § = A/~v, 011 = ,f;g,y and

(3)
— Cl2 o P —
010 = hais» We can write the error per atom as £ := >oi€i/n =", e;, where the terms

are
5\ 2 0.021n* +0.16n> (2D)
e = (5_> X (G48)
2 0.032n° +0.27n? (3D)
ey = % (G.49)
47 0
= —— G.50
“s n w? ( )
2 0.031n% (2D
ey = (%) X (2D) (G.51)
1 0.17n° (3D)
8n'/2 (2D
e; = %X ( ) (G52)
12 10.8 (3D)
1
e = 7.6><10‘5E (G.53)
er = 18 x 1072 (G.54)
n
2
s = (G.55)

G.5.1 Optimal parameters

We numerically minimized the sum, £ = ). e;, by finding the optimal values of
w,0 and n for every . € [50,150]. The optimal driving strength wep, the optimal
detuning for the dressing field dopt, and the optimal number of atoms at a single clock

Nopt are shown on Fig. G.2.
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Figure G.2: The dressing fields optimal Rabi frequency w = /7, detuning § = A /v
and the optimal number of atoms in a single clock n is plotted as a function of the
principle quantum number of the Rydberg levels n, for the 2D and 3D setup.

The minimal error per atom FE,,;, is shown on Fig. G.3 as a function of n.

G.5.2 Comparison of error sources

We compare the contributions of the different error terms e; to the total error
per atom, Y . e;, for 7 = 120. At the optimum (2D: ngye = 154, dopr = 4.40 x 104,
Wopt = 2.59 x 101, 3D: nopy = 298, dopr = 10.9 x 104 wypy = 8.33 x 10%), the total
error per atom is Epp, = 1.99 x 1071 (2D), and 0.67 x 10~* (3D). The different error

terms contribute to the sum with amounts given in Table G.1 and G.2.
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Errors in 2D ensemble error per atom | ratio in total
imperfect blockade (e;) 3.30 x 107° 17%

r1 decay (ez) 7.14 x 107° 36%

ro decay (es) 5.36 x 107° 3%
inhom. broadening (e4) 5.36 x 107° 3%

o decay (non-local) (e5) ~ 1077 < 0.1%
photon detection (eg) ~107° < 0.1%
memory error (e7) ~ 1077 < 0.1%
imperfect br. ratios (eg) | 8.40 x 1075 42%
total error per atom 1.99 x 1074 100%

Table G.1: The absolute and relative contribution of the different error sources to
the total error per atom at 7 = 120, A = Ay, = 4.40 X 10* v, Q = Qo = 2.59 x 10* v
and n = ngp = 154.
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Errors in 3D ensemble error per atom | ratio in total
imperfect blockade (e;) 1.41 x 107° 21%

r1 decay (ez) 2.89 x 107° 43%

ry decay (e3) 6.62 x 1077 1%
inhom. broadening (e4) 6.62 x 1077 1%

o decay (non-local) (e5) ~ 10710 < 0.1%
photon detection (eg) ~107° < 0.1%
memory error (e7) ~ 1078 < 0.1%
imperfect br. ratios (eg) 2.26 x 107° 34%
total error per atom 0.670 x 10~ 100%

Table G.2: The absolute and relative contribution of the different error sources to
the total error per atom at 7 = 120, A = Ay = 10.9x 10* v, Q = Qo = 8.33 x 10% v
and n = ngp = 298.
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Figure G.3: The minimized error contribution of a single atom as a function of the
principle quantum number of the Rydberg levels n, for the 2D and 3D setup.

G.6 Clock precision

G.6.1 Imperfect initialization

The precision of an atomic clock employing a GHZ state of N clock atoms is
limited by the initial imperfect creation of the GHZ state described by the fidelity
Fy or contrast ¢ = 2Fy — 1. We assume that an imperfect creation of the GHZ state

result in the density matrix
1—c
Pron—pure = ¢| V) (V] + T(\0><0| +|1)(1]), (G.56)

where |¥) = %, 10) = [0)®V, 1) = |1)®N | and we assumed that only the relative
phase between the two components of the GHZ state changes to an unknown value,

but no relaxation happens.

263



Appendix G: Appendices for Chapter 8

(.6.2 Measurement

After the interrogation time, the two components of the GHZ state pick up a
relative phase N¢. |¥) — |[¥,) = [|0) 4+ eV?|1)]/v/2. Performing a perfect single-

atom —m /2 rotation around the y axis for all atoms transforms this into

|\D;5 Z [1 + (_1)2j qjeiNﬂ |91, q2, - - - an), (G.57)
}

1

) = /ONTI ‘
4
where ¢; € {0, 1} stands for the state of atom j. After this, we measure every atom (in
the z-basis). The probability of any resulting sequence, q = (g1, qa, - - . qn) € {0, 1}V,
1s
PlqV) = ——[1 1)25% cos(N G.58

(al ¢)—W[+(—)J cos(No)], (G.58)

and the probability of the parity, p = (Z i qj)mod2, is

1+ (—=1)?cos(N¢)

P(p|W,) = 5 . pefo1}. (G.59)

On the other hand, these probabilities are different when they are conditioned on

being in the mixed part of the density matrix.

1 1
P(q’pmixed) = Q_N’ ,P(p‘pmixed) = 5 (GGO)

Vq € {0,1}*N and Vp € {0, 1}, where pmixea = [|0)(0] + |1)(1]]/2.

The resulting total probability is the weighted sum of the two cases,

P(plo) = cP(pl¥y) + (1 — )P(plpmixea) (G.61)
_ 1+ c(—l);cos(Ngb)’ (G.62)

where ¢ = 2Fy — 1 is the contrast of the interference fringes.
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G.6.3 Fisher information

We rely on inferring the unknown phase ¢, from a series of parity measurements,
as described above. The information content (about ¢) of a single measured value p

is quantified by the Fisher information,

d 2
F(¢) = > Pple) |ln—P(plo) (G.63)
do
pe{0,1}
.2
,  sin(No)
.64
1/c? — cos?(N¢)’ (G.64)
where the true value of the phase is ¢. The average Fisher information is
17
F- / a6 F(9), (G.65)
which we can evaluate in the limit of ¢ < 1,
_ 1 N2 2
Fr~— /dq§ c®cos’(N¢) = < (G.66)
2 2

In the other limit, when 1 —c < 1, F(¢) is approximately ¢ everywhere, except near
the points where sin(N¢) = 0. We approximate the dip at ¢ = 0 with

. 2 2
s~ x €T
/@ —cots T TE 42 =G (G.67)

and the integral with

2 +m $2
2
~ - — d 1l———— G.68
c 27T . X ( 1—02 +[E2> ( )

=

c2

_ a2 Vi=e ~1—4/2(1—o0), (G.69)

C

where we have used that F' is periodic with period 27/N.
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Using these two limits for the average Fisher information, we approximate it with

N2c?/2 , it ¢ <07,

~ (G.70)
N? (1— 2(1—c)) ,if 1-c¢>0.7.

The quality of this approximation can be read off from Fig. G.4

w - F/N?

1—/2(1=0¢)

0.2 0.4 0.6 0.8 1.0

Figure G.4: Average Fisher information as a function of the contrast ¢ (dots). It
is well approximation by ¢?/2 for ¢ < 0.6 and by 1 — \/2(1 —¢) for ¢ > 0.8 (solid

curves).

G.6.4 Cramér-Rao bound

The average Fisher information F is a good measure of the posterior uncertainty of
the phase ¢, if the prior distribution of the phase has been previously narrowed down
to a small enough interval such that its posterior is single peaked. In case of using
the GHZ state, this requires a very narrow prior to start with: ¢ € [—7/N, 4+ /N].
In our previous work, we showed that this is possible by employing the atoms in a

scheme using a series of cascaded GHZ states [116]. The Cramér-Rao bound on the
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expected deviation of the estimated ¢ from the true one implies

_:| 71/2

26 = V/((Gesimate — o)’} = [VF (G.71)

where v is the number of independent repetitions of the measurement. We are going

to assume equality to simplify our analysis.

G.6.5 Allan-deviation

The average fractional frequency uncertainty of an atomic clock (with central

frequency wy), averaged over a long time period 7, is called Allan-deviation [116],

Aw), A/t 1 1 —
_ ( w) ~ th/ ~ [th} 1/2 (G?Q)
Wo wo AT/t  wWoVT
where (Aw), = |% Jdr' w(r") — wo{ is the deviation of the average frequency over

time 7, and A¢; is the average deviation of the measured phase (from the true one)
in a single interrogation of length ¢. The \/7/t factor comes from the number of
independent repetitions of the same, t-long, interrogation cycle.

In Ref. [121], we showed that o can reach

18 ViEN

worm® N

(G.73)

Oent ~

if 7 < v, /N, the reduced atomic coherence time, and if the contrast is perfect, (c =
1). Using the approximation for F ~ N2c?/2, and the fact that o oc [F]7/? o ¢71,
we can augment this result with a c-dependence, and express the Allan-deviation in

the presence of imperfections as

imperfec 1 8 Vl N
O-éntp fect) - Uent/c - — o8 . (G74>
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G.6.6 Comparison to non-entangled interrogation

Using the same number of atoms, NV, we can arrange a measurement without using

any entanglement. This results in the Allan-deviation of

1 .
Onon—ent(T) ~ o T\/N’ if T < 1/7LO> (G75)
0

where 7{5 is the laser coherence time. This, representing the standard quantum limit
(SQL), is expected to be larger than the Allan-deviation corresponding to the GHZ
state scheme, which is almost at the Heisenberg limit. The precision gain of the GHZ

scheme over the non-entangled one is

Onon—ent 7T N
G = =2Fy—1)= . G.76
Oent/C (2Fy )8 \/ log N ( )

Since the fidelity Fiy decreases with increasing N, there exist an optimal Ny, for

which the gain GG is maximal.

G.6.7 Optimal clock network size

If each clock runs with the optimal setup (dopt, Wopt, Mopt), then the total error per
atom, F, is minimal, and the total fidelity can be written as Fy = [1 + e*EmiDN] /2.

Plugging this into Eq. G.76 gives

B NT N
G=c¢e EmmNg, / g V' (G.77)

~1/2
which takes its maximum at N = N & ﬁ, giving Gax = § [Emin log (2 E}nin>:| .

In the meantime the number of atoms at a single clock is given by ngp.. As a result

the optimal number of clocks becomes

Nmax ~ 1

Kopt < ~ 2E .
nopt minnopt

(G.78)
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On Fig. G.5, we plot Nyax, Nopt, and Kqpe as a function of the principle quantum

number of the Rydberg states in. For i = 120, we find Nyay =~ 2500 (2D) and ~ 7500

5

10
104
1000 i
100 E
MQWW
10 ¢ asoas 2D |
o
1 | | | | |
60 80 100 120 140
n

Figure G.5: The optimal total number of entangled atoms in the network Ny, and
the number of atoms at a single clock ngp as a function of the principle quantum
number 7. The thin dotted lines show the multiples of ngp:. The optimal number of
clocks, Kopt < Nax/Mopt 18 written on the corresponding regions of 7, for the 2D and
3D setup.

(3D). Using the ngp values from before (= 150 and ~ 300), we find K., = 14 and
22, for 2D and 3D, respectively.

With the optimal architecture, we can plot the maximal gain Gy,.x (compared to
the non-entangled scheme using the same number of atoms) as a function of principle

quantum number n. This is shown on Fig. G.6. For n = 120, the gain is G = 4.3

(2D) and 6.9 (3D).
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10 ‘

L R
: Gmax 3D '..'-_.-' :
8 [ '.-' ]
6 2D ]
4 il
2 il
0 i ! ! ! ‘ ! ! |
60 80 100 120 140

Figure G.6: Maximal gain over the non-entangled scheme provided by the optimal
entangled clock network architecture as a function of principle quantum number of
the Rydberg states n, for the 2D and 3D setup.

G.7 Multiple local ensembles

Although, in the rest of the work, we assume that ensembles are separated such
that we need to use photons to generate entanglement between them, one can imagine
employing multiple atomic ensembles in the same vacuum chamber. With proper
optical control, this allows entangling the ensembles by moving a single Rydberg atom
to the vicinity of each ensemble sequentially, such that its blockade radius covers the
nearest cloud entirely.

Staring from the state
19)"" (|s) + |r2)), (G.79)
where the first nK ket stand for the state of all atoms in the K ensembles (each having

n atoms), and the last one represents the state of the messenger atom. In a sequence,
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we imagine the messenger atom to be brought to the vicinity of each ensemble, and
the pulse sequence [7/2], ¢, [T(A)] 1, [7/2]4¢ (Where [1(A)]f,1 is the same dressing
field as described in the main text), performs a collective flip conditioned on the state

of the messenger atom. This plays out as follows

= 19" (1£)"s) + 1g)"|r2)) (G.80)
= 1gy" D (11)2"]s) + |g)>"|r) ) (G.81)

(G.82)
= (11Y57[s) +19)<"r2) ) (G.83)

which then only requires the messenger atom to be measured in the |£) = (|s) +|r2))
basis, resulting in

= | £ gy, (G.84)

the global GHZ state.

Disregarding the technical difficulties of trapping multiple atomic ensembles in
the same vacuum chamber, this entangling method has a higher fidelity than the pre-
vious protocol, since it does not suffer from the errors affecting the photon emission,
propagation and detection. We model the imperfections of this scheme by summing
the error terms €1 + 3 + €3 + €4 (from Eq. (G.20), (G.21), (G.22), (G.35)).

If the different ensembles are stored in different parts of a 3D lattice, and we
disregard the errors that can occur during the transport of the messenger atom, then
we can optimize the total error per atom E = e + es + e3 + e4. Without constraints
this would suggest n = 1 (i.e. each ensemble containing a single atom), and very high

Q and A values. Instead of this unrealistic result, we optimize E for a fixed n = 100,
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which is a realistic number of atoms that can fit inside the blockade radius in current
atomic lattice clocks.

For principle quantum number n = 120 and for fixed n = 100, we find w =
4.4 x10° 6 = 3.1 x 10° and Eyn = 1.49 x 107°, which translates to Gpax = 13.5 for
Npax = 3 x 10* and Kopty =~ 300. This means that if we can employ enough atoms
in a single clock, than the overall gain factor G can be improved by a factor of 2,

compared to the network realization.

G.8 Calculating Var(¢; )

Here, we calculate the variance of

TA TA ThA
~ =5 Ir; —rp]?, (G.85)

Gik = A Ay T AT ol

where we assume A; ;> A for all (j, k) pairs, over an ensemble of n atoms, trapped in
a (square or cubic)lattice with periodicity a, uniformly filling a circular 2D (spherical

3D) region of radius R.

G.8.1 Calculating (¢, )

Averaging over the cloud of atoms,

hA
(030) =~y (15 = %), (G.86)

12

can be approximated by the following integral

ThA 1 BR3A
~ T / o, / ey~ = P (G.87)
12 v v 12

272



Appendix G: Appendices for Chapter 8

where n = 2,3, V is the filled region, of radius R, in a (2D or 3D) lattice, and the

integral J; is

. R 2R
Je m/cl7“27r7“/da:SR(r,3:)3:3 (G.88)
0 0
0 R 2R
J1(3D) = T /dr47rr2 /d:vAR(r,:B)$3 (G.89)
0 0
where the new variables are: = = |r; — rg|, 7 = |rj|, and we used the circular

(spherical) symmetry of the cloud and the spherical symmetry of the interaction, to

turn the integrals into one dimensional ones. The weighting factor Sg(r,x) is the

length of the segment of a circle of radius x, centered at r distance from the origin

that lies inside the 2D cloud of radius R. (See Fig. G.7). It can be written as

Sg(r,x) =

;

\

2mx yJife < R—7r

0 SR+ r<x (G.90)
$2+T27R2 .

21 arccos (T) , otherwise

Similarly, Ar(r,z) is the area of a spherical surface or radius z centered r distance

Figure G.7:

The length of the circle segment of radius z lying inside the cloud of

radius R, Sg(r,z), is between 0 and 27z for R —r < x < R + r, where r is the
separation between the centers.
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from the center of the 3D cloud located inside the cloud. It can be written as

yJifr<R—7r
Agp(r,z) = 0 SR+ r<x (G.91)

7% [R? — (x —r)?] , otherwise

Using the explicit expressions of Eq. G.90 and (G.91), we can write

1 1—p 1+4p
@p) E+pr -1
J = 40/dpp O/d§ et +1_/d§£4 arccos (—2p§ ) (G.92)
1 1—p 1+4p ¢
I = or [dpp? | [de€ + 5 [ de>=[1— (€~ p)?] (G.93)
Jror| [ ]

which we numerically evaluate and find JI(QD) = 3.901, and JI(SD) = 4.787.

G.8.2 Calculating <¢§k>

Similarly, averaging the square is done by evaluating

3
C

($x) = <@> (Irj —l®), (G.94)

which can be express with the integral

2
hAR3A w2 hR3A
~ Uy n ) 43 = [ - =
b < Cy ) ROV /d E /d nebes b= ( s )Jz? (G-95)

v v
where
. R 2R
JQ(QD) = ﬁ/dr%rr /dZL’SR(T, x)z°, (G.96)
0 0

R 2R

JEP) = /dr 4 /da: Ag(r,z)x®, (G.97)

2 16R1

0
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using the same notation as above. Using the explicit expression of Eq. G.90 and

(G.91), we can write
1 1—p 14p

Ft+p -1
J2(2D) = dr [dpp |7 [ dEET+ | dE €T arccos (—) (G.98)
fol e el
1 1—p 57
I = on [dpp* | [ deet+ dg=-[1= (€= p)’] (G.99)
Jor i ]

which we numerically evaluate and find J2(2D) = 34.54, and J2(3D) = 42.11.

G.8.3 Result for Var(¢;;)

The variance in question is

2
AR3A
Var(gr) = (07 ,) — (9i)” = (%) [Jo—J7]. (G.100)

12
After plugging in R = a(n/7)'/? (for 2D) and R = a(3n/(4m))Y/? (for 3D), we get

haP A
Var(¢;,) " = O.6233n3< a(S)) (G.101)
C(12
2
haP A
Var(¢; ) = 1.094n2 <%) (G.102)
12

G.9 Calculating Var(;)

We defined v; = Zk#j ¢; in section G.2.1. Here we evaluate its variance.

G.9.1 Calculating (¢;)

The average over the 2D (or 3D) cloud can be written as
1
V) = <Z ¢j,k> = Y ik =nldi), (G.103)
k ik
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which we evaluated in section G.8. Using the notation used there, we can write

N hR3A
Ot

(¢5) = J1. (G.104)

G.9.2 Calculating (17)

The average of the square can be written as
2

2
1 n?
=25 (Son) =35 [ ( fomon) . e
i \k#j 7 J
where n = 2,3, and V is the circular (in 2D) or spherical (in 3D) region filled with n

atoms, homogeneously. After plugging in the expression for ¢, and using the same

notation as in section G.8, we write

RRSAN
(W5) =n* ( ; ) T, (G.106)
Chy
where
. R 2R 2
JBEQD) = /dr?wr /deR(r,x)x3 , (G.107)
0 0
R 2R 2
JEP) = i/dﬂlm‘2 /dxAR(r )z’ | . (G.108)
3 647 R ’
0 0

Using the explicit expressions from Eq. G.90 and (G.91) gives

1 1—p 2

JEP) = S/dpp ﬂ/d§§4

0 0
1—p 1+p 5 >4
oy 0/ de ¢ /p dé £ arccos (%)
1+p 9 9 2
+ /df&"‘ arccos (%) (G.109)

—p
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1 1—p
JEP = 2rr® [ dp p? d¢ ¢

[/

1-p 1+p 164
+2 dg &° f——[l—(S )]

[=)\J

1+p 4 2
- /5—5—[1—(5 p)’] (G.110)

-p

We evaluate these numerically and find JéQD) = 17.81, and JéBD) = 25.16.

G.9.3 Result for Var(v,)

Now, the variance in question can be written as

2
Var(;) = (2) — (ib;)? = n? <h§%> [J5 — J7] . (G.111)

12

After plugging in R = a(n/7)'/? (for 2D) and R = a(3n/(4m))'/? (for 3D), we get

ha®A
Var(v;)®?) = 0.08359n° (%) (G.112)
12
SA
Var(y;)®P) = 0.1277n? (%) (G.113)
12

G.10 Calculating Var(A))

Here, we calculate the variance of A; = Zk# 3, k+A) Zk# K in case
of A < minAjy, for an ensemble of n atoms, trapped in a lattice with periodicity a,
uniformly filling a circular 2D (spherical 3D) region of radius R. We assume a van

©
c!
der Waals interaction, A;, = m between pairs of atoms at r; and ry.
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G.10.1 Calculating (A;)

Averaging over the ensemble of atoms,
1
4011 j kA

can be approximated with the following integral

Q% \ n
(A;) =~ ( > — /d"rj /d”rk lr; —1|° (G.115)
V2

v
hQ2RE

I, G.116

= —Nn

where n = 2 or 3, and V is the filled region, of radius R, of the (2D or 3D) lattice,

and I is the following integral,

R 2R
Isz) = o) 2R10 /dr 27r /d$ Sg(r,z)2’, (G.117)
0
R 2R
]f?’D) = /dr 4 /dx Ag(r,z)a", (G.118)
647r2R12
0

where we used the same transformation as in section G.8, and Sg(r,z) and Ag(r, )
are given by Eq. G.90 and (G.91).

Now, we can express [, in terms of the dimensionless variables p = r/R, £ = z/R,

as
; 1=2p 1o 2, 2
-1
[1(2D) = /dpp /d§§7 /d§§7 arccos (L)
28p
0 0 1 P
9 1 1—p 14p 1 (£ )2
sp) _ 9 2 8 sl—(E—p
17 =7 [apst | [acer s [aeer={ "
0 0 1-p

which we evaluate numerically and find I{QD) = 0.875, and I£3D) = 1.067.

278



Appendix G: Appendices for Chapter 8

G.10.2 Calculating <A§>

The average of A? can be written as

Z A? = (401?)> %Z (Z r; — rk.|6) : (G.119)

J k#j

Similarly to the calculation of (A;), we can approximate the sums with integrals and

write
2
hQ2 RS
11
where [y takes the following forms
R 2R 2
9 = dr2mr dx Sp(r, z)x° (G.121)
2 167r3R18 ’
27 T 2
(B8D)  _ 6
[2 = m/dr 471"/’ /dl’ AR(T, [L')QT (G122)
0 0

in the two cases.
After plugging in the explicit expressions of Sg(r,z) and Ag(r, x), we can express

I, in terms of the dimensionless variables p =r/R, £ = z/R, as

2

| 1 1—-p
Y = 5/dpp /d££7
0 0
1-p 1+p
2 24021
+— /d££7 /d£§7arccos L
m 28p
0 —p
1+p 52 9 2
— N v 12
+7r2 /d§§ arccos( 26 ) : (G.123)

—p
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1 1-p
27
IQ(SD) _ E dpp2 /dffS
0 0

] 1-p 14+p 57
+5 dg €° g >=[1 — (£ = p)?]

2 0/ /p p

] 1+p 57 2

2

el a6 (1= (= ) (G.124)

-p

which we evaluate numerically and find IQ(QD) = 1.146, and IQ(BD) = 1.474

G.10.3 Result for Var(A))

Using the results above, we write the variance of A; as

Var(A,) = (A2) — (A;)? = n? (’:‘g—(é%) L~ ()] (G.125)

11

Instead of R, we can also write it, in terms of the lattice constant a, and the total

number of atoms n, as

2
2,6

Var(A;)?P) = O'Sfong hQ(g)L : (G.126)

T Cn
2
81 0.336 hQ2a®
3D)  _ 6
Var(a,)® = 2L000, <0(6>) , (G.127)
11

where we used that R?*m = na® (in 2D) and 47 R?/3 = na® (in 3D).
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